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Håvard Fjær Grip a, Thor I. Fossen b, Tor A. Johansen b, and Ali Saberi c

aDepartment of Engineering Cybernetics, Norwegian University of Science and Technology (NTNU), 7491 Trondheim, Norway

bCenter for Autonomous Marine Operations and Systems, Department of Engineering Cybernetics, NTNU, 7491 Trondheim, Norway

cSchool of Electrical Engineering and Computer Science, Washington State University, Pullman, WA 99164, USA

Abstract

This paper deals with the construction of nonlinear observers for navigation purposes. We first present a globally exponentially stable
observer for attitude and gyro bias, based on gyro measurements and two or more pairs of vector measurements. We avoid the well-known
topological obstructions to global stability by not confining the attitude estimate to SO(3), but rather estimating a full rotation matrix
with nine degrees of freedom. We also show how the attitude can be estimated under a relaxed persistency-of-excitation condition, with
a single vector measurement as a special case. Next, we use the attitude observer to construct a globally exponentially stable observer
for GNSS/INS integration, based on accelerometer, gyro, and magnetometer measurements, as well as GNSS measurements of position and
(optionally) velocity. We verify the stability properties of the design using experimental data from a light fixed-wing aircraft.
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1 Introduction

Navigation is the task of determining an object’s position,
velocity, or attitude based on available information. For
decades the Kalman filter, and nonlinear extensions thereof,
has been used to provide integrated navigation solutions
based on different types of measurements. There is never-
theless a current interest in the design of nonlinear naviga-
tion observers, which can provide explicit stability guaran-
tees and reduced computational complexity.

1.1 Attitude Estimation

Attitude is typically estimated by comparing a set of vectors
measured in the body-fixed coordinate frame with a set of
reference vectors in a reference frame. The attitude can be al-
gebraically resolved using two or more pairs of non-parallel
vectors (see Shuster and Oh, 1981), but it is beneficial to
integrate with gyro measurements to improve the estimator
bandwidth and to mitigate the effect of noise. An overview
of early attitude estimators based on extended Kalman filters
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(EKFs) is provided by Lefferts, Markley, and Shuster (1982).
Crassidis, Markley, and Cheng (2007) survey more recent
results using EKFs as well as other estimation techniques.
In the domain of nonlinear attitude observers with stability
guarantees, the work of Salcudean (1991) is important, and
it has been built upon by Vik and Fossen (2001) and Thienel
and Sanner (2003). These observers assume that the attitude
is available as an explicit measurement. Observers that make
direct use of vector measurements have been presented by
Hamel and Mahony (2006); Mahony, Hamel, and Pflimlin
(2008) and Vasconcelos, Silvestre, and Oliveira (2008).

Attitude can be represented by Euler angles, but more typi-
cally a quaternion on the unit sphere or a rotation matrix on
SO(3) is used. For a continuous observer with estimates on
the unit sphere or SO(3), topological obstructions prevent
global asymptotic stability (see Bhat and Bernstein, 2000).
These topological obstructions can be avoided by allowing
the attitude estimate to evolve on a larger state space; this
strategy has recently been employed by Batista, Silvestre,
and Oliveira (2011a,b) and by the authors (Grip, Saberi, and
Johansen, 2011, 2012), by estimating a matrix with nine
degrees of freedom that converges to a rotation matrix on
SO(3). Batista, Silvestre, and Oliveira (2012) have recently
considered the use of a separate observer to produce glob-
ally exponentially stable gyro bias estimates that are subse-
quently used in the attitude observer; however, this design
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cannot be used with time-varying reference vectors. Atti-
tude estimation using a single vector measurement has been
considered by several authors (Lee, Leok, McClamroch, and
Sanyal, 2007; Kinsey and Whitcomb, 2007; Mahony, Hamel,
Trumpf, and Lageman, 2009; Batista et al., 2011b) and is
possible under a persistency-of-excitation (PE) condition.

1.2 GNSS/INS Integration

In many applications, a combination of inertial instruments
and satellite navigation systems is available, often together
with additional sensors such as altimeters and magnetome-
ters. The integration of satellite and inertial measurements,
referred to as GNSS/INS integration, has been studied for sev-
eral decades (Maybeck, 1979; Phillips and Schmidt, 1996;
Grewal, Weill, and Andrews, 2001), typically based on the
EKF. Vik and Fossen (2001) designed a nonlinear GNSS/INS
integration observer with exponential stability results, based
on the assumption that an independent attitude measurement
was available. When an independent attitude measurement
is not available, one may look for vector measurements that
can be used for attitude estimation. The accelerometer of-
fers one such measurement, but the corresponding reference
vector (the sum of the gravity vector and the vehicle accel-
eration in the reference frame) is not explicitly available.
Hua (2010) exploited the implicit availability of this refer-
ence vector in the derivatives of the GNSS measurements,
by making use of GPS velocity information in combination
with inertial measurements and a magnetometer.

1.3 Contributions of This Paper

In this paper we begin by considering the attitude estimation
problem based on gyro and vector measurements. We em-
ploy the same strategy as Batista et al. (2011a,b) and Grip
et al. (2011, 2012) of letting the attitude be estimated by a
full 3×3 matrix, the main contribution being the additional
estimation of gyro bias. The bias estimation is of lower order
than that of Batista et al. (2012) and is capable of handling
time-varying reference vectors, which is a prerequisite in
the latter part of our paper. We nominally assume availabil-
ity of at least two pairs of non-parallel vectors; however, as
a fault-tolerance strategy we prove that the observer can be
employed without gyro bias estimation under a persistency-
of-excitation (PE) condition.

We continue by constructing a GNSS/INS integration ob-
server based on the newly developed attitude observer. To
do so, we leverage a general design framework for cascaded
nonlinear and linear systems previously presented in Grip
et al. (2012), where a simplified version of the observer,
without gyro bias estimation, was used as an application
example. The design framework provides flexibility in han-
dling different GNSS measurement setups, including partial
or no velocity information, or vector measurements that do
not satisfy the nominal assumptions. We prove global expo-
nential stability of the observer error, and verify the stability
results using an experimental platform consisting of a GNSS

receiver and an inertial measurement unit (IMU) mounted in
a light fixed-wing aircraft.

1.4 Notation and Preliminaries

For a vector or matrix X , X ′ denotes its transpose. The
operator ‖ · ‖ denotes the Euclidean norm for vectors and
the Frobenius norm for matrices. For a symmetric positive-
semidefinite matrix X , the minimum eigenvalue is denoted
by λmin(X). The skew-symmetric part of a square matrix
X is denoted by Pa(X) = 1

2 (X −X ′). For a vector x ∈ R3,
S(x) denotes the skew-symmetric matrix such that for any
y ∈ R3, S(x)y = x× y. The linear function vex(X) such that
S(vex(X))=X and vex(S(x))= x is well-defined for all 3×3
skew-symmetric matrix arguments. The function satL(·) de-
notes a component-wise saturation of its vector or matrix
argument to the interval [−L,L].

When referring to the notion of global exponential stabil-
ity, we apply the definition of Michel, Hou, and Liu (2008),
specialized to our circumstances. In particular, for the mo-
tion x(t), originating from an initial condition x(0) at time
t = 0, the origin is globally exponentially stable (or ex-
ponentially stable in the large) if there exist an α > 0,
γ > 0, and for each β > 0, there exists a k(β )> 0 such that
‖x(t)‖ ≤ k(β )‖x(0)‖γ e−αt , whenever ‖x(0)‖< β .

2 Attitude Estimation

We operate with a body-fixed frame (BODY), indicated by
the superscript b, and an inertial coordinate frame. For the
sake of continuity with later sections, we make the simpli-
fying assumption that the inertial coordinate frame is the
local North-East-Down (NED) coordinate frame and use the
superscript n. The attitude is represented by a rotation ma-
trix R ∈ SO(3), which rotates any vector wb in BODY to a
vector wn in NED according to the relationship wn = Rwb.
The kinematics of the rotation matrix satisfies

Ṙ = RS(ωb), (1)

where ωb is the angular velocity of the BODY frame relative
to the NED frame, decomposed in BODY coordinates.

We assume availability of a gyro measurement ωb
m =ωb+b,

where b is an unknown gyro bias. We furthermore assume
availability of k body-fixed vector measurements wb

1, . . . ,w
b
k ,

as well as corresponding reference vectors wn
1, . . . ,w

n
k =

Rwb
1, . . . ,Rwb

k , which are allowed to be time-varying.

Assumption 1 There exists a constant cobs > 0 such that,
for each t ≥ 0, there are i, j ∈ 1, . . . ,k such that ‖wn

i ×wn
j‖≥

cobs.

Assumption 2 The gyro bias b is constant, and there exists
a known constant Mb > 0 such that ‖b‖ ≤Mb.

We also make the physically reasonable assumption that ωb

and wn
1, . . . ,w

n
k are continuous in t and uniformly bounded.

2



2.1 Observer

We introduce an observer for R and b given by

˙̂R = R̂S(ωb
m− b̂)+σKPJ(t, R̂), (2a)

˙̂b = Proj(b̂,−kI vex(Pa(R̂′sKPJ(t, R̂)))). (2b)

where KP is a symmetric positive-definite gain matrix, kI > 0
is a scalar gain, σ ≥ 1 is a scaling factor that will be tuned
to achieve stability, and R̂s = sat1(R̂). The function Proj(·, ·)
represents a parameter projection (see Appendix A), which
ensures that ‖b̂‖ remains smaller than some design constant
Mb̂ > Mb. The function J(t, R̂) is a stabilizing injection term
on the form

J(t, R̂) =
q

∑
j=1

(An
j(t)− R̂Ab

j(t))A
b
j(t)
′, (3)

where the time-varying matrices An
j(t) ∈ R3×r j and Ab

j(t) ∈
R3×r j , j ∈ 1, . . . ,q, satisfy the following property.

Property 1 For each j ∈ 1, . . . ,q, the matrices An
j(t) and

Ab
j(t) are piecewise continuous in t and uniformly bounded

by ‖An
j(t)‖ = ‖Ab

j(t)‖ ≤ MA. Furthermore, they satisfy the
relationship An

j(t) = RAb
j(t), and there exists a constant ε >

0 such that for all t ≥ 0, Qn(t) := ∑
q
j=1 An

j(t)A
n
j(t)
′ ≥ εI3.

It follows directly from Property 1 that

J(t, R̂) = (R− R̂)Qb(t), (4)

where Qb(t) :=∑
q
j=1 Ab

j(t)A
b
j(t)
′=R′Qn(t)R≥ εI3. We shall

mostly refer to J, Ab
j , An

j , Qb, and Qn without function ar-
guments.

The matrices An
j and Ab

j can be constructed in several ways
to satisfy Property 1. With two vector measurements, the
choice

Aι
1 =

[
wι

1
‖wn

1‖
S(wι

1)w
ι
2

‖S(wι
1)w

ι
2‖

S2(wι
1)w

ι
2

‖S2(wι
1)w

ι
2‖

]
, (5)

where ι ∈ {n,b}, yields orthogonal matrices satisfying
An

1Ab
1
′
= R, which represents the algebraic TRIAD solution

(Shuster and Oh, 1981). Inspired by the TRIAD algorithm,
the authors have previously used the matrices (Grip et al.,
2011, 2012).

Aι
1 =

[
wι

1 S(wι
1)w

ι
2 S2(wι

1)w
ι
2

]
. (6)

An even simpler choice is

Aι
1 =

[
wι

1 wι
2 S(wι

1)w
ι
2

]
. (7)

With this choice the injection term is closely related to that
of Batista et al. (2011a).

2.2 Stability

Defining the estimation errors R̃ = R− R̂ and b̃ = b− b̂, we
obtain the error dynamics

˙̃R = RS(ωb)− R̂S(ωb
m− b̂)−σKPJ, (8a)

˙̃b =−Proj(b̂,−kI vex(Pa(R̂′sKPJ))). (8b)

Lemma 1 Suppose that Assumptions 1 and 2 hold and that
Ab

j and An
j , j ∈ 1, . . . ,q, have been designed to satisfy Prop-

erty 1. For any given choice of KP and kI , there exists a
σ∗ ≥ 1 such for all σ ≥ σ∗, the origin of the error dynamics
(8) is exponentially stable, and all initial conditions satisfy-
ing ‖b̂(0)‖ ≤Mb̂ are contained in the region of attraction.2

PROOF We can rewrite the error dynamics as

˙̃R = R̃S(ωb + b̃)−RS(b̃)−σKPJ, (9a)
˙̃b =−Proj(b̂,−kI vex(Pa(R̂′sKPJ))). (9b)

Defining the function P= 1
2‖b̂‖2, the derivative along the tra-

jectories of the system is Ṗ= b̂′Proj(b̂,−kI vex(Pa(R̂′sKPJ))),
for which we have that ‖b̂‖ ≥Mb̂ =⇒ Ṗ ≤ 0. Hence, ‖b̂‖
cannot escape the region ‖b̂‖ ≤Mb̂ for any solution of the
system. We shall study the trajectories of the function

V (t, R̃, b̃) =
1
2
‖R̃‖2− ` tr(S(b̃)R′R̃)+

`σ

kI
‖b̃‖2,

where 0<`≤ 1 is yet to be determined, using the knowledge
that ‖b̂‖ ≤Mb̂, which implies ‖b̃‖ ≤Mb̃ := Mb +Mb̂.

Using the properties that (for arbitrary X ∈R3×3 and x∈R3)
| tr(X)| ≤

√
3‖X‖, ‖RX‖ = ‖X‖, and ‖S(x)‖ =

√
2‖x‖, we

have V ≥ 1
2‖R̃‖2− `

√
6‖b̃‖‖R̃‖+ `

kI
‖b̃‖2, and hence V is

positive definite if ` < 1/(3kI). Similarly, V ≤ 1
2‖R̃‖2 +

`
√

6‖b̃‖‖R̃‖+ `
kI
‖b̃‖2, and it follows that there are posi-

tive constants α1 and α2 such that α1(‖R̃‖2 +‖b̃‖2)≤V ≤
α2(‖R̃‖2 +‖b̃‖2). The derivative of V along the trajectories
of (9) satisfies

V̇ = tr(R̃′(R̃S(ωb + b̃)−RS(b̃)))−σ tr(R̃′KPJ)

+ ` tr(S(Proj(b̂,−kI vex(Pa(R̂′sKPJ))))R′R̃)

− ` tr(S(b̃)S′(ωb)R′R̃)− ` tr(S(b̃)R′R̃S(ωb + b̃))

+ ` tr(S(b̃)R′RS(b̃))+ `σ tr(S(b̃)R′KPJ)

− 2`σ
kI

b̃′Proj(b̂,−kI vex(Pa(R̂′sKPJ))).

(10)

We consider the terms in the last expression of (10) more
closely, starting with the second term. Using (4) and Property
1, we obtain

tr(R̃′KPJ) = tr(R̃′KPR̃Qb) = tr(KPR̃QbR̃′)
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≥ λmin(KP) tr(R̃QbR̃′) = λmin(KP) tr(QbR̃′R̃)

≥ λmin(KP)λmin(Qb) tr(R̃′R̃) = λmin(KP)ε‖R̃‖2.

(See Kleinman and Athans (1968) for the relevant trace
inequality.) Using the property that tr(R̃′R̃S(x)) = 0 (due
to symmetry of R̃′R̃; see, e.g., Mahony et al. (2008)), we
can bound the first term in the last expression of (10) by√

6‖R̃‖‖b̃‖. Similarly, we can bound the fourth term by
2
√

3`Mω‖R̃‖‖b̃‖, where Mω is a bound on ‖ωb‖, and the
fifth term by 2

√
3`(Mω +Mb̃)‖R̃‖‖b̃‖. Using the additional

properties that ‖Proj(b̂,x)‖≤ ‖x‖, ‖vex(Pa(X))‖≤ 1√
2
‖X‖,

‖R̂s‖ ≤ 3, and ‖J‖ = ‖R̃Qb‖ ≤MQ‖R̃‖, where MQ = qM2
A,

we can bound the third term by 3
√

3`kI‖KP‖MQ‖R̃‖2.

Considering next the sixth term in the last expression of (10),
we have that tr(S(b̃)R′RS(b̃)) = − tr(S′(b̃)S(b̃)) = −2‖b̃‖2,
where we have used the property that tr(S′(x)S(y)) = 2x′y
(e.g., Mahony et al., 2008). For the eight term, we have that

−b̃′Proj(b̂,−kI vex(Pa(R̂′sKPJ)))≤ kI b̃′ vex(Pa(R̂′sKPJ))

=
1
2

kI tr(S′(b̃)Pa(R̂′sKPJ)) =−1
2

kI tr(S(b̃)R̂′sKPJ),

where we have used the properties that−b̃′Proj(b̂,x)≤−b̃′x
and tr(S(x)X) = tr(S(x)Pa(X)) (e.g., Mahony et al., 2008).
Considering the seventh and eight term together, and using
the fact that ‖R− R̂s‖ ≤ ‖R̃‖ we therefore have

`σ tr(S(b̃)R′KPJ)−2`σ/kI b̃′Proj(b̂,−kI vex(Pa(R̂′sKPJ)))

≤ `σ tr(S(b̃)R′KPJ)− `σ tr(S(b̃)R̂′sKPJ)

≤
√

6`σ‖KP‖Mb̃MQ‖R̃‖2.

Combining the inequalities, we can write

V̇ ≤−σλmin(KP)ε‖R̃‖2 +
√

6‖R̃‖‖b̃‖
+2
√

3`Mω‖R̃‖‖b̃‖+2
√

3`(Mω +Mb̃)‖R̃‖‖b̃‖
+3
√

3`kI‖KP‖MQ‖R̃‖2−2`‖b̃‖2 +
√

6`σ‖KP‖Mb̃MQ‖R̃‖2

=−
[
‖R̃‖ ‖b̃‖

][σκ1− `κ2− `σκ3 −κ4− `κ5

−κ4− `κ5 2`

][
‖R̃‖
‖b̃‖

]
,

for some positive constants κ1, . . . ,κ5 that are independent
of ` and σ . Let ` be small enough that κ1− `κ3 ≥ κ̄1 for
some κ̄1 > 0, and note that ` is chosen independently from σ .
By investigating the resulting quadratic form, it is straight-
forward to show that V̇ can be made negative definite by
choosing σ sufficiently large; hence, there exists an α3 > 0
such that V̇ ≤−α3(‖R̃‖2 +‖b̃‖2)≤−α3

α2
V . By invoking the

comparison lemma in the same way as in the exponential
stability proof of Khalil (2002, Theorem 4.10), the result
follows. �

The result of Lemma 1 guarantees stability of the error dy-
namics for all initial conditions that one could reasonably

choose; the only restriction on the initial conditions is that
‖b̂(0)‖ ≤Mb̂. In order to state a formal result of exponential
stability from arbitrary initial conditions, we introduce the
following resetting rule:

If at any time t ≥ 0, ‖b̂(t)‖> Mb̂, then b̂ is reset to

b̂(t+) = Mb
b̂(t)
‖b̂(t)‖

, (11)

where t+ denotes an infinitesimally small time increment of
t.

Theorem 1 Suppose that Assumptions 1 and 2 hold and
that Ab

j and An
j , j ∈ 1, . . . ,q, have been designed to satisfy

Property 1. For any given choice of KP and kI , there exists
a σ∗ ≥ 1 such that for all σ ≥ σ∗, the origin of the error
dynamics (8) is globally exponentially stable. 2

PROOF Considering the motion generated by the system
from the initial time t = 0, if ‖b̂(0)‖> Mb̂, then the state is
immediately reset so that, on the interval (0,∞) it behaves
according to the Lipschitz continuous differential equations
given in (8) with ‖b̂‖ ≤Mb. From Lemma 1 and the defini-
tion of global exponential stability in Section 1.4, the origin
is therefore globally exponentially stable. �

The requirements of Theorem 1 can be met by choosing ar-
bitrary gains KP and kI and gradually increasing σ until sta-
bility is achieved. In practice, KP, kI , and σ should be cho-
sen through tuning; for example, by the use of simulations.

2.3 Attitude Estimation Without Assumption 1 and for Sin-
gle Vector Measurements

There may be situations where Assumption 1 fails to hold,
for example, due to sensor failure, magnetic disturbances,
or particular maneuvers causing the vector measurements
to be temporarily aligned. In the following, we show that
the observer can still be used to to estimate attitude if the
vectors satisfy a certain PE condition. The results in this
section assume that there is no gyro bias; if encountering
a temporary situation in which Assumption 1 fails to hold,
one may in practice choose to apply the latest available bias
estimate in order to minimize the error.

We define the following alternative to Property 1.

Property 2 For each j∈ 1, . . . ,q, the matrices An
j and Ab

j are
piecewise continuous in t and uniformly bounded by ‖An

j‖=
‖Ab

j‖ ≤MA. Furthermore, they satisfy the relationship An
j =

RAb
j , and there exist constants T > 0 and ε̄ > 0 such that for

all t ≥ 0,
∫ t+T

t Qn(τ)dτ ≥ ε̄I3, where Qn is defined as before.

To analyze stability, suppose that b = 0 and consider the
observer (2a) with b̂ = 0. The resulting error dynamics is

˙̃R = R̃S(ωb)−σKPJ. (12)
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Theorem 2 Suppose that Ab
j and An

j , j ∈ 1, . . . ,q, have been
designed to satisfy Property 2. Then the origin of the error
dynamics (12) is globally exponentially stable. 2

PROOF Consider the function U = 1
2 tr(R̃′R̃(I3− `R′FR)),

where F(t) =
∫

∞

t et−τ Qn(τ)dτ and ` > 0 is yet to be deter-
mined. We have that F = F ′ ≥ 0 and ‖F‖ ≤MQ, and hence
U ≤ 1

2‖R̃‖2 and U ≥ 1
2‖R̃‖2(1−

√
3`MQ), which is positive

definite for ` < 1/(
√

3MQ). The derivative of U along the
trajectories of (12) is given by

U̇ =
1
2

tr(R̃′R̃S(ωb))− 1
2
` tr(R̃′R̃S(ωb)R′FR)

− 1
2

σ tr(R̃′KPJ)+
1
2
`σ tr(R̃′KPJR′FR)

− 1
2

tr(S(ωb)R̃′R̃)+
1
2
` tr(S(ωb)R̃′R̃R′FR)

− 1
2

σ tr(J′KPR̃)+
1
2
`σ tr(J′KPR̃R′FR)

+
1
2
` tr(R̃′R̃S(ωb)R′FR)− 1

2
` tr(R̃′R̃R′FRS(ωb))

− 1
2
` tr(R̃′R̃R′ḞR).

The first and the fifth term are zero due to the property
tr(XS(x)) = 0 for symmetric X . The second and the ninth
term cancel, as do the sixth and the tenth term, since
tr(R̃′R̃R′FRS(ωb)) = tr(S(ωb)R̃′R̃R′FR). Combining terms
and using J = R̃Qb, Ḟ = F−Qn, and Qb = R′QnR, we get

U̇ =−σ tr(KPR̃QbR̃′)+ `σ tr(R̃′KPR̃QbR′FR)

− 1
2
` tr(R̃′R̃R′FR)+

1
2
` tr(R̃QbR̃′)

≤−σλmin(KP)‖R̃
√

Qb‖2 +
√

3σ`‖R̃‖‖KP‖‖R̃
√

Qb‖M̄QMQ

− 1
2
`λmin(R′FR)‖R̃‖2 +

1
2
`‖R̃
√

Qb‖2,

where M̄Q is a bound on
√

Qb. We have

F ≥
∫ t+T

t
et−τ Qn(τ)dτ ≥ e−T

∫ t+T

t
Qn(τ)dτ ≥ e−T

ε̄I3.

Hence, λmin(R′FR) = λmin(F)≥ e−T ε̄ . Consequently,

U̇ ≤−
[
‖R̃
√

Qb‖ ‖R̃‖
][κ1− `κ2 −`κ3

−`κ3 `κ4

][
‖R̃
√

Qb‖
‖R̃‖

]
,

where κ1 = σλmin(KP), κ2 = 1
2 , κ3 = 1

2

√
3σM̄QMQ‖KP‖,

and κ4 =
1
2 e−T ε̄ . By investigating this quadratic form it is

straightforward to show that U̇ is negative definite for all
sufficiently small `, and the result then follows from the
comparison lemma (Khalil, 2002, Lemma 3.4). �

To better understand the meaning of the PE condition and
how to design for it, let us consider the two alternative

choices of Ab
j and An

j for q = 1 described by (6) and (7).

Proposition 1 Let An
1 and Ab

1 be chosen as described ei-
ther (6) or (7). If there exist constants T > 0 and c̄obs > 0
such that, for all t ≥ 0,

∫ t+T
t ‖wn

1(τ)×wn
2(τ)‖dτ ≥ c̄obs, then

Property 2 is satisfied. 2

The condition of Proposition 1 can be viewed as requiring
Assumption 1 to hold on average over sufficiently long pe-
riods of time. The proof is straightforward and omitted due
to space constraints.

A particular case for which Assumption 1 cannot hold is
when only one pair of vector measurements, represented by
wb

1 and wn
1, is available. In this case we can apply the same

injection terms with wb
2 = wn

2 = 0.

Proposition 2 Let An
1 and Ab

1 be chosen as Aι
1 = [wι

1,0,0],
for ι ∈ {n,b}. If there exist constants T > 0 and c̄obs > 0
such that, for all t ≥ 0,

∫ t+T
t wn

1(τ)w
n
1(τ)

′ dτ ≥ c̄obsI3, then
Property 2 is satisfied. 2

3 GNSS/INS Integration

We now consider the design of a GNSS/INS integration ob-
server, where position and linear velocity in the NED frame
will be estimated together with the attitude and gyro bias.
The system dynamics is given by

ṗn = vn, (13a)
v̇n = an +gn, (13b)

Ṙ = RS(ωb), (13c)
ḃ = 0, (13d)

where pn and vn are the position and linear velocity, an is
the proper acceleration, and gn is the gravity vector. The
sensor suite is assumed to consist of a GNSS receiver, 6-axis
inertial instruments, and a 3-axis magnetometer (or another
equivalent vector measurement). These instruments provide
the following information:

• a measurement of the NED position pn

• a p-dimensional full or partial measurement of the NED
linear velocity vn

m =Cvvn (see footnote 1 )
• a biased angular velocity measurement ωb

m = ωb + b,
where b represents the bias

• a linear accelerometer measurement ab, which is related
to an by an = Rab

• a magnetometer measurement mb, which is related to the
Earth’s magnetic field mn at the current location by mn =
Rmb

1 Typical values for Cv are Cv = I3 for a full velocity measurement
and Cv = [I2,0] for a velocity measurement in the horizontal plane.
If no velocity measurement is available, Cv is an empty matrix
and p = 0.
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We assume that the vectors an and mn satisfy Assumption 1,
and that the derivative ȧb of the accelerometer measurement
is well-defined and bounded. We also assume that ‖ab‖ and
‖mb‖ are bounded by constants Ma and Mm.

3.1 Observer Design

We shall make use of our observer from Section 2 to es-
timate R and b, and to do so we need two body-fixed
vector measurements and corresponding reference vectors
that satisfy Assumption 1. The vectors ab, an, mb, and mn

are natural candidates, and we therefore define matrices
Ab

j(a
b,mb) and An

j(a
n,mn), j ∈ 1, . . . ,q, to satisfy Property

1. We also require An
j(a

n,mn) to be everywhere locally
Lipschitz continuous with respect to an, uniformly in t.
We denote by J(an,ab,mn,mb, R̂) the injection term formed
using An

j(a
b,mb) and An

j(a
n,mn) according to (3).

To deal with the fact that an is not measured, we observe
that an = Rab can be viewed as an input to the position and
velocity dynamics (13a) and (13b), and leverage a design
methodology for cascaded systems presented by Grip et al.
(2012). Following that methodology, we introduce an esti-
mate of an, denoted by ân. We furthermore define a satu-
rated version of ân as ân

s = satMa(â
n). We then implement

the attitude and gyro bias observer with every occurrence of
an in the injection term replaced by ân

s :

˙̂R = R̂S(ωb
m− b̂)+σKPĴ, (14a)

˙̂b = Proj(b̂,−kI vex(Pa(R̂′sKPĴ))), (14b)

where Ĵ = J(ân
s ,a

b,mn,mb, R̂). As before, any estimate b̂
such that ‖b̂‖ ≥Mb̂ is reset as described in (11). The esti-
mate ân is defined, together with estimates of pn and vn, as
follows:

˙̂pn = v̂n +Kpp(pn− p̂n)+Kpv(vn
m−Cvv̂n), (15a)

˙̂vn = ân +gn +Kvp(pn− p̂n)+Kvv(vn
m−Cvv̂n), (15b)

ξ̇ =−σKPĴab +Kξ p(pn− p̂n)+Kξ v(v
n
m−Cvv̂n), (15c)

ân = R̂ab +ξ , (15d)

where Kpp, Kpv, Kvp, Kvv, Kξ p, and Kξ v are observer gains.

3.2 Stability

To analyze stability, we define the error variables p̃n = pn−
p̂n and ṽn = vn− v̂n. We then obtain the error dynamics

˙̃pn = ṽn−Kpp p̃n−KpvCvṽn, (16a)
˙̃vn = ãn−Kvp p̃n−KvvCvṽn, (16b)

where ãn = an− ân. By differentiating ãn, we find that

˙̃an =−Kξ p p̃n−Kξ vCvṽn + d̃, (17)

where d̃ = (RS(ωb)− R̂S(ωb
m− b̂))ab +(R− R̂)ȧb. Defining

the error variable x̃ = [p̃n; ṽn; ãn], we can write the error
dynamics (16), (17) more compactly as

˙̃x = (A−KC)x̃+Bd̃, (18)

A =

[
0 I

0 0

]
, B =

[
0

I

]
, C =

[
I 0 0

0 Cv 0

]
, K =


Kpp Kpv

Kvp Kvv

Kξ p Kξ v

 .
The dynamics of the errors R̃ and b̃ becomes the same as in
(8), but with J replaced by Ĵ:

˙̃R = RS(ωb)− R̂S(ωb
m− b̂)−σKPĴ, (19a)

˙̃b =−Proj(b̂,−kI vex(Pa(R̂′sKPĴ))). (19b)

Theorem 3 Suppose that Assumptions 1 and 2 hold and
that Ab

j(a
b,mb) and An

j(a
n,mn) have been designed to satisfy

Property 1. Let σ be chosen to ensure stability according
to Theorem 1 and define HK(s) := (Is−A+KC)−1B. There
exists a γ > 0 such that, if the gain matrix K is chosen such
that A−KC is Hurwitz and ‖HK(s)‖∞ < γ , then the origin
of the error dynamics (18), (19) is globally exponentially
stable. Moreover, K can always be chosen to satisfy these
conditions. 2

PROOF Because (A,C) is observable and (A,B,C) is left-
invertible and minimum-phase, irrespective of Cv, K can be
chosen to satisfy the requirements of Theorem 3 (Grip et al.,
2012, Theorem 2). If ‖b̂(0)‖> Mb̂, then the bias estimate is
immediately reset, and the parameter projection ensures that
the solutions cannot escape the region defined by ‖b̂‖ ≤Mb̂.

The error dynamics (19) can be written as

˙̃R = RS(ωb)− R̂S(ωb
m− b̂)−σKPJ+σKPJ̃,

˙̃b =−Proj(b̂,β (J))+Proj(b̂,β (J))−Proj(b̂,β (Ĵ)),

where J̃ = J− Ĵ and β (J) = −kI vex(Pa(R̂′sKPJ)). We can
write J̃ = ∑

q
j=1(A

n
j(a

n,mn)− An
j(â

n
s ,m

n))Ab
j(a

b,mb)′, and
it follows that ‖J̃‖ ≤ MA ∑

q
j=1 ‖An

j(a
n,mn)− An

j(â
n
s ,m

n)‖.
Since An

j(a
n,mn) is locally Lipschitz, uniformly in t, with

respect to an, and since an and ân
s are bounded, there is a

κ1 > 0 such that ‖An
j(a

n,mn)−An
j(â

n
s ,m

n)‖≤ κ1‖an− ân
s‖≤

κ1‖ãn‖. Hence ‖σKPJ̃‖ ≤ σ‖KP‖κ1‖ãn‖. Using the tech-
niques of the proof of Lemma 1, we can easily show that
there is a κ2 > 0 such that ‖β (J)−β (Ĵ)‖ ≤ κ2‖ãn‖. It can
therefore be verified that there exists a κ3 > 0 such that
‖Proj(b̂,β (J))−Proj(b̂,β (Ĵ))‖ ≤ κ3‖ãn‖.

Considering V from the proof of Lemma 1, we have that

V̇ ≤−α3(‖R̃‖2 +‖b̃‖2)+ tr(R̃′σKPJ̃)

− ` tr(S(Proj(b̂,β (J))−Proj(b̂,β (Ĵ)))R′R̃)
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Fig. 1. Test aircraft with IMU and GNSS receiver

− ` tr(S(b̃)R′σKPJ̃)+
2σ`

kI
b̃′(Proj(b̂,β (J))−Proj(b̂,β (Ĵ)))

≤−α3(‖R̃‖2 +‖b̃‖2)+
√

3σ‖KP‖κ1‖R̃‖‖ãn‖+
√

6`κ3‖R̃‖‖ãn‖

+
√

6`σ‖KP‖κ1‖b̃‖‖ãn‖+ 2σ`κ3

kI
‖b̃‖‖ãn‖

≤ −α3ζ
2 +κ4ζ‖x̃‖

for some κ4 > 0, where ζ := (‖R̃‖2 + ‖b̃‖2)1/2. Follow-
ing the proof of Grip et al. (2012, Theorem 1), there is
a function W = x̃′Px̃, for some positive-definite matrix
P, such that Ẇ ≤ −‖x̃‖2 + γ2‖d̃‖2. We can rewrite d̃ as
(R̃S(ωb)−RS(b̃) + R̃S(b̃))ab + R̃ȧb, which is bounded by√

2(Mω Ma‖R̃‖+Ma‖b̃‖+Mb̃Ma‖R̃‖)+Mȧ‖R̃‖, where Mȧ

is a bound on ȧb. Hence, Ẇ ≤ −‖x̃‖2 + γ2κ2
5 ζ 2 for some

κ5 > 0. Combining W and V in the function Y = W + γV ,
we obtain a quadratic form in ‖x‖ and ζ , which is negative
definite for all sufficiently small γ . The result now follows
from the comparison lemma (Khalil, 2002, Lemma 3.4). �

If Assumption 1 does not hold, stability for the GNSS/INS
integration observer can still be proven under the relaxed
PE condition from Theorem 2, albeit without gyro bias es-
timation. We omit the proof of this statement due to space
constraints.

4 Validation Using Experimental Flight Data

In this section we test the GNSS/INS integration algorithm
using data from an XSens MTi IMU and a u-Blox LEA-6H
GNSS receiver, mounted in a Piper Cherokee 140 light fixed-
wing aircraft (see Fig. 1). The IMU includes a magnetometer
and provides data at 100 Hz, while the The GNSS receiver
provides full 3-D position and Doppler-based velocity mea-
surements at 5 Hz.

The observer is implemented using forward-Euler discretiza-
tion at 100 Hz. All measurements are filtered using a 5-
Hz, second-order low-pass filter. We implement the atti-
tude observer using an injection term with q = 2, where An

1

and Ab
1 are defined according to (6) with vectors ân

s/5 and
ab/5, mn/‖mn‖, and mb/‖mb‖; and An

2 and Ab
2 are defined

in the same way with the order of the vectors reversed. The
gains chosen for the attitude observer are KP = I3, σ = 1,
and kI = 0.01. With the help of an LMI formulation that
allows ‖HK(s)‖∞ to be reduced as necessary, we choose
Kpp≈ 3.3I3, Kpv≈ 2.74I3, Kvp≈ 0.03I3, Kvv≈ 2.36I3, Kξ p≈
0.01I3, and Kξ v ≈ 1.07I3, for which ‖HK(s)‖∞ ≈ 2.5.

To provide a reference for the attitude we smooth all the
measurements using a non-causal zero-phase filter with a
1-Hz cutoff frequency and differentiate the filtered veloc-
ity measurement numerically to obtain an. One reference is
then generated by computing the algebraic QUEST solution,
and a second reference is generated using a multiplicative
extended Kalman filter (MEKF) (Markley, 2003). A separate
reference for the gyro bias is computed by averaging the
gyro measurements at standstill before and after the flight.

Since we do not have independent, authoritative references,
the results displayed here are not intended as a performance
evaluation or a comparison of different methodologies;
rather, they are intended as a proof of concept and verifica-
tion of the theoretical stability results.

4.1 Maneuvers
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0

Fig. 2. Measured (blue) and estimated (red) position (ground track
at zero altitude in black) for stall maneuver

We present results for three different maneuvers. The first
maneuver is an approach stall with recovery. The position
estimate for this maneuver is compared with the measured
GNSS position in Fig. 2, with the ground track at zero alti-
tude shown below. The velocity estimate is compared with
the measured GNSS velocity in Fig. 3. In Fig. 4, the attitude
estimate is compared to the QUEST and MEKF solutions. The
attitude is displayed in Euler angles, which for the observer
were computed from the elements of R̂ (see, e.g., Fossen,
2011). The second maneuver is a 360◦ steep turn at approx-
imately 45◦ bank angle. The results of this maneuver are
displayed in Figs. 5–7. The third maneuver is a left-handed
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Fig. 4. QUEST (black, dashed), MEKF (blue, dashed), and ob-
server (red, solid) attitude estimates

traffic pattern flown from takeoff to landing, with results
displayed in Figs. 8–10.

Although there are some discrepancies between the attitude
estimate and the references, there is no question about the
generally high level of agreement. The benefits of integrat-
ing vector and gyro measurements can be observed from the
sometimes erratic behavior of the QUEST solution, despite
the heavy filtering of the vectors used to produce it. In Fig.
11 we show the estimated gyro bias for the entire flight, to-
gether with the bias estimate from the MEKF and the refer-
ence computed at standstill. The choice of kI in the observer
(and, similarly, the tuning of the MEKF) means that the bias
estimate changes quite rapidly; a smaller kI would result in a
more slowly-varying estimate. The relationship between the
bias estimate and the references is nevertheless evident.
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Fig. 5. Measured (blue) and estimated (red) position (ground track
at zero altitude in black) for steep turn maneuver

5 Concluding Remarks

In this paper we have introduced an observer that provides
globally exponentially stable estimates of attitude and gyro
bias based on a set of of body-fixed vector measurements
and corresponding reference vectors, which are allowed to
be time-varying. We have furthermore used the attitude ob-
server as part of a complete GNSS/INS integration design.
The validity of the design and analysis is confirmed by flight
tests, although little can be said about performance at this
point. A proper test of performance, with independent ref-
erences and a comparison with other algorithms, is a topic
of future research.

A Projection

The parameter projection Proj(·, ·) used for the gyro bias
estimation is defined as

Proj(b̂,β ) =

{(
I3− c(b̂)

‖b̂‖2 b̂b̂′
)

β , ‖b̂‖ ≥Mb, b̂′β > 0,

β , otherwise,
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Fig. 6. Measured (blue, dashed) and estimated (red, solid) velocity
for steep turn maneuver

where c(b̂) = min{1,(‖b̂‖2 −M2
b)/(M

2
b̂
−M2

b)}. This is a
special case of the parameter projection from Krstić, Kanel-
lakopoulos, and Kokotović (1995, App. E).
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