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Adaptive nonlinear observer for electropneumatic clutch actuator
with position sensor

Hege Langjord∗, Glenn-Ole Kaasa∗∗ and Tor Arne Johansen∗

Abstract—This paper proposes an adaptive nonlinear observer
for an electropneumatic clutch actuator. Estimates of piston
velocity, chamber pressures and dynamic friction state are made
based on piston position measurement only. Parameter estima-
tions of the clutch load characteristics and friction coefficients
are treated through adaptation, and the persistence of excitation
conditions for convergence of the estimation errors are derived.
The performance of the adaptive observer is evaluated and is
compared to experimental measurements obtained in a test truck.

I. INTRODUCTION

The electropneumatic actuator considered in this paper is
applied to automate the clutch actuation in manual transmis-
sion, for Automated Manual Transmissions (AMT), or Clutch-
By-Wire (CBW) applications for heavy duty trucks. AMT
systems have seen a growth in popularity, especially in the
European market [1], over the last decade as they can easily
be added on to existing Manual Transmission (MT) systems.

Primarily for cost reasons, pneumatics are preferred in our
case, as pressurized air is already present in trucks. Pneumatic
actuators are common as industrial actuators, [2]. This is due to
their desired properties, especially clean operations, low cost,
high force-to-mass ratio, and easy maintenance. Control design
for such actuators have received a lot of research interest,
both for systems with proportional valves [3]-[5] and with
on/off solenoid valves [6]-[8] for the control of flow to the
actuator. The main drawback compared to hydraulic actuators,
is their inherently nonlinear behavior, mainly arising from
compressibility of air, stiction and high friction forces.

Cost is a crucial factor in the automotive industry, and it
is desired to reduce the number of sensors to a minimum.
The clutch actuator system considered provides measurements
of the piston position only. For nonlinear control of the
actuator, [9], [10], and [11], real-time information of velocity
and the pressure in the actuator chamber are also needed,
hence estimation of these states must be obtained. In addi-
tion, accurate estimation of the friction and the clutch load
characteristics are important since they have a major influence
on the clutch actuator dynamics, and performance of model-
based state feedback control design suffer due to model errors
as demonstrated in [12]. Off-line estimation of the clutch load
characteristic was treated in [13], but since both the load and
friction forces change during operation, slow but persistent
adaptation of the load characteristic and friction coefficients
are desired to obtain satisfactory accuracy in the the pressure
estimates.

General designs for nonlinear observers have been devel-
oped for particular classes of pneumatic actuators. Wu et
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al., [14], considered nonlinear observability analysis for a
pneumatic actuator systems, and concluded that in general it is
not feasible to guarantee a convergent pressure estimate from
measurements of position only. Therefore, observers presented
for pneumatic actuator systems are designed and analysed
specifically. Bigras and Khayati, [15], presented a nonlinear
observer for estimation of the pressure in a pneumatic cylinder,
ensuring exponential stability of the estimation error. Pandian
et al. [16] proposed a Luenberger-type observer and a sliding
mode observer to estimate pressure in a cylinder actuator,
and Gulati and Barth, [17] presented two Lyapunov-based
pressure observers for a pneumatic actuator system. In our
clutch actuator system, the clutch load is a position dependent
and time-varying load while observers in the above references
treat electropneumatic actuators with constant loads. Some
load independent and varying load observers can be found,
Taghizadeh et al. [18] designed a Kalman filter to observe
velocity for a pneumatic actuator with varying load, while
Gulati and Barth [19] presented an energy-based observer
which is load-independent. But as [18] only consider a ve-
locity observer, while [19] use both position and velocity
measurement and focus only on pressure estimation, these
observers are not applicable to our system. In addition [15]-
[19] all use simpler friction model than required in our system,
and has no adaptation to capture a time-varying clutch load.
From experimental testing it is clear that the clutch actuator
also has hysteresis, and we account for this in the friction
modeling which contains dynamic friction. The theses by
Kaasa [20] and Vallevik [21] considered observer designs for
the same clutch actuator system as ours, but without rigorously
deriving sufficient conditions for the convergence of estimation
errors. These authors also consider a three-way proportional
valve as the control valve while we consider on/off-solenoid
valves. The only other work on observers for electropneumatic
clutch system actuated by on/off solenoid valves found in
the literature is [22] which proposed a feedback linearization-
based observer, but did not consider adaptation.

This paper proposes an adaptive nonlinear observer which
is a deterministic observer with linear output-injections and
adaptation laws for load characteristics and friction, where
the state errors converge to zero under persistence of exci-
tation (PE) conditions. It is derived using standard control
Lyapunov design principles [23]. While [20] includes test rig
experiments, the present paper uses production quality sensors
installed in a test truck. These are more influenced by noise
and vibrations that must be accounted for in the design. No
other adaptive observer with derived sufficient conditions for
convergence of the estimation errors is found in literature for
systems like the considered clutch actuator system. This would
be systems that are characterized by strongly uncertainties and
time-varying clutch load characteristic, strong dynamic friction
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and with only position sensor available. The design of an
adaptive observer is important as it is intended for the dual
mode switched controller with state feedback [11].

A preliminary reduced-order observer is presented in [24],
while the present paper contributes with an extended full order
observer with noise filtering and an experimental comparison
that shows its benefits.

The remainder of the paper is organized as follows. We
present the clutch actuator and its model in Section 2. Section
3 proposes an adaptive nonlinear full-order observer that
ensures convergence of the estimation errors. The results from
experiments are presented in Section 4. Section 5 gives the
conclusions.

II. MODEL OF THE CLUTCH ACTUATOR

Fig. 1. A schematic of the clutch actuator system with actuator, valves,
sensor, clutch and ECU.

Figure 1 presents a schematic of the considered clutch
actuator system. The electronic control unit (ECU) calculates
and sends control signals to the supply and exhaust valves.
These valves control the resulting flow into/out of the actuator
chamber, respectively. The piston acts on the clutch through
the piston rod. At the zero piston position the clutch plates are
engaged and as the piston moves to the right (air added to the
actuator) the clutch plates are pulled apart, first they will be
slipping and then fully disengaged. The motion of the piston
is given by Newton’s 2nd law of motion, as a result of the
spring forces, the friction and the pressure forces,

Mv̇ = −fl (y)− ff (v, z) +
AART0

VA (y)
mA (1)

−ABRT0

VB (y)
mB −A0P0.

The parameters and variables are given in Table I and the
model terms are further described below. VA(y) = VA,0+AAy
and VB(y) = VB,0−ABy describe the chamber volumes, and
mA and mB describe the mass of air in the chambers related

TABLE I
PARAMETERS AND VARIABLES FOR THE CLUTCH ACTUATOR MODEL

y Piston position
v Piston velocity
F

Kz
z Pre-sliding deflection (friction state)

pA, pB Pressure in chambers A,B
mA,mB Mass of air in chambers A,B
u Normalized control input to valve set
AA, AB Area of chambers A,B
A0 Area of piston rod
P0 Ambient pressure
PS Supply pressure
D Viscous damping coefficient
Kz Deflection stiffness coefficient
F Coulomb friction coefficient
T0 Ambient temperature
R Gas constant of air
M Mass of piston
VA,0, VB,0 Volume of chambers A,B at y = 0
R0, R1 Valve opening constants
ρ0 Density of air
C Capacity

to the corresponding chamber volume and pressures according
to

pA (pA, y) =
RT0

VA (y)
mA (2)

pB (pB , y) =
RT0

VB (y)
mB , (3)

where the simplifying assumption of constant air temperature
T0 has been made as the pressure dynamics sensitivity to
temperature changes is found to be small in practice [20].
Due to wear, the characteristics of the clutch compression
spring may change, and the clutch load force, fl (y), which
is the lumped force of this spring and the counteracting,
much weaker, actuator spring, changes accordingly. The force
increases with wear, especially for lower piston positions. It
can be parametrized in the affine form

fl (y) = φT (y) θ (4)

where φ(y) is a vector of basis functions and θ is the
corresponding weighting parameter vector. To obtain a model
with few parameters, the two B-splines shown in Figure 2(a)
are used as basis functions φ(y) = (φ1(y), φ2(y))T , see
Appendix A for more details. The resulting load force is shown
in Figure 2(b) with k = [0, 0.5, 8] and θ = [4, 5], together with
an estimated clutch load characteristic obtained from pressure
measurement as AA(pA−P0), derived from motion dynamics
by assuming v = 0 and pB = P0.

The friction acting on the piston is modeled by a viscous
damping term with parameter D and a Coulomb friction term
with parameter F ,

ff (v, z) = Dv + Fz (5)

The friction dynamics are modeled by a simplified LuGre
model [20],

F

Kz
ż = v − |v| z (6)

where F
Kz
z is the normalized pre-sliding deflection state.
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(a) The basis functions used for clutch load modeling.
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(b) Clutch load, modeled (dashed) and experimental (dashed).
The experimental data AA(pA − P0) includes not only the
clutch load force but also the effect of dynamic friction (hys-
teresis).

Fig. 2. Clutch load characteristics and model with two B-spline basis
functions.

Mass balances for chambers A and B are

ṁA = wv (pA, u) (7)
ṁB = wr (pB) (8)

To describe the flow wv through the control valves of chamber
A, and the flow wr through the outlet restriction of chamber
B, we use a simplified version of the standardized orifice flow
equation, [25], (see also [20])

w = ρ0Cω(r)ph (9)

where r = pl

ph
and the pressure ratio function ω(r) is

ω(r) =
{ √

1− r2, r ∈ [0, 1]
0, r > 1.

(10)

The air flow to chamber A can be expressed as

wv(pA, u) = wc,suppyu,supp − wc,exyu,ex (11)

where

yu,supp = sat[0,1]

(
1

R1 −R0
(usupp −R0)

)
(12)

yu,ex = sat[0,1]

(
1

R1 −R0
(uex −R0)

)
(13)

describes the mean valve opening where usupp and uex are the
command inputs of the valves PWM input, R0 is the command
input where the valve starts to open and R1 is the command
input where the valve is fully opened. wc,supp and wc,ex are
given by (9)-(10) according to Table II. The flow of chamber
B is

wr(pB) = win − wout, (14)

where win represents the flow through the outlet restriction
if P0 > pB and wout represents the same flow if pB > P0

given by (9)-(10) according to Table II. These flow functions
are easily shown to satisfy

∂wv
∂pA

(pA, u) ≤ 0, ∀pA ∈ [P0, PS ] ,∀u ∈ [0, 1] (15)

∂wr
∂pB

(pB) < 0, ∀pB ∈ [0,∞〉 . (16)

which will be instrumental in the analysis and design of the
nonlinear observer.

TABLE II
HIGH AND LOW PRESSURES FOR THE FLOWS THROUGH THE ON/OFF

SOLENOID VALVES, AND THE FLOW THROUGH THE OUTLET RESTRICTION,
RESPECTIVELY, USED IN (11) AND (14)

Flow pl ph
wc,supp pA PS
wc,ex P0 pA
win pB P0
wout P0 pB

In summary, this gives the 5th order model

ẏ = v (17a)

Mv̇ = −fl (y)− ff (v, z) +
AART0

VA (y)
mA (17b)

−ABRT0

VB (y)
mB −A0P0

F

Kz
ż = v − |v| z (17c)

ṁA = wv (pA, u) (17d)
ṁB = wr (pB) . (17e)

III. ADAPTIVE NONLINEAR OBSERVER

Only position measurement is available in the production
system, and for control purposes [9]-[11] we need estimates
of pressure of chamber A and velocity. The proposed observer
also provides estimates of the other states, the pressure in
chamber B and pre-sliding deflection. This is only used for
improving the model to get more accurate estimates of pA
and v, but are in themselves not important.

Due to temperature changes and wear, the friction and
clutch load characteristics change during the operation and
lifetime of the clutch. Therefore, adaptation of the load and
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friction characteristics are desired in order to achieve sufficient
accuracy of the observer, and we propose adaptation laws for
the clutch load parameters, θ, and the viscous damping, D.
Adaptation of the Coulomb friction, F , has been considered
too, but has been left out as it enters nonlinearly into the
friction dynamics and an adaptive law is harder to design. It
is also found that sufficient accuracy can be obtained without
estimating F and no significant improvement is achieved by
estimating F .

To account for the clutch load curve moving significantly
to the left/right (see Figure 2) due to wear and temperature
changes, a Multiple Model Scheme can be used, where a
supervisory logic chooses the best set of basis functions
from multiple models with φ2 deflecting at different positions
similar to [26], [27].

We propose the full-order observer
.

ŷ = v̂ + ly(y − ŷ) (18a)

M
.

v̂ = −φT (ŷ)θ̂ − D̂v̂ − F ẑ +
AART0

VA (y)
m̂A (18b)

−ABRT0

VB (y)
m̂B −A0P0 + lv (ẏ − v̂)

F

Kz

.

ẑ = v̂ − |ẏ| ẑ (18c)

.

m̂A = wv (p̂A, u) +
lm

VA (y)
(ẏ − v̂) (18d)

.

m̂B = wr (p̂B) , (18e)

where ly, lv, lm ≥ 0 are observer injection gains and the
adaptation laws for θ̂ and D̂ are

˙̂
θ = −ΓφT (ŷ)(ẏ − v̂) (19)
˙̂
D = −γDv̂(ẏ − v̂) (20)

with the gain matrix Γ = ΓT > 0 and γD > 0. As seen in
the proof below, the adaptation laws (19)-(20) result from a
Lyapunov design and the assumptions θ̇ = 0 and Ḋ = 0.

Introducing ẏ in the observer design requires careful at-
tention, as differentiation of the measured signal will amplify
any measurement noise. Note that the injection terms l (ẏ − v̂)
are implementable with only y measured, i.e. without using ẏ
explicitly, see Appendix B. The effects of measurement noise
will be discussed later when considering experimental results.

The error dynamics are given by
.
ỹ = ṽ − ly ỹ (21a)

M
.
ṽ = −φT (y)θ + φT (ŷ)θ̂ − (D + lv) ṽ (21b)

−D̃v̂ − F z̃ +
AART0

VA (y)
m̃A −

ABRT0

VB (y)
m̃B

F

Kz

.
z̃ = ṽ − |v| z̃ (21c)

.
m̃A = −a (t) m̃A −

lm
VA (y)

ṽ (21d)
.
m̃B = −b (t) m̃B (21e)

.

θ̃ = ΓφT (ŷ)ṽ (21f)
.

D̃ = γDv̂ṽ (21g)

where we get from (15)-(16) and the mean value theorem that

a (t) = −∂wv (m̄A, u)
∂pA

≥ 0 (22)

b (t) = −∂wr (m̄B)
∂pB

≥ b0 > 0 (23)

and

m̄A ∈ [min (mA, m̂A) ,max (mA, m̂A)]

⊆
[
VAmin

RT0
P0,

VAmax

RT0
PS

]
(24)

m̄B ∈ [min (mB , m̂B) ,max (mB , m̂B)]
⊆ [0,∞〉 (25)

where VA,min = VA(0) and VA,max = infy VA(y).

Proposition 1. The observer presented in (18) with the adap-
tation laws (19) and (20), where lv, lm ≥ 0, ly >

(α+Kθmax)2

2αlv
,

α > 0 and Γ = ΓT > 0, γD > 0, ensures that for any physi-
cally meaningful initial conditions and system trajectories

1) the error dynamics (21) are stable and all estimates are
bounded

2) ṽ, m̃B and ỹ converge to zero
3) if v and u are persistently exciting (PE) then also m̃A

and z̃ converge to zero

Proof: Stability of the error dynamics can be established
using the Lyapunov function candidate

V =
α

2
ỹ2 +

M

2
ṽ2 +

F 2

2Kz
z̃2 +

1
2

Γ−1θ̃T θ̃ +
1

2γD
D̃2 (26)

+
AART0

2lm
m̃2
A +

1
2Db0

(
ABRT0

VBmin

)2

m̃2
B ,

where infy VB (y) = VBmin. The time-derivative of V along
the trajectories of the error dynamics are

V̇ = αỹṽ − αly ỹ2 − φT (y)θṽ + φT (ŷ)θṽ

− (D + lv) ṽ2 − F |v| z̃2 − AART0

lm
a (t) m̃2

A

−ABRT0

VB (y)
ṽm̃B −

b (t)
Db0

(
ABRT0

VBmin

)2

m̃2
B .

The Mean Value Theorem gives

|φT (y)− φT (ŷ)| ≤ K|ỹ| (27)

where K = maxȳ
∥∥∥∂φ(ȳ)

∂y

∥∥∥. Using this, θmax = ‖θ‖ and (23),

we see that V̇ satisfies

V̇ ≤αỹṽ − αly ỹ2 + θmaxK|ỹṽ|

− (D + lv) ṽ2 − F |v| z̃2 +
ABRT0

VBmin
|ṽm̃B | (28)

− 1
D

(
ABRT0

VBmin

)2

m̃2
B −

AART0

lm
a (t) m̃2

A.

Using Young’s inequality

xy ≤ x2

2ε
+
εy2

2
with

ε1 =
ABRT0

DVBmin
,
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and
ε2 =

Kθmax + α

lv
,

we obtain

ABRT0

VBmin
|ṽm̃B | ≤

D

2
ṽ2 +

1
2D

(
ABRT0

VBmin

)2

m̃2
B

and

(Kθmax + α)|ỹṽ| ≤ lv
2
ṽ2 +

(Kθmax + α)2

2lv
ỹ2.

This gives

V̇ ≤− D + lv
2

ṽ2 − F |v|z̃2 − 1
2D

(
ABRT0

VBmin

)
m̃2
B (29)

− AART0

lm
a (t) m̃2

A −
(
− (Kθmax + α)2

lv
+ αly

)
ỹ2.

Since

ly >
(α+Kθmax)2

2αlv
(30)

this proves stability of the error dynamics. Barbalat’s lemma
[23] gives that ỹ, ṽ and m̃B converge to zero for any
trajectories. With PE of v it follows by standard arguments
that V̇ will be negative definite also in z̃, which implies that
z̃ also converges to zero. PE of u gives

∫ t+T
t

a(τ)dτ > 0 and
implies that also m̃A converges to zero.

IV. EXPERIMENTAL RESULTS

The nonlinear observer is implemented in a dSPACE rapid
prototyping system and Simulink by using explicit Euler
discretization. The Euler integration step size is set to 0.1 ms
and the measurement sampling rate in the experiments is also 1
ms. Measurements from experiments conducted in a test truck
at Kongsberg Automotive ASA are used to test the observer.
Figure 3 shows the reference clutch sequence used in these
experiments and Table III presents the characteristics of the
on/off valveset used in the experiments. These experiments
also provide measurements of the pressure in chamber A, and
these are used for verifying the observer performance only.
The measurements are obtained with production quality sen-
sors, and the measurements suffer from noise and vibrations.

TABLE III
SUPPLY AND EXHAUST VALVE CHARACTERISTICS

Opening time 0.5 ms
Closing time 2.5 ms
Maximum volumetric flow rate, supply 14 l/s
Maximum volumetric flow rate, exhaust 16 l/s

Figure 4 shows the results with the adaptive observer. The
tuning parameters are given in Table IV. The start values of
the parameter estimates have been set far from the expected
values to test the performance of the adaptation laws. Results
from the two initial conditions 1) θ0 = [10, 10], D0 = 50 and
2) θ0 = [1, 1], D0 = 5000 are included in Figures 5 and 6
to show convergence of the estimated parameters. Note that
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Fig. 3. Reference clutch sequence used in the experiments.

such large changes in friction and clutch load characteristics as
used for testing here will not occur rapidly during the normal
operation of the clutch system. During normal operation the
unknown parameters are expected to be slowly time-varying
parameters which adaptive observers in practice should able
to track. We have used slow adaptation of the clutch load,
as it is expected to improve the robustness of the approach.
The gain Γ is set 30 times higher in the region 3 − 6 mm
as the clutch load characteristics are especially important in
this area due to the steep curve, and since this region is
visited only for short transient periods with a typical clutch
sequence. The adaptation is shut down whenever the position
is not changing, due to lack of PE that might lead to drift or
divergence of the estimates. The estimate of the pressure in
chamber A improves over time and we have a good estimate
after approximately 150 s corresponding to adaptation in about
60 clutch sequences as seen from Figure 4. From Figure 6 it
is clear that the adaptation of θ gives an accurate estimate of
the clutch load characteristic. This indicates that the clutch
sequence in Figure 3 provides sufficient excitation to estimate
both load and friction coefficients simultaneously. In some
cases, such as a cold start of the truck, faster adaptation is
needed due to large temperature gradients. This is possible if
the clutch is used sufficiently and the piston position reference
is changed often enough, i.e. PE of u and v is provided,
something which usually will be done when starting to drive.
The adaptation gains can also be increased for the first 10-
20 gear shifts after a cold start, but care must be taken since
tests with higher gains show that although convergence speed
increases significantly and stable estimates are achieved, the
estimates tend to vary more after convergence.

A reduced order adaptive observer was proposed and tested
in [24], where results of similar accuracy were shown for
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Fig. 4. Experiments with full order nonlinear observer with adaptation of θ and D. The curves show estimates after t = 148 s where the parameter adaptation
has already converged, after about 60 clutch sequences. Observer states are dashed, and measurements from the truck are shown in solid gray. For velocity,
the measurement curve is filtered from position measurement.
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TABLE IV
OBSERVER INJECTION GAINS

Parameter Value
ly 10
lv 2000
lm 10−5

Γ I · 0.1
γD 4 · 105
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Fig. 5. Estimated parameters during 150 s where 60 clutch sequences are
executed. Results for θ0 = [10, 10], D0 = 50 are shown in black and for
θ0 = [1, 1], D0 = 5000 in gray. θ1 are shown dotted and θ2 are shown solid
in the upper plot.
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Fig. 6. Clutch load characteristics, estimated through AA(pA − P0) solid,
dot dashed in black for θ0 = [10, 10], D0 = 50 and dashed in gray for
θ0 = [1, 1], D0 = 5000, while the curves with the estimated θ̂ at t = 150
are dotted in black and gray respectively.

the estimated pressure in chamber A, while velocity and
friction suffer from much higher noise levels. Table V lists
the average and maximum absolute errors for the estimates of
the pressure in chamber A, and it is clear that the full-order
observer improves the pressure estimate since the effect of
noise is reduced. Preliminary simulation testing of the adaptive

TABLE V
MAXIMUM AND AVERAGE ERROR FOR PRESSURE OF CHAMBER A FOR
FULL- AND REDUCED ORDER ADAPTIVE OBSERVERS, CALCULATED IN

THE TIME INTERVAL 140 ≤ t ≤ 150

Adaptive observer Maximum pressure error Average pressure error
Full-order 45.01 kPa 6.01 kPa
Reduced-order [24] 75.86 kPa 8.44 kPa

observer combined with the dual-mode switched controller
derived in [11] indicates that the noise level present in the
observer is of a magnitude which is acceptable for control
purposes [28] .

V. CONCLUSIONS

A nonlinear observer for an electropneumatic clutch
actuator has been presented, and adaptation laws for clutch
load characteristics and viscous friction force are given.
The estimation errors are shown to be convergent under PE
conditions. Performance of both the nonlinear observers and
the parameter estimations are studied and validated compared
to experimental results from a test truck, and good results are
shown compared to the reduced order adaptive observer [24].

Acknowledgments: This work has been sponsored by
the Research Council of Norway and Kongsberg Automotive
ASA.

APPENDIX A
LOAD CHARACTERISTICS

These spline basis functions are built up by polynomials

φ1(x) =

 0, x < k1

a1x
2 + b1x, k1 ≤ x < k2

a1k
2
2 + b1k2, x ≥ k2

φ2(x) =


0, x < k1

105(x− k1), k1 ≤ x < k2

a2x
2 + b2x+ c2, k2 ≤ x < k3

a2k
2
3 + b2k3 + c2 x ≥ k3

To be able to find the spline coefficients from the positions of
the knots, k, we need specific criteria.
• φ1

– Derivative in k2 is to be equal to zero
– The value is to be 400 in k2

• φ2 :
– Transition between the linear and the quadratic part

is to be smooth
– Derivative in k2 is to be equal to one
– Derivative in k3 is to be equal to zero

Mathematically, this gives us

ξi = A−1
i Bi i = 1, 2
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where

A1 =
[
k2

2 k2

2k2 1

]
A2 =

 k2
2 k2 1

2k2 1 0
2k3 1 0


B1 = [400, 0]T

B2 =
[
105(k2 − k1), 105, 0

]T
and

ξ1 = [a1, b1]T

ξ2 = [a2, b2, c2]T

APPENDIX B
IMPLEMENTATION OF ẏ

We demonstrate how ẏ can be implemented without using
the differentiate signal by looking at the velocity dynamics,
where uv contains the remaining terms from (18c)

M
.

v̂ = uv + lv (ẏ − v̂) .

Integration gives

Mv̂ =
∫ t

0

(
uv + lv

(
dy

dτ
− v̂
))

dτ

=
∫ t

0

(uv − lv v̂) dτ + lv

∫ y(t)

y(0)

dy

=
∫ t

0

(uv − lv v̂) dτ + lv (y (t)− y (0)) .

the estimate v̂ can be implemented without differentiation as

ẋv = uv − lv v̂
Mv̂ = xv + lv(y − y(0)).

The term
∫ t

0
f(tk)dy(tk)

dtk
dτ , with f(tk) =

F
FC
ẑk,−ΓφT (ŷk),−γDv̂k respectively, which appears

for the estimates of z, θ and D can be implemented in
discrete-time in the case of using zero-order hold on the
measurements, which we usually have, and simple Euler
integration as f(tk−1)(y(tk)− y(tk−1).
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