
NONLINEAR MODEL IDENTIFICATION OF A
MARINE PROPELLER OVER

FOUR-QUADRANT OPERATIONS

Luca Pivano � Thor Inge Fossen �
Tor Arne Johansen �

�Department of Engineering Cybernetics, Norwegian
University of Science and Technology, N-7491 Norway

Abstract: This paper proposes a nonlinear dynamics model for a marine propeller
able to reproduce the propeller thrust over the full four-quadrant range of
propeller shaft speed and vessel speed. A two-state model has been identi�ed from
experimental data. The model includes a state equation for the propeller shaft
speed and one that describes the dynamics of the axial �ow velocity. The model
reproduces accurately propeller thrust and torque over a wide range of operation.
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1. INTRODUCTION

Maneuvering and dynamic positioning control of
marine vessels represent a di¢ cult design prob-
lem. Our ability to design a good control system is
limited principally by the problem to understand
the vessel�s and the propeller�s dynamics besides
the problem to measure the environmental state.
A better dynamics model for thruster and pro-
pellers will lead to better control performances.

Several dynamical models for marine thrusters
have been presented in the last �fteen years.
It has been proved that the unsteady pro-
peller dynamics can be approximated by a �nite-
dimensional lumped-parameter dynamical sys-
tem, see (Bachmayer et al., Jan. 2000), (Healey
et al., 1994), (Yorger et al., 1990), (Blanke et
al., 2000).

Healey et al. (1994) proposed a two-state nonlin-
ear model based on the motor dynamics and thin-
foil propeller hydrodynamics using sinusoidal lift
and drag functions. This was done by modeling
a control volume of water around the propeller
as a mass-damper system. This model, with shaft
speed n and axial �ow velocity up at the propeller
disc as a state variables, is able to reproduce over-
shoots in thrust which are typically observed in
experimental data. Whitcomb and Yoerger (1995)

have experimentally veri�ed the utility of the axial
�ow model but they found dissimilarity between
the thrust provided by the propeller and the one
simulated with the Healey et al�s model in a
transient response. Bachmayer et al. (2000) inves-
tigated for the causes of these discrepancies and
it has been found that the model using experi-
mentally derived lift and drag curves (nonsinu-
soidal) reproduces more accurately experimental
data than models employing sinusoidal lift and
drag curves. The latter model shows high accuracy
in reproducing thrust and propeller shaft speed
but it has been identi�ed from data acquired dur-
ing bollard-pull condition test (zero vessel speed).

A more general model that includes the e¤ect of
the transient due to the motion of the propeller
through the water, has been presented by Blanke
et al. (2000). This model, possibly valid over a
wide range of operation, has not been evaluated
on experimental data.

In this paper, we propose a nonlinear dynamics
model of a marine propeller identi�ed from ex-
perimental data obtained moving the propeller
through the water. A nonlinear model for the
axial �ow velocity through the propeller blade
as been identi�ed and it shows good accuracy.
This dynamical model is a new contribution since
models for the axial �ow dynamics presented in



Fig. 1. De�nition of axial �ow velocity up, advance
speed ua and vessel speed u:

earlier paper have been identi�ed only for zero
vessel speed. Including the axial �ow velocity dy-
namics in the propeller model gives better results
on reproducing the measured propeller thrust and
torque.

2. PROPELLER MODEL

A block diagram that represents the entire system
is shown in Fig. 2. The motor generates a torque
applied to the propeller shaft based on the input
command.The propeller shaft speed n (or angular
speed !) is particularly in�uenced by the motor
load, represented by the hydrodynamics torque
Qp; due to the rotation of the blades in the water.
The output of the system is represented by the
thrust Tp produced by the propeller.

Fig. 2. System block diagram.

Fig. 1 shows a sketch of a vessel with the velocity
involved. The vessel speed u is relative to the
earth while the axial �ow velocity up and the
advance speed ua are relative to the propeller disc.
Only components along the longitudinal axis of
the propeller are considered.

2.1 Propeller shaft model

The dynamics of a propeller shaft is commonly
expressed as (Fossen, 2002):

Jm _! = Qm �Qp �Qf (!) (1)

where Jm is the shaft moment of inertia, Qm
the motor torque, Qp is the propeller torque, !
is the propeller angular velocity and Qf (!) is
the friction torque which is mainly due to the
mechanical transmission. The angular shaft speed
! is considered positive when the propeller rotates
in order to produce a positive vessel speed.

2.2 Hydrodynamic Model

To derive the hydrodynamic model we �rst con-
sidered the vessel at rest (u = ua = 0) build-
ing a model for zero vessel speed (bollard-pull
model). Secondly, we modi�ed the equation ob-
tained at the �rst step considering the case when

the propeller moves through the water (maneu-
vering model) or it is subject to a current.

2.2.1. Bollard-pull model (ua = 0) Considering
the propeller as an in�nitely thin disc of area A0
in the mid-section of a cylinder of water of length
l and mass mf (Bernoulli tube) we can apply the
momentum theory (Lewis, 1988) relating the axial
thrust to the rate of change of momentum through
the control volume:

Tp = mf _up + �A0Kf jupjup (2)

where TP is the propeller thrust, � is the water
density andKf is the axial �ow form factor, which
has to be identi�ed from experimental data.

De�ning df1 = �A0Kf , the Eq. (2) governing the
axial �ow dynamics can be rewritten as:

mf _up = �df1 jupjup + Tp (3)

where the positive nonlinear damping coe¢ cient
df1 and the equivalent water inertia mf have to
be identi�ed.

2.2.2. Maneuvering model (ua 6= 0) The dy-
namics of the axial �ow velocity is in�uenced
by the advanced speed. Considering Fig. 3 and
positive velocities, we can write the dynamics of
the mass of water in the Bernoulli tube as (Blanke
et al., 2000):

mf _up = Tp +
1

2
�A0(u

2
a � u2w) (4)

where uw is de�ned as the wake velocity.

Fig. 3. Flow velocities: advance speed ua (cross-
section 3), axial �ow velocity up at the pro-
peller disc (cross-section 2) and wake speed
uw (cross-section 1).

When the blades rotate in order to accelerate the
incoming water �ow of speed ua, the axial �ow
velocity up at the propeller disc section will be
greater than ua because the �uid acquires some
speed before it reaches the disc as it results from
momentum theory (Lewis, 1988). This allows us
to write:

up = auw + (1� a)ua (5)

where 0 < a < 1 is constant. Solving the Eq. (5)
for uw and substituting the expression of uw in
Eq. (4) we can derive the dynamics of the axial
�ow velocity at the propeller disc:

mf _up = �df1u2p + df2upua + df3u2a + Tp (6)



where df1 =
1
2a2 �A0, df2 =

1�a
a2 �A0 and df3 =

2a�1
2a2 �A0.

Moreover when a propeller operates in a hull wake
the propeller thrust must be multiplied by (1 �
t) where t is the thrust deduction number and
the in�ow velocity ua is obtained multiplying the
vessel speed u by (1 � w) where w (0 < w <
1) is the wake fraction number. In steady-state
and forward vessel speed, w can be considered
constant and positive but it can assume also small
negative value for high-speed ship (Lewis, 1988).

To take into account of negative velocities and the
wake fraction number, Eq. (6) must be rewritten
as:

mf _up = �df1 jupjup + df2 jupju(1� w)
+df3 ju(1� w)ju(1� w) + Tp

(7)

where df1 , df2 , df3 are constant and positive.

When the propeller rotates to push the water in
the opposite direction with respect the direction
of the inlet �ow (crash-back and crash-ahead) the
axial �ow velocity becomes unsteady and complex
(Vysohlid and Mahesh, 2004). As long the pro-
peller rotates fast enough to reverse the inlet �ow
in the region close to the blades (region of reversed
�ow), a recirculation zone (often called a ring vor-
tex) is observable (Vysohlid and Mahesh, 2004).
This is due to the interaction between the inlet
�ow and the reversed �ow. In this particular case
the momentum theory may give more inaccurate
model due to the presence of unsteady �ows.

Taking the average of the measured axial �ow
velocity, we found that the model of Eq. (7) is
still valid as long the magnitude of axial �ow
velocity up; induced by the propeller, is greater
than the magnitude of the inlet water �ow ua.
Vice versa, when the propeller rotates with a
speed under certain values (depending on the
vessel velocity), it is not able to reverse the
incoming �ow and the model of Eq. (7) is not
accurate. The propeller behaves as a brake for
the water that passes through the blades and it
reduces the speed of the inlet �ow. This can be
represented by a second dynamical model that
has been experimentally derived measuring the 3D
axial �ow velocity around the propeller:

mf _up = �df4up + df5u(1� w)
+df6 ju(1� w)ju(1� w) + Tp

(8)

where df4 , df5 , df6 are constant and positive.

2.3 Four-quadrant propeller thrust and torque
mapping

The propeller characteristic for the four-quadrant
plane composed by the shaft speed and the ad-
vance speed, is usually presented in the form of
non-dimensional thrust and torque coe¢ cients CT
and CQ measured in steady-state conditions. Fig.
4 represents the open water characteristic relative
to the propeller considered in this paper. The

coe¢ cients CT and CQ can be represented, for
example, by a Fourier type series (Carlton, 1994)
as shown in Fig. 4.

The advance angle � is computed with the four
quadrant inverse tangent function as:

� = atan2 (ua; 0:7R!) (9)

where R is the propeller disc radius. Thrust
and torque coe¢ cient are computed as following
(Carlton, 1994):

CT =
TP

1
2�V

2
r A0

(10)

CQ =
QP

1
2�V

2
r A0D

(11)

where A0 is the propeller disc area, D is the
propeller diameter and Vr is the relative advance
velocity:

V 2r = u
2
a + (0:7R!)

2 (12)
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Fig. 4. Propeller four-quadrant open water char-
acteristic.

Using this kind of characteristics we are able to
reproduce thrust and torque in steady state con-
dition while in the transient response the values
computed can disagree with the real ones.

This motivated us to use the axial �ow velocity
dynamics to improve the accuracy of the model
to reproduce the propeller thrust and torque even
in the transient response. The idea is to identify
the di¤erence between the measured thrust and
torque, TPmeas

and QPmeas
, and the ones com-

puted with the open water characteristic, TPOC
and QPOC :

TPD = TPmeas
� TPOC (13)

QPD = QPmeas
�QPOC (14)

To relate TPD and QPD to the axial �ow velocity
up; a characteristic similar to the open water one
can be derived. It is possible to de�ne the new
coe¢ cients in the following way:



CT jup =
TPD

1
2�A0up jupj

; CQjup =
QPD

1
2�A0up jupjD

(15)

and compute it as a function of the angle �;
de�ned in the Eq. (9). The new coe¢ cients derived
for the propeller considered in this paper are
shown in Fig. 9.

3. EXPERIMENTAL SETUP

The tests were performed at the MCLab (
http://www.itk.ntnu.no/marinkyb/MCLab/ ), an
experimental laboratory for testing scale models
of ships, rigs, underwater vehicles and propulsion
system, located at NTNU (Trondheim, Norway).
The basin, 30m long, is equipped with a towing
carriage that can reach the maximum speed of
2m/s.

Table 1. Propeller characteristics: diam-
eter D, number of blades Z, pitch ratio
P=D at 0:7R and expanded blade area

ratio Ae=A0

Serial number D Z P=D Ae=A0
P1020 25cm 4 1 0.55

The thruster we have been working on employs a
three-phase brushless motor driven by an input
voltage and operating in torque control mode.
A propeller without duct and with characteristic
given in Table 1 was attached to a shaft equipped
with thrust and torque sensors inside an under-
water housing. The rig with motor, underwater
housing, shaft and propeller was attached to the
towing carriage in order to move it through the
water. A Sontek 10 MHz 3D Acoustic Doppler
Velocimeter (ADV) was employed to measure the
�ow velocity over a sampling volume of 0:25cm3:
It was vertically mounted 7cm downstream the
propeller with the probe x axis aligned to the
propeller axis of symmetry. The distance between
the sampling volume and the center of the pro-
peller shaft was set equal to 0:7R, where R is the
radius of the propeller disc. The motor torque was
controlled by a PC on board the towing carriage.
Table 2 contains the list of the recorded signals
with the respective sampling frequency. A sketch
of the setup is shown in Fig. 5.

Fig. 5. Sketch of the experimental setup.

Table 2. Signals logged

Signal fc Description
Qm [Nm] 200Hz Motor torque
Qp [Nm] 200Hz Propeller torque
Tp [N ] 200Hz Propeller thrust
up [m=s] 25Hz Axial �ow velocity
pc [m] 200Hz Towing carriage position
! [rad=s] 200Hz Propeller shaft speed

4. SYSTEM IDENTIFICATION PROCEDURE

4.1 Propeller shaft model

Referring to Eq. (1) that governs the shaft dynam-
ics, to identify the friction curve, we ran some tests
with constant motor torque. We measured the
propeller angular speed and the propeller torque
in steady-state condition keeping the towing car-
riage at rest. We derived the curve showed in
Fig. 6 where we can note the presence of a static
friction, a Coulomb friction and nonlinear viscous
friction.

The shaft inertia has been identi�ed using the
least squares method applied to Eq. (1), once the
friction curve has been derived.
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Fig. 6. Measured friction curve.

4.2 Hydrodynamic model

4.2.1. Bollard-pull model To identify the para-
meters present in Eq. (3) we considered �rst a
steady-state condition. Applying steps of motor
torque of di¤erent amplitudes, we measured the
steady-state values of the axial �ow velocity. We
obtained the curve shown in Fig. 7 that proves the
quadratic dependence of the propeller thrust with
respect to up.
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Fig. 7. Relation between axial �ow velocity and
propeller thrust for zero advanced speed.



The plot is relative to positive values of thrust
and velocity since the probe to measure the �ow
speed was placed downstream the propeller We
have assumed that Eq. (3) is valid also for negative
up. The value of df1 has been estimated using the
least squares method applied to the steady-state
characteristic of Fig. 7 (see Table 3).

To identify the value of mf the least squares
method has been applied to the Eq. (3).

4.2.2. Maneuvering model To identify the pa-
rameters of Eq. (7) and (8) we considered the
fact that in our setup, the housing that contains
gear and measurement devices does not create
a signi�cant wake. The in�ow velocity that has
been measured is practically equal to the towing
carriage speed. The wake fraction number w will
be thus considered zero:

mf _up=

8>>><>>>:
�df4up+df5u
+df6 juju+ T p

if
sgn(ua)= �sgn(!);

jupj< juaj

�df1 jupjup+df2 jupju
+df3 juju+ T p

else

(16)

Performing tests with di¤erent velocity pro�les
of the towing carriage and motor torque we es-
timated the coe¢ cients df2, df3, df4, df5, df6 to �t
the steady-state values of the measured propeller
thrust using a least squares method. The values
we obtained are shown in Table 3.

4.2.3. Four-quadrant propeller thrust and torque
mapping To derive the four-quadrant open wa-
ter characteristic shown in Fig. 4, we performed
some tests with di¤erent constant towing carriage
speeds and with di¤erent constant shaft speeds.
To have the desired value of !; the shaft speed
controller built-in in the motor has been used. The
scheme to derive CT jup and CQjup is presented in
Fig. 8. We generated TOC and QOC for several
motor torque and advanced speed using the open
water characteristic of Fig. 4. At the same time the
model of Eq. (16) has been simulated to obtain up.

Fig. 8. Identi�cation scheme for CT jup and CQjup :

The CT jup and CQjup coe¢ cients has been identi-
�ed plotting the values obtained with the Eq. (15)
as a function of the advanced angle �: The graphs
that have been obtained had data quite scattered
but it was possible to deduce the trend which is
plotted in Fig. 9.
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Fig. 9. Experimentally derived CT jup and CQjup :

5. EXPERIMENTAL VALIDATION

5.1 Hydrodynamics model

The model of Eq. (16), driven by the measured
propeller thrust, has been simulated with di¤er-
ent motor torque. The identi�ed parameters are
shown in Table 3. This simulation has been carried
out with data that have not been used for the
model identi�cation. The results relative to two
di¤erent simulations are depicted in Fig. 10 and
11.

Table 3. hydrodynamics model: experi-
mentally identi�ed parameters

Parameter Value Parameter Value
Jm [kgm2] 0:003 df3 [kg=m] 18:37
mf [kg] 8:62 df4 [kg=m] 41:13
df1 [kg=m] 27:89 df5 [kg=m] 20:39
df2 [kg=m] 7:66 df6 [kg=m] 39:39
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Fig. 10. Axial �ow model simulation with sinu-
soidal motor torque and trapezoidal carriage
speed.

The axial �ow velocity model reproduces the
measured up quite accurately despite the presence
of noisy measurements especially when the axial
�ow velocity and the advance speed have opposite
signs.

5.2 Overall propeller model

The overall propeller model, described by the
block diagram shown in Fig. 12, has been sim-
ulated with several motor torque and several car-
riage speed pro�les.
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Fig. 11. Axial �ow model simulation with square
motor torque and triangular carriage speed.

Fig. 12. Overall propeller model.

Fig. 13 and 14 show the simulated propeller thrust
and torque. The model including the axial �ow
dynamics shows better overall accuracy in repro-
ducing the measured propeller thrust. The model
has been tested over a large number of di¤erent
input motor torques: triangular, square and si-
nusoidal waves with various amplitudes and fre-
quencies and with di¤erent carriage speed pro�les.
In all cases the model reproduced quite well the
measurements.
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Fig. 13. Simulated propeller thrust with square
motor torque.

6. CONCLUSIONS

In this paper a propeller model has been identi�ed
from data acquired in an experimental laboratory.
The model is derived incorporating the dynamics
of the axial �ow velocity that has been identi�ed
measuring the 3D water �ow around the pro-
peller and shows good accuracy on reproducing
the measurements. The �ow measurement device
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Fig. 14. Simulated propeller torque with square
wave motor torque.

may be too expensive and fragile for the marine
environment. To solve this problem, a nonlinear
observer could be employed in order to estimate
the axial �ow velocity.
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