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Abstract

The online computational burden of linear model predictive control (MPC) can be moved offline by using multi-parametric
programming, so called explicit MPC. The solution to the explicit MPC problem is a piecewise affine (PWA) state feedback
function defined over a polyhedral subdivision of the set of feasible states. The online evaluation of such a control law needs to
determine the polyhedral region in which the current state lies. This procedure is called point location and its computational
complexity is challenging and determines the minimum possible sampling time of the system. A new flexible algorithm is
proposed which enables the designer to trade-off between time and storage complexities. Utilizing the concept of hash tables
and the associated hash functions the proposed method solves an aggregated point location problem that overcomes prohibitive
complexity growth with the number of polyhedral regions, while the storage-processing trade-off can be optimized via scaling
parameters. The flexibility and power of this approach is supported by several numerical examples.
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1 Introduction

Recently in [4], [3] and [18] it has been shown that utiliz-
ing multi-parametric programming, it is possible to solve
the linear and quadratic constrained finite time optimal
control (CFTOC) problems explicitly without online op-
timization. In [4] it has been proved that such a solution
is a piecewise affine (PWA) function defined over a poly-
hedral subdivision of feasible states mapping the current
state measurement to the optimal control value. There-
fore, the online closed loop computation is simplified to
a PWA function evaluation. The problem of determin-
ing the polyhedral region in which the current state lies,
refers to as ”point location”, ”region identification” or
even ”set membership” problem in the literature, [14]
and [8]. Once the desired region is found, the associated
affine optimal control law is evaluated and applied to
the system, and this procedure is repeated at the next
sampling time.
The point location problem requires careful attention
in the explicit MPC since its complexity influences the
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hardware requirements in fast sampling applications.
In [19] an efficient solution was proposed where a bi-
nary search tree is constructed by dividing the polyhe-
dral partitions using auxiliary hyper planes which can be
searched in time logarithmic in the number of regions,
resulting in significant computational gains. By exploit-
ing the piecewise affinity of the convex value function for
MPC with linear cost function, authors in [5] and then
in [2] have shown that such a problem can be solved with
no need to store the polyhedral partitions. In the case
that the cost-function is linear the authors in [12] have
shown that the point location problem can be posed as
a weighted Voronoi diagram, which can be solved us-
ing an approximate nearest neighbor (ANN) algorithm
(see [1] for details). In [15] reachability analysis has been
used in order to solve a reduced point location problem
instead of dealing with the entire feasible set. The ap-
plication of bounding boxes is exploited in [7] combin-
ing with a particular search tree to solve the point loca-
tion problem with low preprocessing computation. But
the storage demand and online search time are still lin-
ear in the number of polyhedral regions in the original
PWA functions. The subdivision walking idea has been
presented in [20] for a special class of partitions called
solution complex. The idea uses the concept of traveling
from a predefined seed point in a known region, toward
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the current query point by walking from one region to
the next until the region of interest is found. Although
the worst case complexity is still linear in the number of
regions but the exact bound calculation for closed loop
applications needs to generate a crossing tree which is
computationally very expensive. The idea of [15] is used
in [16] to simplify the reachability analysis by using some
reference points. Although some improvement has been
achieved in terms of computational complexity, but in
the case of complicated partitions both [15] and [16] have
limited applicability due to the reachability analysis re-
quired in the preprocessing. More recently, in [21] a lat-
tice PWA representation of the explicit MPC solution
obtained based on the multi-parametric programming
which can save some online calculation and memory re-
quirements. In [22] a procedure has been introduced to
trade-off between the warm-start and online computa-
tional effort when a combination of explicit MPC and
online iterative active set computation is used. In [6] an
approximate solution for explicit MPC using set mem-
bership approximation has been introduced which is able
to reduce complexity of the online implementation with
the cost of sub-optimality.
This paper suggests a new two-stage algorithm to ef-
ficiently solve the point location problem focussing on
the explicit MPC application. The first stage identifies a
subset of polyhedral regions based on an artificial inter-
val partition of each state space axis. Subsequently the
result for each axis is combined using a set intersection
algorithm. This leads to a reduced subset of polyhedral
regions, containing the optimal one, which is explored by
direct search in the second stage. The main distinguish-
ing feature of the approach is that the trade-off between
online processing complexity and memory is effectively
parameterized via scaling parameters, such that the user
can optimize the implementation for the given computer
architecture to make efficient use of processing and mem-
ory resources or minimize hardware costs. Furthermore,
the additional offline processing is modest compared to
the alternatives. The first stage sub-problems are solved
efficiently supported by one-dimensional hash tables, as
an alternative to e.g. hyper-rectangles organized in a bi-
nary search tree [6],[11]. This is efficient with respect to
preprocessing, which is known to be the limiting factor
of point location based on binary search trees [19],[11]
in high dimensions which is prohibitive in terms of pre-
processing time and also do not have flexibility to man-
age limitations in online storage. It is emphasized that
the proposed approach will find the exact solution, while
alternatives such as [6],[22],[17] and [11] consider sub-
optimal approximations to address implementation is-
sues. The present approach does also not make any as-
sumptions, such as continuity [20], [21] or linear cost
[2],[5],[12]. Therefore this method can be applied for a
general class of partitions including discontinuous and
overlapped ones. Finally, the complexity of implementa-
tion of an active set solver [22] is avoided in the second
stage such that the present method can be implemented
in low cost hardware using fixed-point arithmetics.

2 Explicit Solution of MPC

Consider a discrete time LTI system with constraints:

xt+1 = Axt + But

yt = Cxt

xt ∈ Xc := {x ∈ Rn : xmin ≤ x ≤ xmax},
ut ∈ Uc := {u ∈ Rn : umin ≤ u ≤ umax}, (1)

where A ∈ Rn×n, B ∈ Rn×m and C ∈ Rp×n.
The typical MPC optimization problem with horizon N
can be written in the following compact matrix form [4]:

J∗N (xt) = x
′

tY xt + min
UN

{1
2
U

′

NHUN + x
′

tFxt}

subject to :
xt+k ∈ Xc, ut+k−1 ∈ Uc, ∀ k = 1, ..., N

xt+k+1 = Axt+k + But+k, ∀ k ≥ 0 (2)

Where UN = [uT
t , uT

t+1, ...u
T
t+N−1]

T ∈ Rs, (s = mN)
is the optimization vector and Y, H, F,G, W and E are
constant matrices of appropriate dimension [4].
In [4] and [18] it has been shown that the optimal so-
lution U∗

N is a piecewise affine function of the current
state xt which can be calculated offline. Once the opti-
mization problem (2) is solved offline, the explicit MPC
uses this solution in a receding horizon fashion in which
u∗t = [Im0...0]U∗

N = f(xt), where f : Xf → Rm is a
continuous, PWA function on a polyhedral partition:

u∗t = Frxt + Gr, ∀xt ∈ Pr, r = 1, ..., Nr (3)

where Pr = {x ∈ Rn|Hrx ≤ Kr} is the r-th polyhedral
region. Fr, Gr, Hr and Kr are constant matrices which
can be computed explicitly for each region.

3 Point location problem

Problem 1 (Point location)Let P := {P1, P2, ..., PNr}
be an arbitrary partition where Pi, i = 1, ..., Nr are
convex polyhedra. Given a query point x ∈ Rn, find an
appropriate integer number i (x) ∈ {0, 1, ..., Nr} such
that i(x) = 0 if x /∈ P and 1 ≤ i (x) ≤ Nr if x ∈ Pi(x).

Once the Problem 1 is solved, the optimal control law
can be calculated using (3) for r = i(x). The simplest
algorithm to solve Problem 1 for a query point x is to
check Hrx ≤ Kr for all regions r = 1, ..., Nr one after
another until the region containing the point x is found,
so called exhaustive or direct search. Unambiguously the
worst case computational complexity of this inefficient
method is linear in the number of polyhedral regions
Nr. This paper substantially aims to introduce an effi-
cient method to solve the point location problem while
enabling the designer to manage the computational and
storage complexities especially when the number of re-
gions is large.
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3.1 Efficient point location: Main idea

The main idea is to solve nx one dimensional sub-
problems and then aggregate the results using a discrete
set intersection method to solve the original problem.
An extremely efficient method with processing time
of order O(1) is proposed to solve the sub-problems.
This method basically puts the advantages of a hashing
method (see e.g. [8], [9]) into practice and it is shown
that the proposed hash functions lead to the perfect
hashing (Theorem 2). In the next step the results of
sub-problems are combined using a particular set in-
tersection method (see Alg. 3) which is executed in
logarithmic time and results in a reduced set of poly-
hedral regions containing the optimal critical region.
Finally the optimal region is identified using a direct
search method.
To illustrate the idea consider an arbitrary two di-
mensional polyhedral partition (Fig.1). Let Ij be the
maximum interval length related to the j-th axis (ej),
which is equal to the projection of the feasible set Xf

on to the j-th basis vector ej . So I1 = amax − amin

and I2 = bmax − bmin. Then I = {I1, I2} is the set
of all maximum interval lengths. Now introduce an
integer scaling parameter εj ≥ 0 denoting the inter-
val resolution in the j-th axis, i.e. the Ij is divided to
nj = 2εj equally spaced sub-intervals. We further de-

fine I
kj

j = [Lkj

j , U
kj

j ] denoting the kj − th sub-interval
in Xj . As an example, consider an Xf = (X1, X2)T .
Let PI1(k1) = {3, 4, 8, 9, 15, 21, 22, 24} and PI2(k2) =
{5, 6, 7, 8, 9, 10} denoting indices of those regions which
are overlapped with intervals Ik1

1 and Ik2
2 respectively.

If the given query point x belongs to both subintervals,
then it suffices to explore the common index set, say
PL = PI1(k1)∩PI2(k2) = {8, 9}, to obtain the optimal
region. This simple example reveals that the original
problem with 25 regions is reduced to a problem with
2 candidate regions. In what follows, two main objec-
tives are pursued. At first an approach is established
to efficiently obtain the common set PL supported by
theoretical analysis of the computational and storage
complexities. The second goal is to provide a systematic
method which enables the designer to trade-off between
the complexities of preprocessing time, storage demands
and online computation time in a simple practical way.

3.2 Offline computation

For brevity, consider the j-th axis ej for which the offline
procedure for generating a data structure to support
online point location is stated in Alg. 1. Then the same
algorithm can be used for the other axes. Also note that
steps 3 and 4 in Alg.1 together are equal to check whether
inter(projPr

ej
) ∩ I

kj

j 6= ∅ or not. Where, projPr
ej

denotes
the orthogonal projection of Pr onto the ej .

Fig. 1. Artificial 2D polyhedral partition.

Algorithm 1 : Offline computation
Step 1: Choose a suitable integer εj ≥ 0.
Step 2: Divide the j-th interval Ij into the nj = 2εj sub-
intervals I

kj

j = [Lkj

j , U
kj

j ], kj = 1, ..., nj .
Step 3: ∀ r = 1, ..., Nr compute Φr

j =
[
αr

j βr
j

]
where

αr
j = min

x∈Pr

eT
j x, βr

j = max
x∈Pr

eT
j x.

Step 4: ∀ (kj = 1, ..., nj), (r = 1, ..., Nr) : IF (Lkj

j < βr
j )

& (Ukj

j > αr
j) THEN PIj(kj)← r.

Remark 1 More efficiently, when the vertex represen-
tations of the polyhedral regions are available, then LPs
in step 3 can be replaced by αr

j = min
i

V r
i (j) and βr

j =

max
i

V r
i (j), where V r

i (j) denotes the j-th element of i-th

vertex of Pr.

3.3 Online computation

Applying the steps 1 through 3 of Alg. 1 to all axes re-
turns nx polyhedral index sets PIj , j = 1, ..., nx. These
nx sets together with the polyhedral region descriptions
(Hr,Kr) are the only data one needs to store to solve
the online point location problem.
The online procedure is presented in Alg. 2. Note that the
computation of the set intersection PL = ∩nj

j=1PIj(k̄j)
in step 2 is more efficient than the sequential search
through all PIj ’s elements. Furthermore due to the in-
cremental procedure in step 4 of Alg. 1, the elements in
each index set PIj(k̄j) are ascending. Using this prop-
erty a logarithmic-time solution to the set intersection
problem is achieved in Alg. 3 based on the binary search
method.

Remark 2 The scaling parameters (εj) can be adjusted
by first setting εj = 0 and increasing it iteratively until
a satisfactory result is met. Note that increasing the εjs
will decrease the online time complexity and increase the
storage complexity simultaneously. The tuning is com-
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pleted when both requirements are satisfied. When the on-
line time complexity is more important than the storage,
then the following thumb rule usually gives a good result:

εj = min
(

εmax, round

(
log2

(
|Ij |
δP j

r

)))
,

δP j
r = min

r∈{1,...,Nr}

(
max

{
δthr,

∣∣∣projPr
ej

∣∣∣}) (4)

where εmax is the maximum allowed value for scaling
parameters given by the maximum available storage re-
sources and δthr is the threshold value to ignore very
small projected intervals. Roughly speaking, the rule (4)
uses the minimum polyhedral projection length to calcu-
late the scaling parameter in each axis while a minimum
acceptable value is taken into account (δthr).

Algorithm 2 : Online computation

Step 1: At time t, for a given query point x =
[x1, ..., xnx ]T , and for each axis ej determine sub-interval
I

k̄j

j which contains the j-th element of state x, i.e.

xj ∈ I
k̄j

j = [Lk̄j

j U
k̄j

j ].

Step 2: Use Alg.3 to compute set of all common indices
in PIj(k̄j), j = 1, ..., nx, that is PL = ∩nj

j=1PIj(k̄j).

Step 3: Apply direct search to the set PL. If the optimal
region is found then return its index i(x), else return 0.

Algorithm 3 : Set Intersection

Step 1: Initialize PL← {PI1(k̄1)}; j ← 2.

Step 2:
1: for j = 1 to nx do do
2: PL← Set Intersect

(
PL, PIj(k̄j)

)
;

3: end for

FUNCTION ComSet=Set Intersect(S1, S2)
1: ComSet← []
2: for i = 1 to length(S1) do
3: first← 1; last← length(S2);
4: while first ≤ last do
5: mid← [(first + last) /2]
6: if S2(mid) < S1(i) then
7: first← mid + 1;
8: else if S2(mid) > S1(i) then
9: last← mid− 1;

10: else
11: ComSet← [ComSet i];
12: break;
13: end if
14: end while
15: end for
16: Return ComeSet;

3.4 Application of hash table for point location

In this paper we use the concept of hash tables and the
associated hash functions in order to solve the step 1
(find kj) in processing time of order O(1).
A hash table is made up of two parts [8]: an array (the
actual table where the data to be searched is stored) and
a mapping function, known as a hash function. The hash
function is a mapping from the input data space (in our
case, x) to the integer space that defines the indices of
the array (in our case, kj). It is shown that the proposed
hashing method leads to the perfect hashing. To this
end, remember PIj(kj) contains all regions intersecting
with I

kj

j . Associated with the j-th axis ej , consider the
following hash function which maps any query point x =
[x1, ..., xnx ]T , to an integer value:

Sj (x) = floor

(
xj − L1

j

U
nj

j − L1
j

nj

)
+ 1, ∀j = 1, ..., nx (5)

Where floor(.) is a function which maps a real number
to the largest integer not greater than the number. The
following theorem summarizes the basic properties of
combining the proposed algorithm with the hash func-
tion in (5) and the associated hash table.

Theorem 1 Consider the hash function (5) and the
associated hash table is the set PIj. Then for a given
query point x = [x1, ..., xnx

]T ∈ Rn, Sj(x) = kj and the
point location problem in Problem 1 is reduced to a search
through the following set of polyhedra:

PL = ∩nx
j=1PIj (Sj(x)) , ∀ j = 1, ..., nx (6)

PROOF. First we prove that Sj(x) ∈ Dom(PIj(.)),
i.e. the Sj(x) is an integer-valued function for which
Sj(x) ∈ {1, 2, ..., nj} where Dom(PIj(.)) denotes the
domain of the set-valued function PIj . To this aim, from
the definitions of Sj(x) in (5) and floor function it is
easy to investigate that Sj(x) is an increasing piece-
wise constant integer-valued function. As a consequence
Sj(L1

jej) ≤ Sj(x) ≤ Sj(U
nj

j ej), where ej ∈ Rnx is
the j-th unit vector. This result suffices to prove that
Sj(L1

jej) ∈ Dom(PIj) and Sj(U
nj

j ej) ∈ Dom(PIj).
This can be simply verified by direct substitution of L1

jej

and U
nj

j ej in (5). Now it should be demonstrated that
the function Sj(x) returns the index of kj-th sub-interval

I
kj

j that contains the j-th element of the vector x, i.e.

Sj(x) = kj . To this end, note that xj ∈ I
kj

j leads to

L
kj

j ≤ xj ≤ U
kj

j , then from (Unj

j − L1
j ) > 0:

L
kj

j − L1
j

U
nj

j − L1
j

nj ≤
xj − L1

j

U
nj

j − L1
j

nj ≤
U

kj

j − L1
j

U
nj

j − L1
j

nj (7)
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By using the equations L
kj

j = L1
j + (kj − 1)δj , U

kj

j =
L1

j + kjδj and δj = (Unj

j − L1
j )/nj and substituting in

(7), it can be rewritten as

kj − 1 ≤
xj − L1

j

U
nj

j − L1
j

nj ≤ kj (8)

Then using (5) yields Sj(x) = kj . �

Remark 3 The set intersection procedure (Step 2) and
also the direct search of the regions in PL to find the op-
timal region (Step 3) can be executed in a parallel archi-
tecture.

Remark 4 Since the hash tables PIj are calculated of-
fline, then access to the index set of the candidate opti-
mal polyhedral regions has complexity of order O(1). For
each specific problem the maximum possible number of
common intersecting polyhedral regions, i.e |PL|, can be
determined after offline calculation. Note that this con-
stant number is strongly depended on the scaling factor
εj, how the regions are scattered and also the dimension
nx, but less depended on Nr.

Remark 5 It is emphasized that the only assumption
which is used in the proposed method is the convexity of
the Pis. As a consequence, unlike some of the existing
alternatives, the present method can be applied to more
general class of partitions including discontinuous and
overlapping partitions. However, for severely overlapping
partitions some performance degradation can be expected.

4 Complexity analysis

4.1 Offline processing complexity

The preprocessing in Alg. 1 consists of four steps. Step
4 is the most dominant one and determines the com-
plexity of the offline computation. In this step, there
are nj = 2εj subintervals in each axis.
Since step 4 is performed for all subintervals, then
considering Remark 1 the computational complexity
of Alg.1 can be measured as the sum of the com-
plexity of inter(projPr

ej
) ∩ I

kj

j 6= ∅ for all axes, i.e.∑nx

j=1 O
{

inter(projPr
ej

) ∩ I
kj

j 6= ∅
}

. For each subinter-

val I
kj

j , one needs to examine the two inequalities men-
tioned in Remark 1 for all Nr polyhedrons. Therefore
the overall complexity will be of order O

(
Nr

∑nx

j=1 nj

)
.

4.2 Storage complexity

In addition to the polyhedral regions description
(Hr, Kr), r = 1, ..., Nr, the only data which needs to be

stored for online application are hash tables (or the index
sets) PIj , j = 1, ..., nx. Suppose that |PIj(kj)| denotes
the cardinality of the set PIj(kj), i.e. the number of
polyhedral region indices contained in the set PIj(kj).
Then corresponding to each axis, Mj =

∑nj

kj=1 |PIj(kj)|
unsigned integer numbers need to be stored. Thus the
total storage complexity will be

∑nx

j=1 Mj . Note that
the minimum and maximum cardinality of interval sets
PIj(kj) are mainly determined by the scaling factors εj .

4.3 Online processing complexity

The computations in Alg. 2 is composed of two main
parts. In step 1, for a given state x = [x1, ..., xnx

]T the
associated subintervals I

k̄j

j are determined in O(1) using
the proposed hash function. Steps 2 and 3 in Alg. 2 are
critical and determine the online processing complexity.
The overall computational complexity is O (N1 + N2)
where O (N1) and O (N2) denote the complexity of steps
2 and 3 respectively. The set intersection for two ar-
bitrary index sets PIj1(k̄j1) and PIj2(k̄j2) can be car-
ried out in O (mj1 log mj2) using Alg.3, where mj1 =
|PIj1(k̄j1)| and mj2 = |PIj2(k̄j2)|. The following theo-
rem characterizes the online complexity.

Theorem 2 Consider the set intersection in Alg. 3, then
the worst case online processing complexity is of order
O (N1 + N2) where O (N2) = O (max |PL|) denotes the
maximum possible cardinality of common set PL and

O (N1) = O

(∑nx−1
j=1 min

i∈{0,...,j}
(Mi) log (Mj+1)

)
, where

Mj = max
kj∈{1,...,nj}

|PIj(kj)| and M0 = max
j∈{1,...,nx}

Mj.

PROOF. Since the cardinality of all index sets are
known from the preprocessing, O (N2) is determined by
the maximum possible cardinality of common set PL,
i.e. O (max |PL|). Note that applying Alg. 3 to the first
two index sets PI1(k̄1) and PI2(k̄2) impose a computa-
tional complexity of order O (m1 log m2), then for the re-
sulting common set (PL) we have |PL| ≤ min(m1,m2).
Therefore calling the Alg. 3 for PL and the next in-
dex set PI3(k̄3) will similarly impose the complexity
of order O (|PL| log m3) ≤ O (min(m1,m2) log m3).
Iterating this procedure shows that for i-th index

set the complexity is O

(
min

i∈{0,...,j}
(mi) log (mj+1)

)
.

The worst case (upper bound) can be determined by
taking maximum over subintervals for each axis, i.e.
Mj = max

kj∈{1,...,nj}
(mj = |PIj(kj)|). Finally the total

online processing complexity is the sum of all sub-
problems processing time. M0 = max

j∈{1,...,nx}
Mj is a

constant number that is used to simplify the notation. �
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Remark 6 Further simplification in the online compu-
tations can be achieved using a secondary hash table in
the set intersection algorithm. This is while only a bit
array H with length of Nr needs to be added to the stor-
age complexity. Using this bit array as a hash table it is
possible to solve the set intersection problem with com-
plexity of order O (m1) instead of O (m1 log m2) where
m1 ≤ m2. Then it is sufficient to hash the second in-
dex set to the bit array H, i.e. H(i) = 1, ∀ i ∈ S2 and
H(i) = 0, ∀ i /∈ S2. Then checking if each element of first
set S1 is contained in S2 or not can be done in O(1). Sort-
ing sets in a way that m1 ≤ m2 ≤ ... ≤ mnx takes time
of order O(nx log(nx)) while mjs are computed offline.

Remark 7 Considering Remark 6 and the proposed
algorithm, an approximation to the number of arith-
metic operations including summation/subtraction,
multiplication/division and comparison can be found
as #(arith.ops.) ≤ 7nx + nx log nx + Nintersect +
2nxNcomNH where 7nx denotes the number of arith-
metic operations of hash function evaluation and
nx log(nx)+Nintersect refers to the arithmetic operations
of array sorting and set intersection using hash table
introduced in Remark 6. Accordingly Nintersect can be
approximated by min

j
(max

kj

|PI
kj

j |). Finally 2nxNcomNH

denotes the arithmetic operations of direct search through
the set PL where NH is the maximum number of hyper
planes describing any polyhedral region and Ncom is the
maximum possible cardinality of the set PL which can
be pre-computed when the polyhedral index sets PIj are
computed offline. A quite conservative upper bound for
Ncom is max

j
(max

kj

|PI
kj

j |).

5 Numerical examples

The proposed method has been applied to several test
cases to illustrate the computational performance of
the method. PWA functions have been generated with
the aid of the Multi Parametric Toolbox (MPT) for
MATLABr [13] with nx in the range 2− 5 as shown in
Table 1. Then, Algs. 1-3 together with the algorithm
proposed in [19] and the direct search method were ap-
plied to the test cases and the results are compared in
table 1. These two alternative algorithms are considered
to be representative for state-of-the-art performance in
terms of online computation time or storage and pre-
processing demands, respectively, and therefore provide
relevant benchmarks for the proposed algorithm that
aims to address the trade-off between the time and stor-
age complexities. Fig.2 illustrates this trade-off when
the scaling parameter varies from 0 to 15 for a test case.
Fig.2 shows that εj parameterizes the solutions similar
to Pareto optimality Roughly speaking, one can imagine
that a good choice of scaling factor in this case is around
6-8 which makes an appropriate trade-off between on-
line processing and storage demands when both time

and storage are important. The same strategy is used
to set the scaling parameters in each test case. Com-
paring to the [19] the results in table 1 demonstrate the
effectiveness of the proposed method in the online pro-
cessing. On the other side, the associated preprocessing
time shows that the present method is tractable for ap-
plications with large number of polyhedral regions for
which some of the existing algorithms such as [19] are
not applicable. Note that the algorithms were written
in MATLAB platform and executed by a 2.6 GHz pro-
cessor. Furthermore, the simulations with biggest Nr in
all test cases refer to the orthogonal partitions arising
in the nonlinear explicit MPC (see e.g. [10]) and the re-
sults from these experiments verify that even though the
partitions contain more polyhedral regions, the present
method still works well. Finally, to exemplify the major
advantage of the present algorithm compared to the
state space cell partitioning or even pre-computation
of PLs for all interval instead of using the proposed
set intersection method, consider for examle the test
case nx = 5, εj = 8. In this case, the state space cell
partitioning approach leads to Nc = (28)5 ≈ 1.1× 1012

cells in the state space. Unambiguously this amount
of complexity is not practical to deal with in offline
computation.

Table 1
Performance comparison of the proposed method (Algs.1 & 2),
Direct Search (DS) and algorithm proposed in [19]. ? denotes
that the implementation of the algorithm is not tractable due to
preprocessing time for this test case.

Problem Offline Time Arith.ops.(worst) Storage(×104)

nx Nr εj
Alg.1 BST

DS Alg.2
Alg.

DS Alg.2
Alg.

(sec) (sec) [19] [19]

2

139 5 0.3 57 2240 254 54 0.16 0.24 0.31

853 5 5.6 2515 13656 322 72 1.2 2.3 3.7

2258 8 8.67 5300 35984 240 82 2.7 3.4 15

3125 8 11.7 2891 50e3 245 118 3.8 5.2 39

15625 8 58.6 ? 250e3 607 ? 2 14 ?

3

1565 8 9.9 62982 57312 938 166 3.8 14.3 18

2998 6 478 24568 106e3 1962 176 7 27 44

16807 8 102 ? 605e3 2903 ? 40.3 79 ?

4

834 8 171 981 57312 1737 226 3.6 23 43

6561 8 33 ? 420e3 3480 ? 26.2 46.3 ?

13716 8 122 ? 878e3 5272 ? 55 134 ?

5

242 7 0.7 3998 24200 606 210 1.1 1.3 6.5

1331 7 279 ? 133e3 1799 ? 8 24 ?

14641 8 60 ? 146e4 11687 ? 87.8 77.2 ?

20680 8 237 ? 207e4 14463 ? 124 373 ?

6 Conclusion

A new efficient and flexible approach to the point loca-
tion problem arising in the recently developed explicit
MPC, as well as other PWA function applications, was
introduced. Some of existing methods attempt to solve

6



Fig. 2. Complexity trade-off when the scaling parameter varies
from 0 to 15, (nx = 2, Nr = 2258).

a reduced point location problem instead of the original
problem (e.g. [15], and [16]). The proposed method has
a similar goal in its interior. The main distinguishing
property in the present method refers to the existence
of some tuning parameters that enable the designer to
explore the trade-off between time and storage complex-
ities in a simple way. It was also shown that boosting
this algorithm with hashing theory improves strongly the
online processing complexity with modest offline com-
putation and storage load. Also it was illustrated that
the online processing complexity is mainly depended on
the scaling factors εj , the dimension nx and how the re-
gions are scattered instead of the number of polyhedral
region (Nr). In terms of the storage complexity one just
needs to store the index sets PIj , j = 1, ..., nx as the
one-dimensional hash tables in addition to the polyhe-
dral regions descriptions.
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