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Abstract— Piecewise affine (PWA) systems is an important
class of systems. In this paper we consider optimal control
of constrained, discontinuous, discrete-time, piecewiseaffine
systems with state and input dependent disturbances. We seek
to pre-compute, via dynamic programming, an explicit control
law for these systems when a piecewise affine cost function is
utilized. The main difficulty with this problem class is that,
even for initial states for which the value function of the
optimal control problem is finite, there might not exist a
control law that attains the infimum. Hence, we propose a
method that is guaranteed to obtain a sub-optimal solution,
and where the degree of sub-optimality can bea priori
specified. This is achieved by approximating the underlying
sub-problems with a piecewise parametric linear program.

Index Terms— Optimal control. Piecewise affine systems.
Parametric programming. Approximate solutions to inf-sup
problems.

I. I NTRODUCTION

Methods for computing explicit control laws for discrete-
time, constrained, piecewise affine (PWA) systems have
been reported in the control literature recently [1]–[6].
Usually dynamic programming is utilized for this pur-
pose [1], [2], [7], [8]. In [1] a dynamic programming
approach for continuous PWA systems is proposed and in
[2] continuous PWA systems subject to state- and input-
dependent disturbances are considered. In this note we
considerdiscontinuousPWA systems subject to input- and
state-dependent disturbances and where the cost function
is piecewise affine. Methods for computing explicit control
laws for this problem class have not yet been reported in
the literature.

In [1] discontinuous PWA systems are briefly mentioned.
However, disturbances are not present and the topic is
not treated in detail; for instance that an optimizer exists1

cannot be guaranteed. In addition, the authors represent
the domain of the PWA state update equation by closed
polyhedra, as described in [9], and therefore small gaps
are introduced in the domain of the state update equation.
Consequently, from a theoretical point of view, the state
trajectory may vanish. One can argue that the control
scheme is to be implemented on a microchip or computer
and therefore is subject to a finite arithmetic precision. In
this paper we will look at the problem from a theoretical
viewpoint, remove the need to introduce small gaps and
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outline the foundation for a complete computational pro-
cedure for computing explicit control laws for this problem
class.

An alternative way of describing a discontinuous PWA
system is to transform the state update equation into a
difference inclusion by performing a regularization, see
e.g. [10]. With this system description, the successor state
may be set-valued for a given initial state, control input,
and disturbance. We seek to avoid this situation by still
treating the system as a difference equation.

In this paper we represent the domain of PWA systems
by a union of a finite number of open, closed and/or neither
open nor closed polyhedra. A solution to the optimal
control problem may not exist in this case. However,
solutions that render the cost function within a small
neighborhood of the infimum/supremum are guaranteed to
exist. We propose a procedure that obtains a sub-optimal
solution to the optimal control problem when the solution
does not exist, and the exact solution when it does. This
approach does not introduce gaps in the domain of the
state update equation, we do not assume that a solution to
the optimal control problem exists, and the state update
equation is not transformed into a difference inclusion,
and thus, the dynamic programming approach is relatively
simple from the theoretical point of view. In addition, the
proposed procedure allows the degree of sub-optimality to
be a priori specified.

PAPERSTRUCTURE: Section II introduces basic notation
and definitions. In Section III we introduce the basic
building block in the paper, namely how to obtainε-optimal
solutions to parametric linear programs (pLP) with strict
and non-strict inequality constraints. This building block is
then used to obtain sub-optimal solutions to minimization
of PWA functions in Section IV, to min-max problems in
Section V, and finally it is demonstrated in Section VI how
these procedures can be used in the dynamic programming
approach for the purpose of obtaining explicit, sub-optimal,
solutions to robust optimal control problems for discontin-
uous PWA systems.

II. PRELIMINARIES

A. Basic Notation and Fundamental Results
Recall the following; theaffine hull of a set S is

the intersection of all affine sets containingS, and
is denotedaff(S). The dimension of a setS ⊂ R

n

is the dimension ofaff(S), and is denoteddim(S);
if dim(S) = n, thenS is said to be full-dimensional. The
closureof a setS is denotedcl(S). Therelative interior of
a setS is the interior relative toaff(S), i.e. relint(S) :=
{x ∈ S |B(x, r) ∩ aff(S) ⊆ S for somer > 0},
where the ball B(x, r) := {y | ‖y − x‖ ≤ r}
and ‖ · ‖ is any norm. We denote the orthogonal
projection of a setS ⊆ R

n × R
m to the x-space

by Projx S := {x ∈ R
n | ∃u ∈ R

m : (x, u) ∈ S }.



A polyhedronis the intersection of a finite set of open
and/or closed halfspaces. Apolygon is a union of finite
number of polyhedra. We will adopt a similar notation
to that presented in [11] with regards to the concept of
extended real valuedfunctions. Thus, a functionf is al-
lowed to take values in̄R = [−∞,∞]. Recall also that the
infimumof a set S [12] is defined as the as the quantitym
such that∀s ∈ S, we havem ≤ s and ∀ε > 0 there
existss ∈ S such thats < m + ε. Moreover, we introduce
the notationinfC f := infx∈C f(x) := inf {f(x) |x ∈ C }
and supC f := supx∈C f(x) := sup {f(x) |x ∈ C }. By
convention we haveinf∅ f = ∞ and sup∅ f = −∞. We
say that the infimum (supremum) off over C is attained
if argminx∈C f(x) 6= ∅ (argmaxx∈C f(x) 6= ∅). For a
function f : R

n → R̄, the domainof f is defined as the
set

dom(f) := {x ∈ R
n | −∞ < f(x) <∞} .

Whenever we refer to a functionf or mappingF having
a certain property, we implicitly mean that the property
holds only on the domain off or F , e.g. if we say thatf
is continuous, it is continuous at everyx ∈ dom(f).

A function f : R
n → R

m is piecewise affine(PWA)
on its domain ifdom (f) is the union of finitely many
polyhedra, relative to each of whichf(·) is affine. We
say that the set-valued mapF : R

n
⇒ R

m is piecewise
polyhedral if the graph of F , defined asgph (F ) :=
{(x, u) |u ∈ F (x)}, is a polygon. A functionf : R

n →
R

m is a selectionof the set-valued mapF : R
n

⇒ R
m

if f(x) ∈ F (x) for all x ∈ dom(F ). If F : X ⇒ Y is
a mapping, then the restriction ofF to the domainD is
written F |D : D ⇒ Y .

Throughout we will use the superscript∗ to distinguish
between optimizers and decision variables, e.g. for the
problem minx f(x), x is the decision variable andx∗

denotes an optimizer.
Given the optimization problem

J∗ := inf
u∈U

f(u),

we denote byε- argminu∈U f(u) the set of values ofu ∈
U for which f(u) ≤ J∗ + ε, that is,

ε- arg min
u∈U

f(u) := {u ∈ U | f(u) ≤ J∗ + ε} .

The following observation follows directly from the defi-
nition of the infimum of a set:

Lemma 1:Assume thatJ∗ > −∞ and thatU is a non-
empty set. Thenε- argminu∈U f(u) 6= ∅, ∀ε > 0.

III. ε-OPTIMAL SOLUTIONS TO PARAMETRIC L INEAR
PROGRAMS WITH STRICT AND NON-STRICT

INEQUALITY CONSTRAINTS

In this section we consider the problem of finding
ε-optimal solutions to parametric linear programs with
strict and non-strict inequalities. We propose a procedure
that will be repeatedly used in subsequent sections for
the purpose of obtaining sub-optimal solutions to optimal
control problems with piecewise affine cost and polygonic
constraints.

Consider problem

P(x) : J∗(x) := inf
u

{
cT u | (x, u) ∈ Z

}
, (1a)

Z :=

{
(x, u) ∈ R

n × R
m

∣∣∣∣
Au + Bx ≤ d
Eu + Fx < g

}
, (1b)

which is to be solved for allx ∈ X , whereX is some
polyhedral set, andc, A, B, d, E, F and g are matrices
with suitable dimensions.

The constraint setZ defines the set valued mapU :
R

n
⇒ R

m given by U(x) := {u | (x, u) ∈ Z } and
hence, (1) can be written as

J∗(x) : = inf
u∈U(x)

cT u.

Assumption 1:We make the following standing assump-
tion: For any parametric optimization problem that can be
expressed asz∗(θ) := infy {f(θ, y) | (θ, y) ∈ Y }, ∀θ ∈ Θ,
the setsY and{θ ∈ Θ | z∗(θ) > −∞} are non-empty.
Returning to our original problemP(·), the above as-
sumption implies thatZ 6= ∅ and that there exists some
polyhedral set of parameters on whichJ∗ is lower bounded.
Consequently, we re-define the setX as:

X := ProjxZ ∩ {x | J
∗(x) > −∞} = dom(J∗) . (2)

For pLPs with only non-strict inequalities the following
is well-known [13]–[16]:

Theorem 1 (Solution properties for pLPs):Consider
the pLP

Ĵ∗(x) : = min
u

{
cT u | (x, u) ∈ cl (Z)

}
, (3)

which is to be solved for all values ofx ∈ X̂ , where

X̂ := Projx (cl (Z)) ∩
{

x
∣∣∣ Ĵ∗(x) > −∞

}
= dom

(
Ĵ∗

)
.

i) There exists a continuous and PWA functionu∗ :
X̂ → R

m that satisfies

u∗(x) ∈ argmin
u

{
cT u | (x, u) ∈ cl (Z)

}
.

ii) The value functionĴ∗ : X̂ → R is continuous,
convex, and piecewise affine.

Recall a fundamental result for support functions to
convex sets, formulated as a lemma for clarity of presen-
tation [17, page 112]:

Lemma 2: If S ⊂ R
m is a convex set and givenc ∈ R

m,
then

inf
u∈S

cT u = inf
u∈cl(S)

cT u = inf
u∈relint(S)

cT u.

From the above lemma it is clear thatJ∗(x) = Ĵ∗(x) for
all x ∈ X = dom (J∗).

A parametric optimization is said to be apiecewise pLP
if the set of parameters for which the infimum is bounded
is represented by a union of a finite number of polyhedra,
relative to each of which the problem reduces to a pLP.
ConsiderP(·) and define the piecewise pLP

Pε(x) : V ∗
ε (x) := min

(u,t)
{t | (x, u, t) ∈ Zε } , (4a)

Zε :=




(x, u,t)

∣∣∣∣∣∣

Au + Bx ≤ d
Eu + Fx ≤ g + 1t

cT u ≤ Ĵ∗(x) + ε




 , (4b)

where1 is a vector of ones, which is to be solved for all
values ofx ∈ Xε, where

Xε := Projx Zε ∩ X̂ . (5)



We propose the following theorem for the purpose of
obtainingε-optimal solutions to pLPs with strict and non-
strict inequality constraints:

Theorem 2:Consider the optimization problems given
in (1) and (4). The following holds:

i) Xε = X̂ = dom
(
Ĵ∗

)
⊇ X = dom(J∗).

ii) Given anyε > 0 we have that (4) attains its mini-
mum ∀x ∈ Xε, and that given anyx ∈ X

∀(u∗(x), t∗(x)) ∈ argmin
(u,t)
{t | (x, u, t) ∈ Zε } ⇒

u∗(x) ∈ ε- arg min
u∈U(x)

cT u

iii) The functionV ∗
ε (·) is continuous and piecewise affine

on Xε.
iv) There exists a minimizer functionu∗ : Xε → R

n that
is continuous and PWA.
Proof:

i) That X̂ ⊇ X follows from Projx (cl (Z)) ⊇ ProjxZ

and
{

x | Ĵ∗(x) > −∞
}

= {x | J∗(x) > −∞} (re-

call that Ĵ∗(x) =∞ if x /∈ X̂ ), hence,

X̂ =Projx (cl (Z)) ∩
{

x | Ĵ∗(x) > −∞
}
⊇

ProjxZ ∩ {x | J
∗(x) > −∞} = X .

ThatXε = X̂ holds trivially by noting that fixingt =
0 andε = 0 for all x ∈ X̂ renders the minimizeru∗(·)
of (3) feasible also for (4).

ii) Given anyx ∈ Xε, (4) is an LP and consequently
attains its minimum if the infimum is bounded, which
is true onXε by construction. Lemma 1 and As-
sumption 1 ensures that there always existsε-optimal
solutions, i.e.

∀x ∈ X ∃ũ ∈ ε- arg min
u∈U(x)

cT u.

Thus, for any x ∈ X and for all ũ ∈
ε- arg minu∈U(x) cT u there exists someγ(ũ) < 0 ∈
R such that

∅ 6=




u

∣∣∣∣∣∣

Au + Bx ≤ d
Eu + Fx ≤ g + 1γ(ũ)

cT u ≤ Ĵ∗(x) + ε




 ⊆ U(x),

which immediately impliest∗(x) < 0 for all x ∈ X ,
and consequentlyu∗(x) ∈ ε- arg minu∈U(x) cT u for
all x ∈ X .

iii) Define a new parametery and write (4) as

V̄ ∗
ε (x, y) := min

(ū,t̄)

{
t̄

∣∣ (x, y, ū, t̄) ∈ Z̄ε

}
,

Z̄ε :=

{
(x, y, ū, t̄)

∣∣∣∣∣

Aū + Bx ≤ d
Eū + Fx ≤ g + 1t̄

cT ū ≤ y + ε

}
.

Clearly, the above problem is a pLP, and consequently,
V̄ ∗

ε (·) is continuous and piecewise affine. Lettingy =
Ĵ∗(·) we see thatV̄ ∗

ε (·, Ĵ∗(·)) is a composition of
continuous functions and therefore also a continuous
function. Moreover, composition of PWA functions
is a PWA function. We clearly also haveV ∗

ε (x) =
V̄ ∗

ε (x, Ĵ∗(x)) for all x ∈ Xε.

iv) Following the same argument as iniii) we have
that there exists an optimal selection̄u∗(·) that is
continuous and PWA, and hence the same holds
for u∗(·) = ū∗(·, Ĵ∗(·)).

Theorem 2 provides a procedure for obtainingε-optimal
solutions to pLPs with strict and non-strict inequality
constraints. The pLP is first solved over the closure ofZ
to obtain the functionĴ∗(·). Then solving (4) ensures that
we obtain a functionu∗(·) such thatcT u∗(x) ≤ Ĵ∗(x)+ ε
for all x ∈ X .

One important detail that should be emphasized is that
we can restrict the domain of the selectionu∗(·) to X ,
which is possible sinceXε ⊇ X . Thus, we letu∗ : Xε →
R

m be redefined tou∗ : X → R
m. The restriction of

the domain is important because in subsequent sections
we want to apply this procedure to the minimization
of discontinuous piecewise affine functions, thus slightly
enlarging the domain may introduce arbitrary large errors
if we try to select the minimum of several affine functions.
In the sequel,(u∗

ε(·), t
∗
ε(·)) will denote a continuous and

optimal selection for (4), whose domain is restricted toX .

IV. ε-OPTIMAL SOLUTIONS FORPWA FUNCTIONS

In the previous section we proposed a procedure for
obtainingε-optimal solutions to pLPs with strict and non-
strict inequalities. In this section the procedure is repeat-
edly applied for the purpose of findingε-optimal solutions
to minimization of PWA functions over polygonic sets.

Consider the problem of minimizingf(x, ·), wheref(·)
is piecewise affine. We will representf in the following
manner:

f(x, u) = fi(x, u) if (x, u) ∈ Pi ⊂ R
n × R

m,

where i ∈ {1, 2, . . . , I}, eachfi is affine and eachPi

is a polyhedron, thus the domain off is the poly-
gon P := dom(f) = ∪I

i=1Pi. Note that this implies
that for each pair(i, j) ∈ {1, 2, . . . , I} × {1, 2, . . . , I} we
havefi(x, u) = fj(x, u), ∀(x, u) ∈ Pj ∩ Pi.

Consider the following optimization problem:

J∗(x) := inf
u
{f(x, u) | (x, u) ∈ P } . (6)

We can clearly represent (6) as

J∗(x) := min
i∈{1,2...,I}

{
inf
u
{fi(x, u) | (x, u) ∈ Pi }

}
. (7)

Observing thatJ∗
i (x) := infu {fi(x, u) | (x, u) ∈ Pi } is a

pLP with strict and non-strict inequalities for eachi ∈
{1, 2, . . . , I} we let

{
(u∗

i,ε(·), t
∗
i,ε(·)) | i ∈ {1, 2, . . . , I}

}

denote a set of continuous selections where each
pair (u∗

i,ε(·), t
∗
i,ε(·)) optimizes the corresponding piecewise

pLP defined by (4). Recall also from the previous section
that the domain of eachu∗

i,ε(·) is restricted to the domain
of J∗

i (·), and hence,dom
(
fi(·, u

∗
i,ε(·))

)
= dom (J∗

i ).
Theorem 3:Consider the optimization problem given

in (6).
i) For anyε > 0, x ∈ dom(J∗) and the problem

J∗
ε (x) := min

i∈{1,...,I}
{fi(x, u∗

i,ε(x))}, (8)

we have that



j ∈ arg min
i∈{1,...,I}

{fi(x, u∗
i,ε(x))} ⇒

u∗
j,ε(x) ∈ ε- argmin

u
{f(x, u) | (x, u) ∈ P } .

ii) dom (J∗
ε ) = dom (J∗).

Proof:
i) Since∀x ∈ dom (J∗

i ) and∀i ∈ {1, 2, . . . , I} we have

u∗
i,ε(x) ∈ ε- argmin

u
{fi(x, u) | (x, u) ∈ Pi } ,

the assertion trivially holds.
ii) This follows by construction; the domain for

eachu∗
i,ε(·) is restricted to the domain ofJ∗

i , hence
the domain ofJ∗

ε is equal to∪I
i=1 dom (J∗

i ), which
is precisely the domain ofJ∗.

V. ε-OPTIMAL SOLUTIONS TO INF-SUP OFPWA
FUNCTIONS

It is apparent from the two preceding sections that a
pLP with strict and non-strict inequalities can be viewed
as a sub-problem of minimizing a PWA function over
polygonic constraints. In this section we extend the ap-
proach to inf - sup problems and now minimization of
PWA functions become our sub-problems.

Consider the problem

J∗(x) := inf
u∈U(x)

sup
w∈W(x,u)

f(x, u, w) (9)

where again we consider the problem wheref(·) is PWA
and defined on the polygon

P := ∪I
i=1Pi, Pi ⊂ R

n × R
m × R

p, ∀i ∈ {1, 2 . . . , I}.

and where the setU(·) is defined from

Z := {(x, u) | (x, u) ∈ Y, (x, u, w) ∈ Π ∀w ∈ W(x, u)} ,

U(x) := {u | (x, u) ∈ Z } ,

where Y, Π, and gph (W) are non-empty polygons,
andW(x, u) 6= ∅ for all (x, u) ∈ Y. The reader is referred
to [18] for details on how to computeZ. Define also the
sets

X : = Projx Z = {x | ∃u : (x, u) ∈ Z } ,

Γ : = {(x, u, w) |w ∈ W(x, u)} = gph (W) =: ∪T
j=1Γj.

The problem (9) can be divided into a supremum and
an infimum problem as

V ∗(x, u) := sup
w

{f(x, u, w) | (x, u, w) ∈ Γ} , ∀(x, u) ∈ Z,

J∗(x) = inf
u
{V ∗(x, u) | (x, u) ∈ Z } , ∀x ∈ X .

In this section we view problem (9) from a game
theoretic point in the sense that we chooseu and our
adversary choosesw. We are therefore not concerned with
attaining a maximizingw, but only a minimizingu. Define
the polygon

F := ∪H
h=1Fh

where the polyhedra{F1, F2, . . . , FH} covers the setΓ∩P ,
and each polyhedronFh is a member of the set

{
Γj ∩ Pi

∣∣∣∣
(i, j) ∈ {1, 2, . . . , I} × {1, 2, . . . , T},

Γj ∩ Pi 6= ∅

}
.

Hence, we can restrict our PWA functionf to the domain
for which Assumption 1 is valid by defining:

f(x, u.w) = zh(x, u, w) if (x, u, w) ∈ Fh,

wherezh(x, u, w) := fi(x, u, w) if (x, u, w) ∈ Pi.
For eachh ∈ {1, 2, . . . , H} define the pLPs:

V̂ ∗
h (x, u) := max

w
{zh(x, u, w) | (x, u, w) ∈ cl (Fh)} , (11a)

V ∗
h (x, u) := sup

w

{zh(x, u, w) | (x, u, w) ∈ Fh } . (11b)

Theorem 4:The following holds for all h ∈
{1, 2 . . . , H}:

V ∗
h (x, u) = V̂ ∗

h (x, u), ∀(x, u) ∈ dom (V ∗
h ) .

Moreover,

V ∗(x, u) = max
h∈{1,2,...,H}

{V̂ ∗
h |dom(V ∗

h )(x, u)}.

Proof: The first assertion holds trivially from the
fact that (11a) is a pLP and from the equality of the
supremum and maximum over respectivelyFh andcl (Fh),
cf. Lemma 2. Having the first statement established auto-
matically ensures that the second assertion is correct, since,
for eachh ∈ {1, 2, . . . , H}, we restrictV̂ ∗

h (·) to the domain
of V ∗

h (·).
Since we now have an exact expression forV ∗(·), we

can now apply the procedure from the previous section
for the purpose of obtaining anε-optimal solution to our
problem. Recalling thatV ∗(·) is PWA and defined on a
polygonR = ∪K

k=1Rk, that is,

V ∗(x, u) = Vk(x, u) if (x, u) ∈ Rk,

thenJ∗
ε (·) is defined as

J∗
ε (x) := min

k∈{1,2,...,K}
{Vk(x, u∗

k,ε(x))}. (12)

Theorem 5:We have thatJ∗
ε (x) ≤ J∗(x) + ε, ∀x ∈

dom (J∗), and

ε- arg min
u
{V ∗(x, u) | (x, u) ∈ Z } 6= ∅, ∀x ∈ dom(J∗) .

Proof: Both statements are confirmed by construction
and consequences of Theorem 2, 3, and 4.

VI. ε-OPTIMAL SOLUTIONS TO INF-SUP OPTIMAL
CONTROL OFPWA SYSTEMS

In this section we use the results of the previous sections
to obtain ε-optimal solutions to robust optimal control
problems for discontinuous PWA systems subject to state-
and input-dependent disturbances. We recall the problem
setup from [2].

A. Problem setup

Consider the discrete-time system of the form:

x+ = g(x, u, w),

where x is the state,x+ is the successor state,u is
the input,g(·) is assumed piecewise affine on the poly-
gonP , w ∈ W(x, u) ⊂ R

p is a time varying disturbance.
The state and input are subject to constraints(x, u) ∈
Y ⊂ R

n × R
m, where we assume thatY is a poly-

gon. The constraints define the set-valued mapU(x) :=
{u | (x, u) ∈ Y }.



Let π := {µ0(·), µ1(·), . . . , µN−1(·)} denote a control
policy (i.e. µi : R

n ← R
m) over the horizonN and

let w := {w0, w1, . . . , wN−1} denote a sequence of dis-
turbances. Moreover, letφ(i; x, π, w) denote the solution
to x+ = g(x, u, w) at time-stepi for the initial statex,
control policyπ and disturbance sequencew.

The cost is defined as

JN (x, π,w) := Jf (xN ) +

N−1∑

i=0

l(xi, ui)

wherexi := φ(i; x, π,w) andui := µi(xi), ∀i. The stage
cost l(·) and terminal costJf (·) are assumed to be PWA
(p ∈ {1,∞}):

l(x, u) : = ‖Qx‖p + ‖Ru‖p,

Jf (x) : = ‖Px‖p,

whereP , Q, andR are suitably defined weight matrices.
The optimal control problem considered is given by

PN(x) : J∗
N (x) := inf

π∈ΠN (x)
sup

w∈W(x,π)

JN (x, π,w), (13)

where the set of admissible disturbance sequences is given
by

W(x, π) := {w |wi ∈ W (xi, ui) , i = 0, 1, . . . , N − 1} ,

and the set of admissible control polices is

ΠN (x) :=

{
π

∣∣∣∣
(xi, ui) ∈ Y, i = 0, 1, . . . , N − 1,

xN ∈ Xf , ∀w ∈W(x, π)

}
.

In the sequel, we denote byXN the set of initial states
for which there exists an admissible control policy, i.e.
XN := {x |ΠN (x) 6= ∅}. In addition we make the fol-
lowing assumptions in order to ensure thatPN(x) is well
defined for allx ∈ XN :
A1: The systemg : P → R

n is PWA on the polygonP .
A2: The setsY andXf are non-empty polygons.
A3: For all (x, u) ∈ Y, the setW(x, u) is non-empty.
A4: gph (W) is a non-empty polygon.
A5: J∗

N (x) is bounded∀x ∈ XN .
Thus, in comparison to [2] several assumptions are re-

laxed (note that we use the definition in [11] for continuity
of a set valued map):

i) We do not assume thatg(·) is continuous.
ii) Y andXf are not required to have the origin in the

interior.
iii) The set-valued mapx 7→ U(x) is not required to be

continuous and bounded on bounded sets.
iv) The set-valued map(x, u) 7→ W(x, u) is not required

to be continuous.
v) The solution toPN(x) is not assumed to exist∀x ∈

XN .
Remark 1: It should be noted that in [2] the majority of

the assumptions above are made for the purpose of being
able to directly apply the topological results in [18].

B. Sub-optimal solution via dynamic programming.

Dynamic programming [2] provides a recursive proce-
dure for computing sequentially the partial return func-
tions J∗

j (·) (defined in (13) withN = j), the associated
set-valued control lawsκj(·) as well as their domains
(here j denotes ‘time-to-go’ so thatκj(·) = µ∗

N−j(·)

if j ∈ {1, . . . , N − 1} and κN (·) = µ∗
0(·)). The domain

of J∗
j (·) and κj(·) is Xj , the set of states that can be

robustly steered to the terminal setXf in j steps or less.
Define also

g(x, u,W(x, u)) := {g(x, u, w) |w ∈ W(x, u)} .

The solution toPN (x) may be obtained as follows.
For all j ∈ {1, 2, . . .}, j denotes “time-to-go”, and the
partial return functionJ∗

j (·), the control lawκj(·), and the
controllability setXj are given by:

J∗
j (x) = inf

u∈U(x)
sup

w∈W(x,u)

J̄j(x, u, w), ∀x ∈ Xj , (14a)

J̄j(x, u, w) :=

{
`(x, u)+
J∗

j−1(x
+)

∣∣∣∣g(x, u,W(x, u)) ⊆ Xj−1

}
,

κj(x) = arg min
u∈U(x)

sup
w∈W(x,u)

J̄j(x, u, w), (14b)

Xj = {x | ∃u ∈ U(x) s.t. g(x, u,W(x, u)) ⊆ Xj−1},
(14c)

with boundary conditions

J∗
0 (x) = Jf (x), X0 = Xf . (14d)

The conditionsg(x, u,W(x, u)) ⊆ Xj−1 and u ∈ U(x)
in (14) may be expressed as

(x, u) ∈ Σj :=

{
(x, u) ∈ Y

∣∣∣∣
g(x, u, w) ∈ Xj−1

∀w ∈ W(x, u)

}
,

in which caseXj can be interpreted as the projection of
the setΣj onto X , i.e.

Xj = {x | ∃u : (x, u) ∈ Σj } .

The reader is referred to [18] for details on how to
computeΣj . In order to analyzePN (x), it is convenient to
introduce the functionsV ∗

j (·), j = 1, 2, . . . , N−1, defined
by

V ∗
j (x, u) := sup

w∈W(x,u)

J∗
j (g(x, u, w)).

Note that we are interested in values of the func-
tions V ∗

j (·), j = 1, 2, . . . , N − 1, and the setsΣj , j =
1, 2, . . . , N − 1. The recursion (14a)-(14c) may therefore
be rewritten as

V ∗
j−1(x, u) = sup

w

{
J∗

j−1(g(x, u, w)) |w ∈ W(x, u)
}

,

for all (x, u) ∈ Σj , (15a)

J∗
j (x) = inf

u

{
`(x, u) + V ∗

j−1(x, u) | (x, u) ∈ Σj

}
,

for all x ∈ Xj , (15b)

κj(x) = arg min
u

{
`(x, u) + V ∗

j−1(x, u) | (x, u) ∈ Σj

}
,

for all x ∈ Xj , (15c)
Σj = {(x, u) ∈ Y | g(x, u,W(x, u)) ⊆ Xj−1 } ,

(15d)
Xj = {x | ∃u : (x, u) ∈ Σj } . (15e)

For eachj we propose to use the approximate procedure
presented in the previous sections (Theorems 2–4) when
solving (15b) in order to ensure that the setκj(·) (15c) is
a non-empty set. Thus, for eachj for which κj(x) = ∅
for somex ∈ Xj , we compute the approximationκj,ε(·),



that is,κj,ε(·) is a selectionfrom the set-valued mapx 7→
ε- arg minu

{
`(x, u) + V ∗

j−1(x, u) | (x, u) ∈ Σj

}
⊆ R

m.
Two approaches are natural when considering the dy-

namic programming recursion; the first is the one outlined
above, namely using the exact expressions for the functions
{V ∗

j (·)}N−1
j=0 and {J∗

j (·)}Nj=0 and use Theorems 2–4 to
compute{κj,ε(·)}Nj=1. The second approach is to use the
approximate value-function in the dynamic programming
recursion:

V ∗
j−1,ε(x, u) = sup

w

{
J∗

j−1,ε(g(x, u, w)) |w ∈ W(x, u)
}

,

for all (x, u) ∈ Σj ,

κj,ε(x)∈ε- argmin
u

{
`(x, u) + V ∗

j−1,ε(x, u)|(x, u) ∈ Σj

}
,

for all x ∈ Xj ,

J∗
j,ε(x) =l(x, κj,ε(x)) + V ∗

j−1,ε(x, κj,ε(x)), ∀x ∈ Xj .

With this approach an error bound is easily derived, as
demonstrated by the following theorem:

Theorem 6:J∗
N,ε(x) ≤ J∗

N (x) + Nε.
Proof: We show this by induction. We verify the

induction base by carrying out the first iteration of the
dynamic programming recursion:

V ∗
0 (x, u) = sup

w

{J∗
0 (g(x, u, w)) |w ∈ W(x, u)} ,

for all (x, u) ∈ Σ1,

κ1,ε(x) ∈ ε- arg min
u
{`(x, u) + V ∗

0 (x, u) | (x, u) ∈ Σ1 },

for all x ∈ X1,

J∗
1,ε(x) = l(x, κ1,ε(x)) + V ∗

0 (x, κ1,ε(x)) ≤ J∗
1 (x) + ε.

Assuming that the bound holds forN = j, i.e.

J∗
j,ε(x) ≤ J∗

j (x) + jε,

we must verify that the bound also holds forN = j + 1.
We get:

V ∗
j,ε(x, u) = sup

w

{
J∗

j,ε(g(x, u, w)) |w ∈ W(x, u)
}

≤ sup
w

{
J∗

j (g(x, u, w)) |w ∈ W(x, u)
}

+ jε

= V ∗
j (x, u) + jε, ∀(x, u) ∈ Σj+1,

and

κj+1,ε(x) ∈

ε- argmin
u

{
l(x, u) + V ∗

j,ε(x, u) | (x, u) ∈ Σj+1

}
,

and since

inf
u

{
l(x, u) + J∗

j,ε(x, u) | (x, u) ∈ Σj+1

}
≤

J∗j+1(x)
︷ ︸︸ ︷
inf
u

{
l(x, u) + V ∗

j (x, u) | (x, u) ∈ Σj+1

}
+ jε

we get

J∗
j+1,ε(x) = l(x, κj+1,ε(x)) + V ∗

j,ε(x, κj+1,ε(x))

≤ J∗
j+1(x) + (j + 1)ε.

With this approach it is clear that the degree of sub-
optimality can be a priori specified by choosingε.

VII. C ONCLUSION
A method for obtaining approximate solutions to robust

optimal control of discontinuous PWA systems has been
presented. This was achieved by repeatedly applying a
procedure, that obtainedε-optimal solutions to pLPs with
strict and non-strict inequality constraints, in a dynamic
programming approach. It has been demonstrated thatε-
optimal solutions always exists, a bound on the total error
for the approximate dynamic programming has been given
and the degree of sub-optimality can be a priori specified.
Future research includes stability considerations for the
proposed control scheme.
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[2] S. V. Raković, E. C. Kerrigan, and D. Q. Mayne, “Optimal control of
constrained piecewise affine systems with state- and input-dependent
disturbances,” inProceedings of the 16th International Symposium
on Mathematical Theory of Networks and Systems, Katholieke
Universiteit Leuven, Belgium, 2004.

[3] D. Q. Mayne and S. V. Raković, “Optimal control of constrained
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