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ABSTRACT

A nonlinear observer for estimation of lateral and longitu-
dinal velocity of automotive vehicles is proposed, based
on acceleration and yaw rate measurements in addition
to wheel speed and steering angle measurements. Sta-
bility of the observer is proved in the form of input-to-state
stability of the observer error dynamics, under an assump-
tion on the friction model. This assumption is treated with
some detail. The observers are validated on experimental
data from cars.

INTRODUCTION

Automotive feedback control systems for vehicle handling
and/or active safety usually depend on information of ve-
hicle velocity, sometimes in the form of the vehicle body
side slip angle. While concepts for direct measurement of
velocity exist, they are generally considered too expensive
for use in production cars. Hence, concepts for inferential
estimation of vehicle velocity using other (cheaper) mea-
surements are of considerable interest.

The main goal of this work is to develop a nonlinear ob-
server for estimation of vehicle velocity. To provide a the-
oretical foundation for its implementation, explicit stability
conditions for convergence of the estimated states are an-
alyzed. The observer is based on nonlinear models for
taking the nonlinear dynamics (mainly due to highly non-
linear friction and Coriolis forces) into account, and to ob-
tain simple designs with few tuning knobs (as opposed to
Extended Kalman Filter (EKF) designs). Another signifi-
cant advantage over EKF designs, is that real-time solu-
tion of the Riccati differential equations is avoided, such
that the observer can be implemented more efficiently in
a low-cost embedded computer unit.

A non-linear friction model is used for better exploiting the
measurements. An important parameter in many friction
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models, the maximal friction coefficient µH , is known to
vary significantly with different road conditions. We will
assume this parameter to be known, or estimated by other
means. While simultaneous estimation of velocity and µH

might be a feasible path, we argue that estimation of µH

requires special attention depending on the application
the observer is used for, since it will be only weakly ob-
servable for many (normal) driving conditions, requiring
monitoring, resetting and other logic functions to be im-
plemented (see e.g. [7]).

Earlier work on observers for estimation of lateral veloc-
ity are mainly based on linear or quasi-linear techniques,
e.g. [3, 19, 17, 2]. A nonlinear observer linearizing the ob-
server error dynamics have been proposed in [9, 10]. The
same type of observer, in addition to an observer based
on forcing the dynamics of the nonlinear estimation error
to the dynamics of a linear reference system, are investi-
gated in [5]. The problem formulation there assumes that
the longitudinal wheel forces are known, as the observer
implemented in ESP also does [18]. In our work, we do
not make this assumption, as such information is not al-
ways available.

The Extended Kalman Filter (EKF) is used as a nonlin-
ear observer for estimating vehicle velocity and tyre forces
in [13, 14], thus without the explicit use of friction mod-
els. A similar, but simpler, approach is suggested in [2].
An EKF based on a tyre-road friction models that also
included estimation of the adhesion coefficient and road
inclination angle is suggested in [16]. In [1], the use of
an EKF is considered, based on a nonlinear tyre-friction
model, that also includes estimation of cornering stiff-
ness. The strategy proposed in [11] combines dynamic
and kinematic models of the vehicle with numerical ban-
dlimited integration of the equations to provide a side-slip
estimate. In [4] the side-slip angle is estimated along with
yaw rate in an approach that has similarities with the one
considered herein, but without yaw-rate measurements.
The approach is validated using experimental data, but
there are no stability proofs.
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In [6], we approached this estimation problem using mod-
ular observers. In the present paper, a single combined
observer is proposed, with the advantage (compared to
the approach in [6]) that Coriolis forces are fully taken into
account in estimation of longitudinal velocity. Moreover,
robustness to friction model errors are disussed and the
regional convergence of the observer error is expanded
with global boundedness of the observer state.

VEHICLE MODELING

The geometry of the vehicle is illustrated in Figure 1. The
vehicle velocity is defined in a body-fixed coordinate sys-
tem with the origin at the vehicle center of gravity (CG, as-
sumed constant), with x-axis pointing forward and y-axis
to the left. There is also a coordinate system in the center
of each wheel, aligned with the orientation of the wheel.
The distance from CG to each wheel center is denoted
hi, with i being wheel index. Together with the angles γi,
this define the vehicle geometry. Neglecting suspension
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Figure 1: Horizontal axis systems, geometric definitions,
wheel forces, speed, slip angle and yaw rate.

dynamics, we will assume that we can consider the vehi-
cle a rigid body, for which the rigid body dynamics (with
respect to the CG coordinate system) can be written

Mν̇ + C(ν)ν = τ (1)

where ν is a vector containing the body generalized ve-
locities. The matrices M and C are the inertia, and Cori-
olis and centripetal matrices, respectively. The vector τ

consists of forces and torques on the vehicle, mainly fric-
tion forces acting via the wheels, but also gravitational and
aerodynamic (wind and air resistance) forces are at work.

By making the following assumptions,

• only include motion in the plane (ignore dynamics re-
lated to vertical motion, including roll and pitch),

• ignore effect of caster and camber,

• only include tyre friction forces,

the vehicle dynamics are described by longitudinal veloc-
ity vx, lateral velocity vy and yaw rate r, resulting in the
“two-track model” [10], with

M =





m 0 0
0 m 0
0 0 Jz



 , C(ν) =





0 −mr 0
mr 0 0
0 0 0



 .

The generalized forces τ = (fx, fy, τz)
T are forces and

torque generated by friction between the wheels and the
ground,

τ =

4
∑

i=1

(

I2×2

gT

i

)

R(δi)Fi.

The friction forces Fi working at each wheel (see Figure 1)
are functions of velocity difference between vehicle and
tyres, see below. They are transformed from the wheel
coordinate systems to CG:

• The forces generated by the tyres in body-fixed coor-
dinates for each wheel i, are:

fi = (fi,x, fi,y)
T

= R(δi)Fi

where Fi = (Fi,x, Fi,y) are the forces acting on the
wheel in the wheel-fixed coordinate system. The ro-
tation matrix induced by the steering angle δi is

R(δi) =

(

cos δi − sin δi
sin δi cos δi

)

.

• For the torque, it is convenient to define the geometry
vector

gi =

(

−hi sinψi

hi cosψi

)

where the angles ψi are introduced to get a uniform
representation, ψ1 = −γ1, ψ2 = γ2, ψ3 = π + γ3 and
ψ4 = π − γ4. The generated torque about the vertical
axis through the CG is then for each wheel

τi,z = gT

i fi.

In most friction models, the friction forces are functions of
tyre slips, Fi = Fi(λi,x, λi,y), where the slips λi,x and λi,y

are measures of the relative difference in vehicle and tyre
longitudinal and lateral velocity for wheel i. The definitions
for tyre slips we will use herein, are

λi,x =
ωiRdyn − Vi,x

Vi,x

, λi,y = sinαi,
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where ωi is the wheel angular velocity and Rdyn is the dy-
namic wheel radius, and the tyre slip angles are calculated
as

αi = δi − arctan
vi,y

vi,x

,

and Vi,x is the velocity in x-direction in the wheel coordi-
nate system,

Vi,x =
√

v2
i,x + v2

i,y cosαi.

The longitudinal and lateral velocities of the wheel center
in the body-fixed coordinate system are vi,x = vx ± rbi
and vi,y = vy ± rli. For the tyre slip angles to be well de-
fined, we assume for convenience that there is no reverse
motion,
Assumption 1 vi,x > 0 for i = 1, . . . , 4.
The tyre slips depend on the vehicle states and the
time-varying, measured steering angles δ = (δ1, . . . , δ4)

T

and wheel angular speeds ω = (ω1, . . . , ω4)
T. We

will therefore use the notations Fi = Fi(λi,x, λi,y) =
Fi(vx, vy, r, δi, ωi) interchangeably, depending on context.

We make the following assumption on the friction model:
Assumption 2 There exist a positive constant c1 and
sets ∆, Ω and a convex set X(δ,ω), such that the fric-
tion model is continuously differentiable in x = (vx, vy, r)

T

with ‖∂Fi(x,δi,ωi)
∂x

‖ bounded for x ∈ X(δ,ω), δ ∈ ∆ and
ω ∈ Ω, and

4
∑

i=1

(

∂Fi,y(x, δi, ωi)

∂vy

cos δi

+
∂Fi,x(x, δi, ωi)

∂vy

sin δi

)

< −c1, (2)

for all δ ∈ ∆, ω ∈ Ω, and x ∈ X(δ,ω).
The physical relevance of this assumption is discussed
later.
Remark 1 The sets X(δ,ω) and ∆ will depend on which
friction model is used. For example, using linear friction
models, X depends on δ only:

∆ = {δi : |δi| ≤ δ̄, i = 1, . . . , 4},

X(δ) = {x = (vx, vy, r)
T : |αi| ≤ ᾱ, |r| ≤ r̄, vx > r̄bi}.

Note that αi depends on δi. 2

The following result regarding the friction forces holds due
to Assumption 2. The proof is very similar to Lemma 1
in [6], and is therefore omitted.
Lemma 1 There exist positive constants ci, i = 1, . . . , 6
such that for all x, x̂ ∈ X(δ,ω), δ ∈ ∆, ω ∈ Ω, the follow-
ing holds:

ṽy

4
∑

i=1

[0 1]R(δi) (Fi(x, δi, ωi) − Fi(x̂, δi, ωi))

≤ −c1ṽ
2
y + c2|r̃||ṽy | + c3|ṽx||ṽy| (3a)

1

Jz

4
∑

i=1

gT

i R(δi) (Fi(x, δi, ωi) − Fi(x̂, δi, ωi))

≤ c4|ṽy| + c5|r̃| + c6|ṽx| (3b)

Symbol Measurement

ax, ay Longitudinal/lateral acceleration
r yaw rate
ωi Rotational speed wheel i
δi Steering angle wheel i

Table 1: Measurements

where (ṽx, ṽy , r̃) := x − x̂. 2

OBSERVER DESIGN

The main variables to be estimated by the observer are
the lateral velocity vy and the longitudinal velocity vx.
From these two, the vehicle body side slip angle (see Fig-
ure 1) can be found from β = arctan(−vy/vx). The mea-
surements used by the observer are summarized in Ta-
ble 1. Acceleration and yaw rate sensors are assumed
placed in CG. The acceleration measurements are as-
sumed to have bias removed, and are corrected for gravity
components due to vehicle roll/pitch, based on suspen-
sion stiffness and assuming a flat road.

In addition to vx and vy, we will use r as a state to be esti-
mated to better exploit the yaw-rate measurement. Thus,
the state to be estimated is x = (vx, vy, r)

T. Based on the
model derived in the previous section, we use the follow-
ing equations as system model for the observer:

v̇x = vyr + ax (4a)

v̇y = −vxr + ay (4b)

ṙ =
1

Jz

4
∑

i=1

gT

i R(δi)Fi(vx, vy, r, δi, ωi). (4c)

We propose the following observer1:

˙̂vx = v̂yr + ax +

4
∑

i=1

Ki(ax,ω)(vx,i − v̂x) (5a)

˙̂vy = −v̂xr+ay−Kvy

(

may−

4
∑

i=1

[0 1]R(δi)F̂i

)

(5b)

˙̂r =
1

Jz

4
∑

i=1

gT

i R(δi)F̂i +Kr (r − r̂) , (5c)

where vx,i is transformed measurement from wheel speed
of wheel i assuming zero slips,

vx,i = Rdynωi cos δi ± bir. (6)

The gains in the longitudinal velocity equation, Ki(ax,ω),
depend on the measurements. The tuning of these func-
tions and the other two gains are discussed in the next
section. For now we assume

1In the sequel, we sometimes use Fi for Fi(x, δi, ωi) and F̂i for
Fi(x̂, δi, ωi)
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Assumption 3 Ki(ax,ω) is piecewise continuous in time,
and lower bounded, Ki(ax,ω) > kx > 0.
The properties of this observer will be analyzed by ex-
amining the stability properties of the observer error, x̃ =
x − x̂, where x̂ = (v̂x, v̂y, r̂)

T. Before we write up the
observer error dynamics, we briefly discuss the injection
term to the vx-part.

In general, the wheel slips are non-zero which means that
vx,i 6= vx. If the slips were known exactly, the correct
equation (for each wheel) would be

vx =
1

1 + λi,x

cos(δi − αi)

cosαi

Rdynωi ± bir.

If we define ṽx = vx − v̂x, then we can write

4
∑

i=1

Ki(ax,ω)(vx,i − v̂x) =

4
∑

i=1

Ki(ax,ω)(vx,i − vx + ṽx)

=

4
∑

i=1

Ki(ax,ω)ṽx + u

where

u=

4
∑

i=1

Ki(ax,ω)

(

cos δi−
1

1+λi,x

cos(δi−αi)

cosαi

)

Rdynωi (7)

is an error-term due to non-zero slip. When the slips are
zero, then u(t) = 0.

With this observation in place, the observer error dynam-
ics can be written

˙̃vx = ṽyr −

4
∑

i=1

Ki(ax,ω)ṽx + u (8a)

˙̃vy = −ṽxr +Kvy

4
∑

i=1

[0 1]R(δi)(Fi − F̂i) (8b)

˙̃r =
1

Jz

4
∑

i=1

gT

i R(δi)(Fi − F̂i) −Kr r̃ (8c)

The stability properties we want to prove, are that when
u(t) = 0 the observer error dynamics are exponentially
stable (Theorem 1). When u(t) 6= 0, natural properties to
aim for are that the influence u on the observer should not
lead to divergence of the estimate, when u is small the
influence on the estimate should be small, and that when
u vanishes, the estimation error should go to zero. These
properties correspond to input-to-state stability (ISS) [15,
8], characterized by convergence of zero-input response,
and that the zero state response is bounded for bounded
input. ISS with u(t) as input will be shown in Corollary 1.

For initial states in the set Xs(ρ; δ,ω) ⊂ X(δ,ω), Theo-
rem 1 guarantees exponential convergence for initial ob-
server error ‖x̃(0)‖ ≤ ρ. The set is formally defined
as Xs(ρ; δ,ω) = {x : B(x, ρ)} where B(x, ρ) := {z :
‖z− x‖ ≤ ρ} is the ball of radius ρ around x.

Theorem 1 Assume that ρ and ∆, Ω are such that x(t) ∈
Xs(ρ; δ,ω), ∀(δ,ω) ∈ ∆ × Ω, ∀t ≥ 0, and that u(t) = 0,
∀t > 0. Let the observer gains be chosen such that

Kvy
> 0 (9)

kx >
1

4

Kvy
c23

c1
(10)

Kr > c5 +
c7

4kxKvy
c1 − (Kvy

c3)2
(11)

where

c7 = (Kvy
c2 + c4)(kx(Kvy

c2 + c4) −
1

2
Kvy

c3c6)+

c6(
1

2
Kvy

c3(Kvy
c2 + c4) +Kvy

c1c6).

Then, if ‖x̃(0)‖ ≤ ρ, the state x̂(t) of the observer (5) con-
verges to the state x(t) of the system (4), and the origin of
the observer error dynamics (8) is uniformly exponentially
stable. 2

PROOF Define the Lyapunov function candidate V (x̃) =
1
2 (ṽ2

x + ṽ2
y + r̃2). The time derivative along the trajectories

of the error dynamics (8) is

V̇ = ṽx

(

ṽyr −

4
∑

i=1

Ki(ax)ṽx

)

+ ṽy

(

−ṽxr +Kvy

4
∑

i=1

[0 1]R(δi)(Fi − F̂i)

)

+ r̃

(

1

Jz

4
∑

i=1

gT

i R(δi)(Fi − F̂i) −Krr̃

)

.

Assuming the conditions for Lemma 1 holds, this can be
upper bounded:

V̇ ≤ −kxṽ
2
x −Kvy

c1ṽ
2
y +Kvy

c2|r̃||ṽy| +Kvy
c3|ṽx||ṽy|

+ c4r̃|ṽy| + c5r̃|r̃| + c6r̃|ṽx| −Kr r̃
2

= −|x̃|TA|x̃|,

where |x̃| and the matrix A are defined as

|x̃| :=





|ṽx|
|ṽy |
|r̃|



, A :=

(

kx − 1
2Kvy c3 − 1

2 c6

− 1
2Kvy c3 Kvy c1 − 1

2Kvy c2−
1
2 c4

− 1
2 c6 − 1

2Kvy c2−
1
2 c4 Kr−c5

)

.

To show that V̇ < −κ‖x̃‖2 for some positive κ, we show
how the conditions (9)-(11) imply that all principal minors
of A are positive, and thus that A is positive definite.

The second principal minor is kxKvy
c1 − 1

4 (Kvy
c3)

2. We
see that due to (9), this is positive due to (10), which also
ensures the positivity of the first principal minor (kx). The
third principal minor (the determinant of A) is (developed
after the third column)

(Kr − c5)

(

kxKvy
c1 −

1

4
(Kvy

c3)
2

)

+
1

2
(Kvy

c2 + c4) detA2,3 −
1

2
c6 detA1,3
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where Ai,j is the 2× 2 matrix produced by removing row i
and column j from A. Noting that detA2,3 and detA1,3 do
not depend on Kr, we see that this determinant can be
made positive by choosing Kr large enough. Doing the
tedious calculations, we end up with the bound (11).

By assumption, x(t) ∈ Xs(ρ, δ(t),ω(t)) ⊂ X(δ(t),ω(t))
∀t > 0, and we must show that x̂(t) ∈ X(δ(t),ω(t))
∀t > 0 such that the conditions for Lemma 1 holds.
Since x(t) ∈ Xs(ρ; δ(t),ω(t)) and ‖x̃(0)‖ ≤ ρ, x̂(0) ∈

X(δ(0),ω(0)). From the above, d
dt
‖x̃‖ = V̇

‖x̃‖ < 0, which
means that ‖x̃(t)‖ ≤ ρ ∀t > 0, and thus x̂(t) will remain
in X(δ(t),ω(t)). Thus, from V̇ < −κ‖x̃‖2 and standard
Lyapunov theory [8], we conclude that x̃(t) → 0 with ex-
ponential convergence rate. �

The same Lyapunov function will be used to prove the ISS
properties. A non-zero u(t) gives (for small x̃)

V̇ ≤ −λmin(A)‖x̃‖2 + ‖x̃‖|u|

which shows that

V̇ ≤ −
λmin(A)

2
‖x̃‖2, ∀ ‖x̃‖ ≥

2

λmin(A)
|u|

implying

‖x̃(t)‖ ≤ ‖x̃(t0)‖e
−

λmin(A)

2 (t−t0)

+
2

λmin(A)

(

sup
to≤τ≤t

|u(τ)|

)

(12)

assuming the supremum exists. Since the conditions in
Theorem 1 do not hold globally, we conclude a local vari-
ant of ISS:
Corollary 1 Assume that the conditions of Theorem 1
holds for all (δ,ω) ∈ ∆×Ω on ‖x̃‖ ≤ dx and |u| ≤ du. Then
there exists positive constants k1 and k2 such that (12)
holds for ‖x̃(t0)‖ < k1 and supt>t0

|u(t)| < k2. 2

PROOF Follows from local ISS [8, p. 192] and the above.�
Since the conditions of Theorem 1 typically hold in a large
operating region (“large” dx and du can be found), it fol-
lows that k1 and k2 are not necessarily “small”.

OBSERVER ROBUSTNESS

The previous analysis have been based on the assump-
tion of no model-plant mismatch, that is, that the friction
model used in the observer represents the real relation
between wheel slips and friction forces. In this section
we will first show that the observer error dynamics is ISS
also with respect to errors in the friction model. Further-
more, assuming Assumption 2 holds globally for the fric-
tion model used in the observer, we will show that ob-
server error (and thus the states of the observer) will stay
bounded for any initial conditions regardless of model-
plant mismatches, as long as the real vehicle states and
measurements are bounded.

Assume that the observer friction model (Fi) is related
to the real relation between wheel slips and wheel forces

(the “real” friction model, Fr,i) in the following way:

Fi(x, δi, ωi) = Fr,i(x, δi, ωi) + ∆Fi(x, δi, ωi)

where ∆F represents the model-plant mismatch. The dif-
ference between the real forces and the observer forces
can then be written

Fr,i(x, δi, ωi) − Fi(x̂, δi, ωi)

= Fi(x, δi, ωi) − Fi(x̂, δi, ωi) − ∆Fi(x, δi, ωi),

which, when inserted in (8), gives the following observer
error system:

˙̃vx = ṽyr −

4
∑

i=1

Ki(ax,ω)ṽx + u1 (13a)

˙̃vy = −ṽxr +Kvy

4
∑

i=1

[0 1]R(δi)(Fi − F̂i) + u2 (13b)

˙̃r =
1

Jz

4
∑

i=1

gT

i R(δi)(Fi − F̂i) −Kr r̃ + u3 (13c)

where u1 is as defined in (7), and

u2 = −Kvy

4
∑

i=1

[0 1]R(δi)∆Fi(x, δi, ωi),

u3 = −
1

Jz

4
∑

i=1

gT

i R(δi)∆Fi(x, δi, ωi).

Let u = (u1, u2, u3)
T. Note that Theorem 1 shows expo-

nential stability when u = 0. For u 6= 0, a similar proce-
dure as the one leading to Corollary 1 can be used. Under
the assumptions of Theorem 1,

V̇ ≤ −λmin(A)‖x̃‖2 + ‖x̃‖‖u‖

implying

‖x̃(t)‖ ≤ ‖x̃(t0)‖e
−

λmin(A)

2 (t−t0)

+
2

λmin(A)

(

sup
to≤τ≤t

‖u(τ)‖

)

(14)

assuming the supremum exists. The following local ISS
result follows:
Corollary 2 Assume that the conditions of Theorem 1
holds for all (δ,ω) ∈ ∆ × Ω on ‖x̃‖ ≤ dx and ‖u‖ ≤
du. Then there exists positive constants k1 and k2 such
that (14) holds for ‖x̃(t0)‖ < k1 and supt>t0

‖u(t)‖ < k2. 2

When u = 0 in (13), then the remaining error system de-
pend only on the friction model used in the observer. If
one makes sure that this friction model fulfills that

• Assumption 2 holds globally (for this, one must take
care with singularities in slip definitions),
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• The friction model errors ∆Fi are bounded (since the
real friction forces are bounded, this is trivial to ob-
tain),

then we can conclude that the observer states are globally
bounded:
Corollary 3 Assume Assumption 2 holds for all x̂

(X(δ,ω) = R
n) for the friction model used in the observer,

and that the observer gains are chosen according to (9)-
(11). Furthermore, assume that u is bounded. Then the
observer error is (uniformly) globally bounded. 2

PROOF Since Assumption 2 holds for all x̂ ∈ R
n, Theo-

rem 1 shows global exponential stability of the error dy-
namics when u = 0. In the general case u 6= 0, for
which (14) now holds globally. Thus boundedness of u

implies boundedness of x̃. �

This result clearly implies that if the real vehicle states are
bounded, then (under the assumptions of Corollary 3) the
observer states will always be bounded.
Remark 2 Corollary 3 requires boundedness of ui. At
first sight, it might appear that u1 = u as defined in (7)
will become unbounded when αi = ±π/2 (it is easily seen
that λi,x = −1 is not a real singularity). We have that
αi → π/2 only when Vi,x → 0, and on closer inspec-
tion the limit limVi,x→0 u is bounded (actually, the limit as
stated is undefined, but the one-sided limits are both de-
fined and bounded). However, this is purely technicali-
ties, the purpose of the term u is to capture the difference
between the real longitudinal velocity and the longitudi-
nal velocities calculated by (6). When Vi,x = 0 this will
clearly be bounded as long as (the measurements) ωi are
bounded. 2

OBSERVER TUNING

The stability conditions (9)-(11) of Theorem 1 provide a
starting point for tuning the gains of the observer.

Ki(ax,ω): The condition (10) says that the sum of these
should be sufficiently positive. In addition, it is advisable to
let them be time-varying: Since they decide the influence
of the wheel speed measurements, they should be low
in conditions with large longitudinal wheel slips, and high
when longitudinal wheel slips are low.

For instance, in the case of positive acceleration, driven
wheels will have higher slips than non-driven wheels.
In [10, 6] tuning rules based on similar considerations
using the ax measurement are given. In addition, since
the wheels in some cases might spin or block, it makes
sense to also let Ki be dependent on ω. This is imple-
mented herein by letting Ki be smaller the further away
the present calculated wheel speed is from what we ex-
pect it to be (where the “expected” wheel speed is chosen
judiciously).

Kvy
: This gain weights the error in measured acceleration

compared to calculated acceleration based on the friction

model and estimated states. Since the acceleration sen-
sor can give noisy data and a friction model might have
varying quality, it is sensible to not tune this too high.

A very interesting tuning is Kvy
= 1/m. This partic-

ular choice of Kvy
makes ˙̂vy (5b) independent of ay,

˙̂vy = −v̂xr + 1
m

∑4
i=1 [0 1]R(δi)F̂i, hence implying fault

tolerance and robustness to noise in this measurement.
At the same time, this is not a very aggressive (high) tun-
ing, in the sense that it does not put very large weight on
the friction model.

Kr: Since the yaw-rate state is measured directly, this
gain can be tuned more aggressively.

Lastly, it should be mentioned that signal processing to
handle sensor issues such as sensor bias, is important
for an successful implementation.

DISCUSSION OF ASSUMPTION 2

This section discusses Assumption 2 for two friction mod-
els. Most friction models can be written as a function of
(lateral and longitudinal) tyre slips Fi = Fi(λi,x, λi,y) only,
and depend thus on vehicle velocity only indirectly. There-
fore, we can write the partial derivatives

∂Fi,x

∂vy

=
∂Fi,x

∂λi,x

∂λi,x

∂vy

+
∂Fi,x

∂λi,y

∂λi,y

∂vy

=
∂Fi,x

∂λi,y

cosαi

∂αi

∂vy

∂Fi,y

∂vy

=
∂Fi,y

∂λi,x

∂λi,x

∂vy

+
∂Fi,y

∂λi,y

∂λi,y

∂vy

=
∂Fi,y

∂λi,y

cosαi

∂αi

∂vy

where we have assumed ∂λi,x

∂vy
= 0. Since

∂αi

∂vy

=
−1

1 + tan2(δi − αi)
< 0,

we see that it is the lateral slip partial derivatives that de-
termine if Assumption 2 holds (assuming αi < π/2).

LINEAR FRICTION MODELS Linear friction models
says that the friction forces are proportional to the slips,

(

Fi,x(λx,i, λy,i)
Fi,y(λx,i, λy,i)

)

=

(

Cxλi,x

Cyλi,y

)

where Cx and Cy are tyre (slip and cornering) stiffness
coefficients. We conclude that Assumption 2 holds as dis-
cussed in Remark 1, for some ᾱ < π/2, since Cy generally
is positive.

THE MAGIC FORMULA TYRE MODEL The “magic for-
mula tyre model” [12] is a widely used semi-empirical
model for calculating steady-state tyre forces. The “com-
bined slip” magic formula provides similar formulas for lat-
eral and longitudinal tyre forces,

Fx(λx, λy) = Gx(λy)Fx0(λx),

Fy(λx, λy) = Gy(λx)Fy0(λy)

6



where we have simplified somewhat since one of the pa-
rameters in Gx (Gy) that according to [12] depends on λx

(λy) is assumed constant. For notational convenience we
drop the dependence on wheel index i in this section.

The functions Fx0 and Fy0 are the “pure slip” formulas,

Fx0(λx) = Dx sin ζx, Fy0(λy) = Dy sin ζy

where

ζx = Cx arctan{Bxλx − Ex(Bxλx − arctanBxλx)}

ζy = Cy arctan{Byλy − Ey(Byλy − arctanByλy)}.

The functions Gx and Gy are defined as Gx(λy) = cos ηx

and Gy(λx) = cos ηy where

ηx = CGx arctan{BGxλy − EGx(BGxλy − arctanBGxλy)}

ηy = CGy arctan{BGyλx − EGy(BGyλx − arctanBGyλx)}.

We then have that

∂Fy

∂λy

= Gy(λx)
ByCyDy

(

1 − Ey

(

1 − 1
1+B2

yλ2
y

))

cos ζy

1 + ζ2
y

.

Since G(λx) > 0 and Ey ≤ 1 [12, p. 189], ∂Fy

∂λy
> 0 for

ζy < π/2. For “shape factor” Cy < 1, this holds for all λy.
For Cy > 1, the friction force declines for large λys, and
∂Fy

∂λy
> 0 only to the left of the peak of the friction curve,

that is, for |λy| ≤ λ̄ where λ̄ is defined by the solution to

Ey =
Byλ̄− tan π

2Cy

Byλ̄− arctan(Byλ̄)
.

Furthermore,

∂Fx

∂λy

=−Fx0(λx)
BGxCGx

(

1−EGx

(

1− 1
1+B2

Gx
λ2

y

))

sin ηx

1 + η2
x

We see that sign ∂Fx

∂λy
= − sign(λxλy) (since

signFx0(λx) = sign ζx = signλx and sign ηx = signλy).

From the above, we make the following observations:

• For sufficiently small side-slip angles (that is, |λy| <
λ̄) and small δ, the first part of (2) is negative and
dominates the second part.

• For λx ≈ 0 the second part of (2) is approximately
zero, and hence dominated by the first part.

• For large side-slip angles, the first part of (2) will get
less negative, and even positive if Cy > 1. How-
ever, in the case of braking (λx < 0), then the second
part of (2) will often contribute in fulfilling the assump-
tion: Since sign ∂Fx

∂vy
= signλx signα, assuming that

signα = sign δ, gives ∂Fx

∂vy
sin δ < 0.

In conclusion, (2) is negative for realistic slip values and
sufficiently small steering angles for tyres with Cy < 1.
For tyres with Cy > 1, then for some combinations of λx

and (large) λy , it might be positive. Since it is the sum for
all tyres that should be negative, a positive summand for
one (or two) wheel(s) might be weighed against negative
summands for the other wheels (for instance, rear wheels
will often have lower side-slip angles due to small steering
angle values).

When a friction model with computable partial derivatives
is available, then (2) can be evaluated based on the esti-
mates, either online or offline. Since (2) essentially is the
only assumption that is required for the analysis herein,
one could imagine using the value for convergence mon-
itoring, somewhat akin to monitoring covariances in an
EKF, and take corrective steps when the value becomes
positive.

However, the above discussion shows that the only case
when Assumption 2 might not hold for the friction model,
is for large side-slip values, which physically can only re-
main for limited time intervals. As shown in Corollary 3, as
long as at least the friction model used in the observer ful-
fills Assumption 2, the observer states will always remain
bounded, also in these time intervals. Therefore it is not
crucial if Assumption 2 does not hold for the real friction
for all slip values.

The experimental validation in the next section indicates
that for the friction model used in the experiments (which
was not modified in any way for the observer), Assump-
tion 2 was satisfied at all times in the test cases.

EXPERIMENTAL RESULTS

In this section, the observer is applied to experimental
data from a car. The velocity estimates (v̂x, v̂y, and side
slip angle β̂ = arctan(−v̂y/v̂x)) are compared to velocity
measurements obtained using an optical sensor placed in
front of the vehicle.

The gains of the observer are the same in all experiments.
The gains in the longitudinal velocity observer vary be-
tween 0 and 200 (but such that

∑4
i=0Ki(ax) > 0 always),

and Kvy
= 1/m and Kr = 20.

Initial conditions for the observer are one of the wheel
speeds (transformed to CG) for v̂x, 0 for v̂y and 0 (or r)
for r̂. Experimenting with the initial conditions indicate a
large region of attraction (as long as the choice of maxi-
mum friction coefficient µH in the friction model is reason-
able).

Flat dry road, slalom maneuver The maximum friction
coefficient used in the observer is set to µH = 1. The
longitudinal velocity is shown in Fig. 2, while lateral veloc-

7



0 5 10 15 20 25 30
12

14

16

18

20

22

24

26

28

Time[s]

v x [m
/s

]

Figure 2: Estimate (solid) and measurement (dashed) of
longitudinal velocity, slalom maneuver.
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Figure 3: Estimate (solid) and measurement (dashed) of
lateral velocity, slalom maneuver.

ity is shown in Fig. 3. The quality of both estimates are
fine, so the vehicle side slip estimate, shown in Fig. 4, is
also good.

Ice, driving in circle The maximum friction coefficient
used in the observer is set to µH = 0.3. The longitudinal
velocity is shown in Fig. 5. The estimate is noisy, mainly
due to large variations in the wheel speed measurements
(caused by varying longitudinal slips).

The deviation in lateral velocity in this period is probably
due to a combination of

• less accurate friction model for large lateral slip val-
ues, and (more likely)

• the maximal friction coefficient changes: Inspection
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Figure 4: Estimate (solid) and measurement (dashed) of
side slip, slalom maneuver.
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Figure 5: Estimate (solid) and measurement (dashed) of
longitudinal velocity, circle on ice, full observer.

of the results indicates that the friction coefficient in-
creases significantly after about 15 seconds, before it
decreases again at around 18 seconds (in the same
period, the ESP-flag is on). Setting the friction coeffi-
cient to 0.5 between 15 and 18 seconds gives signif-
icantly better estimates of lateral velocity (not shown
here).

As a verification of the main convergence assumption (As-
sumption 2), the condition (2) is calculated on basis of the
friction model, using the velocity estimates and our guess
of the maximal friction coefficient. The results are plotted
in Figure 8 for both time series, and we see that the con-
dition is always satisfied in both cases. The friction model
used, is an in-house friction model of similar complexity to
the magic formula tyre model.
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Figure 6: Estimate (solid) and measurement (dashed) of
lateral velocity, circle on ice, full observer.
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Figure 7: Estimate (solid) and measurement (dashed) of
side slip, circle on ice, full observer.

CONCLUSION

A nonlinear observer for vehicle velocity and side-slip was
proposed, which was proved to possess ISS-type stability
properties under a certain condition on the friction model.
The observer performs well when applied to experimental
data from a car.

The main advantage of using nonlinear observers com-
pared to an Extended Kalman Filter (EKF), is reduced
computational complexity. While the number of ODEs to
solve for an EKF is 3/2n + 1/2n2, nonlinear observers
usually have to solve n (the number of estimated vari-
ables) ODEs. In addition, for the EKF the nonlinear ODE
(and/or measurement equation) have to be linearized at
each sample, which along with monitoring of bounded-
ness of the covariance matrix estimate also might induce
considerable computation. The few tuning knobs of the
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Figure 8: Condition (2) for slalom maneuver on asphalt,
and circle maneuver on ice. The curves verify that As-
sumption 2 is always satisfied in these test drives.

observer simplifies tuning compared to tuning the covari-
ance matrices of an EKF.

A requirement for good performance of the nonlinear ob-
server, is information on the maximal friction coefficient
between tyre and road. Information on road bank angle,
and possibly inclination angle will be important in the case
of a non-flat road.
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