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SE(3) %0 *170 - 6-*/%L S%# '/!7< -&" -& 4# =/%**#&4? 1!6!'#&#!70 !!/"%&-*#0

SE(3) =

{[

R p

0 1

]

| p ∈ R
3, R ∈ SO(3)

} ANE=1#/# SO(3) %0 *1# D8"%6#&0%!&-$ 0<#%-$ !/*1!'!&-$'/!7<: T& #$#6#&* g ∈ SE(3) /#</#0#&*0 - /!*-*%!&-&" - "%0<$-#6#&* !5 - /%'%" 4!"? /#$-*%9# *! - /#5#/8#&# !&+'7/-*%!&: ;1# 6-&%5!$" 0*/7*7/# !5 SE(3) %0'%9#& 4?
Φ : SO(3) ⋉ R

3 → SE(3) : (R, p) 7→

[

R p

0 1

]

. ABE

T00!%-*#" =%*1 #9#/? S%# '/!7< G %0 %*0  !" ()#"*$(
g =1%1 %0 "#+&#" -0 *1# *-&'#&* 0<-# !5 G -* *1#%"#&*%*? e -&" %0 =/%**#& -0 g , TeG: T 9#*!/ 0<-# V%0 - S%# -$'#4/- %5 *1#/# #L%0*0 - 4%$%&#-/ !<#/-*%!& '%9#&4? *1# 6-*/%L !667*-*!/ [v1, v2] = v1v2 − v2v1: ;1#S%# -$'#4/- se(3) !5 SE(3) !&0%0* !5 -$$ 4× 4 6-*/%#0

se(3) =

[

ω̂ v

0 0

] ADE=1#/# v ∈ R
3 -&" ω̂ %0 *1# 0I#=80?66#*/% 6-*/%L/#</#0#&*-*%!& !5 ω ∈ R

3 '%9#& 4?
ω̂ =





0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0



 ∈ so(3). APET& #$#6#&* !5 se(3) -& 4# /#</#0#&*#" 4? *1# *=%0* !8!/"%&-*#0 ξ =
[

vT ωT
]T

∈ R
6 =1%1 -& 4# %"#&*%+#"=%*1 *1# *=%0* ξ̂ ∈ se(3) 4? *1# 6-<

∧ : R
6 → se(3) : ξ =

[

v

ω

]

7→ ξ̂ =

[

ω̂ v

0 0

]

∈ se(3). AUE;1# #L<!&#&*%-$ 6-<
exp : se(3)→ SE(3) : ξ̂ 7→ eξ̂ AFE"#+&#0 - $!-$ "%>#!6!/<1%06 *-I%&' *1# V#/! 9#*!/ !5

se(3) *! *1# %"#&*%*? #$#6#&* !5 SE(3): W1?0%-$$? eθξ̂(
θ ∈ R !//#0<!&"0 *! - 0/#= 6!*%!& -$!&' *1# -L%0!5 - +L#" ξ: X#&!*# 4? Lg -&" Rg *1# $#5* -&" /%'1**/-&0$-*%!& 6-<( /#0<#*%9#$?: ;1# "%>#/#&*%-$ Lg∗ !5
Lg "#+&#0 *1# 4!"? 9#$!%*? -&" *1# "%>#/#&*%-$ Rg∗ !5
Rg "#+&#0 0<-*%-$ 9#$!%*? !5 - /%'%" 4!"?: ;1#& 5!/ -*/-J#*!/? g(t) ∈ SE(3), t ∈ (−ǫ, ǫ)( *1# 4!"? 9#$!%*?!5 *1# /%'%" 4!"? %0 '%9#& 4?

V̂ b = Lg(t)−1
∗
· ġ(t) =

[

RTṘ RTṗ

0 0

]

=

[

ω̂ v

0 0

] AQE=1%$# *1# 0<-*%-$ 9#$!%*? %0 '%9#& 4? V̂ s = Rg−1
∗
·

ġ: ;1# 4!"? -&" 0<-*%-$ 9#$!%*%#0 -/# /#$-*#" 4? *1#T"J!%&* 6-<
V s = T"gV

b AYE=1#/# g = (R, p) -&"T"g =

[

R p̂R

0 R

]

. AOEH# =%$$ =/%*# *1# *=%0* !5 J!%&* i -0 Gi -&" *1# +,!-+-.-+"/ !5 1-%& j -0
Mj = (G1,G2, . . . ,Gn) = (Mj1,Mj2, . . . ,Mjn). ANCE  ! "#$% '!"()"*  !"#$"% +(,!% "#," "#( -(.'$"/ $% 0$-(! 1$"#2(%3(" "' , 0.'4,../ 5(6!(5 ''25$!,"( %/%"(+7 8( 1$.. ,.%'9%( %3,"$,. :'2 "#( ;<5$+(!%$'!,. %3,(* ,% '33'%(5 "' "#(3.,!,2 ,%(7NUB



 !"# $%& '!$(&$)*+ , $-*. /"*0!$%023)0!0 30 -40 .)0 40"%& %".$.5"% Mji 3)0% 30 %00&." *$!567 3)$. )$5% .)0 8"5%. 90*"%:4 ."; <0 -40 .)04$#0 %".$.5"% 6"! .)0 8"5%. $%:*04+ 5;0; θji; /)0 .354.474.0# &04!5904 .)0 #".5"% "6 .)0 0%& 0=0."! 6"! .)0">0% )$5%;<0 35** 5%.!"&-0 .)0 6"**"35%: %".$.5"% 6!"# ?$50. $*; @ABBCD ." !0>!040%. 40.4 "6 .354.4 "! 3!0%)04;E!$04 {·} $!0 -40& ." 5%&5$.0 $  !" .)$. "%.$5%4-%5F-0 0*0#0%.4 3)5*0 $%:*0 9!$G0.4 〈·〉 $!0 -40& ."5%&5$.0 #$%"& !" 3)5) #$7 "%.$5% #-*.5>*0 0%.!504"6 0$) 0*0#0%.; <0 35** -40 $!&5%$*5.7 @cardD ." :5(0.)0 %-#90! "6 0*0#0%.4 5% 〈Mj〉 "! {Mj};  "! {Mj}+.)0 $!&5%$*5.7 54 0F-$* ." .)0 &5#0%45"%; H0. .)0 >$!I$**0* #$%5>-*$."!
M =M1||M2|| · · · ||Mk @JJD"%454. "6 k 40!5$* #$%5>-*$."! 4-9I)$5%4 .)$. 4)$!0 $"##"% 9$40 $%& $ "##"% 0%& 0=0."!; /)0 40. "60%&I0=0."! #".5"%4 54 &0K%0& $4 @L0%: 0. $*;+ ABBMD

CM = CM1 ∩ CM2 ∩ · · · ∩ CMk
, @JAD3)0!0 CMj

54 .)0 40. "6 !5:5& .!$%46"!#$.5"%4 .)$.Mj:0%0!$.04 35.)"-. *""> "%4.!$5%.4; CM &0K%04 .)0"%K:-!$.5"%4 "6 .)0 0%& 0=0."! 35.) .)0 *""> "%I4.!$5%.4 5#>"40&;<0 $!0 5%.0!04.0& 5% .)0 '(  &)! #*"&*++ 5;0; .)0#".5"% &-0 ." .)0 >$445(0 8"5%.4 3)0% .)0 $.5(0 8"5%.4$!0 KN0&; <0 &0%".0 .)54 97
MP = MP1||MP2|| · · · ||MPk @JOD3)0!0 MPj "%454.4 "6 "%*7 .)0 >$445(0 8"5%.4 "6 #$I%5>-*$."! j;P*.)"-:) "%*7 .)0 >$445(0 8"5%.4 $!0 "%45&0!0&+ .)0.354.4 "6 .)0 >$445(0 8"5%.4 &0>0%& "% .)0 "%K:-!$.5"%"6 .)0 $.5(0 8"5%.4; /)0 .354. "6 8"5%. i 54 :5(0% 97

G′

i = P&g(i−1)
Gi @JQD3)0!0 gi ∈ SE(3) 54 .)0 .!$%46"!#$.5"% 6!"# .)0 9$40." 8"5%. i; <0 35** $44-#0 5. 5#>*55.*7 -%&0!4.""& .)$..)0 .354.4+ $4 3!5..0% 5% @JBD+ $!0 .!$%46"!#0& $"!&I5%: ." @JQD+ $%& .)-4 3!5.0 G 6"! G′;<0 35** K%& .)0 #"95*5.7 D "%45&0!5%: .)0 >$445(08"5%.4 "%*7; R6 .)0 #"95*5.7 "6 .)0 #0)$%54# 54 S0!" 30$% "%*-&0 .)$. .)0 #0)$%54# 54 0F-5*59!$.0& 35.)!04>0. ." $%7 0N.0!%$* 6"!0; T% .)0 ".)0! )$%&+ 56

D > 0 $% $&&5.5"%$* "%&5.5"% %00&4 ." 90 4$.54K0& 6"!.)0 #0)$%54# ." 90 0F-5*59!$.0&; /)54 54 %". "%45&I0!0& 5% .)54 >$>0!;<0 35** &0%".0 $ #0)$%54# 0F-5*59!$.0& 56 .)0 6"*I*"35%: 54 4$.54K0&U !"#$%$&# '()( , #(+&'$%("*- M & .!+*"!. 0F-5I*59!$.0& /&"0 -! '!" "* (+ !2"!-+(% /-!+0 Fext =

[

fT τT
]T /0!-! f, τ ∈ R

33 &4 M3 !&"0!- "0-*$50 6&+!7#("& *+ "-(&+" *- "0-*$50 ("$("*- "*-8$!3 (+ '-*7.$! ( /-!+0 *''* &"! "* Fext3 &9!9 M (+ '-*.$!"0! /-!+0 −kFext 4*-  *#! k
D = 3N −

n
∑

i=1

(3− fi). @JYD3)0!0 N 54 .)0 %-#90! "6 *5%G4 5% .)0 #0)$%54# $%&
n 54 .)0 %-#90! "6 8"5%.4; fi 54 .)0 &0:!00 "6 6!00&"# "68"5%. i 3)5) 54 J 6"! .)0 *"30! >$5!4; '!W9*0!X4 6"!#-*$.)0% 90"#04

D = 3N − 2n



 !"#$%&'( )"#&*%+-*%!& -&" .!&*/!$-& #-0%$1 2# '#&#/-$%0#" *! 3 !/ 4 "#'/## !5 5/##"!67!%&*08 9!/ 0%6:$%%*1 ;# /#0*/%* !</0#$=#0 *! *># -0#
fi = 18 !"#"$%&%"' ()*)  !"#$ % &#'!(#& #$&)#*#,-( .-,!-$,/0# Q 1!,2 m = dim(Q) %$& % 03%$%( 0%(%33#3 .%$!0)43%,-( M = M1|| · · · ||Mk5 62#$ !7 m 8-!$,'9 12!2%(# $-, %3(#%&/ 3-:#&9 %(# 2-'#$ %,!"#9 ,2#$ MP !'3-:#& %$& M !' #;4!3!<(%,#&5=(--75 ?00<6# -$$ 7!%&*0 :-00%=# 0! *>-* D = m8 @>#&21 >!!0%&' *># -*%=# 7!%&*0 ;# &##" *! /#"<# *>#"#'/## !5 5/##"!6 !5 *># /#6-%&%&' 7!%&*0 AMP B *! C#/!8D# >-=# *>-* 5!/ #-> 7!%&* *>-* %0 >!0#& -*%=#( n %&EF<-*%!& AGHB %0 /#"<#" 21 !&#8 I%0/#'-/"%&' *>%07!%&*( %8#8 -00<6%&' %* +J#"( *># &<62#/ !5 $%&K0 N%0 -$0! /#"<#" 21 !&#8 @># "#'/## !5 5/##"!6 !5 *>#/#6-%&%&' :-00%=# 7!%&*0 ;>#& *># 6#>-&%06 /#6-%&0&!&L!=#/!&0*/-%&#" %0 *><0 '%=#& 21

D1 = 3(N − 1)− 2(n− 1)

= 3N − 2n− 3 + 2

= D − 1. AGMBN#:#-*%&' *>%0 m *%6#0( ;# ;%$$ >-=# Dm = D − m;>#/# *># 0<20/%:* %& Di %0 *># &<62#/ !5 -*%=# 7!%&*0%& *># 6#>-&%068 @># 6!2%$%*1 !5 MP %0 *><0 C#/!8@>%0 %0 !&0%0*#&* ;%*> *># /#0<$* *>-* -* $#-0* m -L*<-*!/0 -/# &##"#" *! '#&#/-*# - 6!*%!& !5 "%6#&0%!&
m8 O#&#( 21 >!!0%&' m 7!%&*0 -*%=#( *># 6#>-&%06
MA( !&0%"#/%&' 2!*> -*%=# -&" :-00%=# 7!%&*0( '#&L#/-*#0 Q -&" MP %0 #F<%$%2/-*#" ;%*> /#0:#* *! -&1#J*#/&-$ "%0*</2-&#8 !" #$% &'()*(+ ,(-%9!/ *># *>/##L"%6#&0%!&-$ E<$%"#-& 0:-#( P/Q2$#/R05!/6<$- 2#!6#0

D = 6N −
n∑

i=1

(6 − fi), AGSB;>#/# fi %0 1 5!/ *># 1L"%6#&0%!&-$ $!;#/ :-%/0 -&" ;#;/%*#
D = 6N − 5n. AGTB !"#"$%&%"' ()+)  !"#$ % &#'!(#& #$&)#*#,-( .-,!-$,/0# Q 1!,2 m = dim(Q) %$& % '0%,!%3 0%(%33#3 .%$!0)43%,-( M = M1|| · · · ||Mk5 62#$ !7 m 8-!$,'9 12!2%(# $-, %3(#%&/ 3-:#&9 %(# 2-'#$ %,!"#9 ,2#$ MP !'3-:#& %$& M !' #;4!3!<(%,#&5

=(--75 @># :/!!5 5!$$!;0 5/!6 *># :$-&-/ -0#8 U1>!!0%&' *># -*%=# 7!%&*0 2!*> n -&" N -/# /#L"<#" 21 !&#8 @># "#'/## !5 5/##"!6 !5 *># /#6-%&L%&' :-00%=# 7!%&*0 ;>#& *># 6#>-&%06 /#6-%&0 &!&L!=#/!&0*/-%&#" %0 *><0 '%=#& 21
D1 = 6(N − 1)− 5(n− 1)

= 6N − 5n− 6 + 5

= D − 1. A3VBN#:#-*%&' *>%0 m *%6#0( ;# ;%$$ >-=# *>-* *># 6!2%$%*1!5MP %0 C#/!8@><0 ;# 0## *>-* ;# -& "#/%=# *>/## #F<%=-$#&*/<$#0 !& >!; *! >!!0# *># -*%=# 7!%&*0 5!/ &!&L!=#/!&0*/-%&#" 6#>-&%060W
• .>!!0# *># -*%=# 7!%&* 5/!6 *># 0#* !5 7!%&*0 *>-*%0 &!* $!K#" "<# *! *># K%&#6-*% !&0*/-%&*0(!&0%"#/%&' *># :/#=%!<0$1 >!0#& -*%=# 7!%&*0 -0+J#"8
• .>!!0# *># -*%=# 7!%&* 0<> *>-* *># 6#>-&%06/#6-%&0 &!&L!=#/!&0*/-%&#"8
• .>!!0# *># -*%=# 7!%&*0 0<> *>-* #=#/1 !6:!L&#&* !5 *># #&"L#X#*!/ 6!*%!& -&" *># %&*#/&-$6!*%!& !5 #-> >-%& %0 '#&#/-*#" 21 -* $#-0* !&#-*%=# 7!%&*89/!6 Y/!:!0%*%!&0 48G -&" 483 ;# 0## *>-* *># -*%=#7!%&*0 -&&!* 2# :$-#" -/2%*/-/%$18 D# &##" *! :$-# -*$#-0* !&# -*%=# 7!%&* 5!/ #-> "#'/## !5 5/##"!6 !5 *>#0#$5L6!*%!& 6-&%5!$" %& *># /#0:#*%=# >-%&8 I#&!*#*># 5/##"!6 !5 >-%& j 21Dj 8 @>%0 %0 5!<&" 21 -::$1%&'P/Q2$#/R0 5!/6<$- *! #-> >-%&8 9!/ *># 6-&%:<$-*!/*! 2# #F<%$%2/-*#" ;# &##" *! :$-# Dj -*%=# 7!%&*0 %&*># 0#* !5 7!%&*0 *>-* '#&#/-*# *># 0#$5L6!*%!&8Z&# *>%0 %0 "!&#( ;# &##" *! :$-# *># /#6-%&%&'

dimj + 1-*%=# 7!%&*0 %& Mj 5!/ -$$ >-%&0 *>-* -/# &!* :-0L0%=#$1 0<0*-%&#"( %8#8 ;>#&#=#/ Dj > 08 @>#0# -*%=#G]^



d 604%7 .)0 &4#0%54"% "8.)0 5-67!"-<
D = dN −

n∑

i=1

(d− fi). EFGHI0!0+ "%*A .)0 3"4%.5 "! 50.5 "8 3"4%.5 .)$. 70%0!$.0#".4"% 4% .)0 74(0% 5-67!"-< $!0 "%54&0!0&:/)-5+ 8"! .)0 5<$.4$* $50+ .)0 #"64*4.A %00&5 ." 60)0@0& 8"! $** .)0 .0% 5-67!"-<5 "8 SE(3) 4% $&&4.4"%." .)0 5<$.4$* '!D6*0! 8"!#-*$: J4#4*$!*A 8"! .)0 <*$9%$! $50 .)0 #"64*4.A %00&5 ." 60 )0@0& 8"! $** .)05-67!"-<5 "8 SE(2)+ 4:0: T (1)+ T (2) $%& SO(2)+ 4% $&9&4.4"% ." .)0 <*$%$! '!D6*0! 8"!#-*$:/)0 5$#0 45 .!-0 8"! .)0 50*89#".4"%: C )$4% 4%$ 5<$.4$* #0)$%45# $% )$(0 50*89#".4"% 0(0% 48 .)0#"64*4.A 6A .)0 5<$.4$* '!D6*0! 8"!#-*$ 45 K0!": C*5"4% .)45 $50+ .)0 #"64*4.A %00&5 ." 60 )0@0& 8"! $**.)0 5-67!"-<5 "8 SE(3): >)0% .)0 #"64*4.A 45 8"-%&." 60 7!0$.0! .)$% K0!"+ .)0 $.4(0 $%& .)0 !0&-%&$%.3"4%.5 $% 60 )"50% $!64.!$!4*A $#"%7 .)0 3"4%.5 .)$.70%0!$.0 .)0 !05<0.4(0 #".4"%:>0 500 .)$. .)0 '!D6*0! 8"!#-*$ 45 %". (0!A ?0**5-4.0& 8"! "(0!"%5.!$4%0& #0)$%45#5: ;% .)0 8"**"?94%7 ?0 .)-5 5)"? )"? ." -50 .)0 .)0"!A "8 .?45.5 ."B%& .)0 #"64*4.A "8 70%0!$* #0)$%45#5 6A $<<*A4%7.)0 '!D6*0! 8"!#-*$ "%*A "%0 "! ?4.)"-. $<<*A4%7 .)0'!D6*0! 8"!#-*$ $. $**:

 !"#$&'()$*+'#, -#.*'+(/(>)0% .)0 "%5.!$4%.5 $!0 %". *4%0$!*A 4%&0<0%&0%.+ .)0#0)$%45# 45 "(0!9"%5.!$4%0&+ 4:0: 5"#0 "8 .)0 "%95.!$4%.5 $!0 !0&-%&$%. $%& )$(0 %" 0L0. "% .)0 #"64*94.A: M$50& "% .)0 $<<!"$) 4% N$4 0. $*: EFOOPH ?0 B!5.4&0%.48A .)0 "%5.!$4%.5 .)$. $!0 "##"% 8"! $** )$4%5$%& 0*4#4%$.0 .)0 !0&-%&$%A 4% .)45 50.: /)45 50. 450$54*A 4&0%.4B0& $5 .)0 4%.0!50.4"% "8 .)0 "%5.!$4%.5<$0 "8 $** .)0 )$4%5:  -!.)0! .)0 "%5.!$4%.5 .)$."%5.!$4% 0$) )$4% ." .)0 0%& 0L0."!9#".4"%+ .)0 !"  # %&' &!(%')*!% (+(% ,+ $!0 4&0%.4B0& $%& $7$4%.)0 !0&-%&$%. "%5.!$4%.5 $!0 8"-%& 8!"# .)45 50.: /)0$<<!"$) <!050%.0& 4% N$4 0. $*: EFOOPH 45 6$50& "%.)0 5!0? 5A5.0# "8 .)0 #0)$%45# $%& !0<!050%.5 .)0"%5.!$4%. 5<$0 $5 !04<!"$* 5!0?5: I0!0+ ?0 $<<*A.)0 5$#0 70%0!$* 4&0$ $5 4% N$4 0. $*: EFOOPH: /)0$<<!"$) 45 6$50& "% $% $%$*A545 "8 .)0 5-69$*706!$5$%& 5-69#$%48"*&5 "8 .)0 Q40 C*706!$ se(3) $%& .)04!".$%70%. 5<$05:/)0 $<<!"$) 45 70%0!$* 4% .)0 50%50 .)$. %" *$554B9$.4"% "8 .)0 #0)$%45# 45 !0R-4!0&: C5 <"4%.0& "-. 4%S4" 0. $*: EFOOTH+ .)0 *$554B$.4"% "8 .)0 #0)$%45#45 %". %00&0& ." &0.0!#4%0 4.5 #"64*4.A: I"?0(0!+ 4%"-! 50..4%7+ .)0 *$554B$.4"% 45 4#<"!.$%. 4% .)0 50%50.)$. 4. .0**5 -5 ?)0!0 ." <*$0 .)0 $.4(0 3"4%.5: C5 8"!.)0 %"%9"(0!"%5.!$4%0& $50+ .)0 $.4(0 3"4%.5 $%%".60 <*$0& $!64.!$!4*A 4% .)0 #0)$%45#: >0 ?4** 500.)$. "%*A 4% (0!A 5<04$* $505 $% .)0 $.4(0 3"4%.5 60$!64.!$!4*A )"50% 4% .)0 #0)$%45#:/)0 $<<!"$) 4% N$4 0. $*: EFOOPH 45 6$50& "% .)0"%5.!$4%. 5<$0 8"!#-*$.4"%: ;. 45 $*5" 5)"?% .)$. .)0#"64*4.A $% 60 8"-%& 6A .)0 #".4"% 5<$0 $5 4% S4"0. $*: EFOOTH $%& S4" 0. $*: EFOOPH: MA .)45 $<<!"$).)0 )$4%5 $!0 $*5" *$554B0& $%& 4. 45 5.!$47). 8"!?$!&." &0.0!#4%0 .)0 0L0. $ <$554(0 3"4%. )$5 "% .)0 #0)9$%45#: >0 ?4** -50 .)0 #".4"% 5<$0 $<<!"$) ." 50.-< $ 50. "8 54#<*0 !-*05 "% ?)0!0 ." <*$0 .)0 $.4(03"4%.5 4% .)0 #0)$%45# 4% "!&0! 8"! .)0 #0)$%45# ."60 0R-4*46!$.0&: /)45 50. "8 !-*05 %$.-!$**A *0$&5 ." $%$<<!"$) "% )"? ." )""50 $.-$."! !0&-%&$%A #"5.0U40%.*A ." #$@0 .)0 #$%4<-*$."! !0545.$%. ." 3"4%.8$4*-!05: !" #$% &'()*+,-(* ./,%/" B%& .)0 #"64*4.A 8!"# .)0 "%5.!$4%. 5<$0 $5 4% N$40. $*: EFOOPH+ ?0 5.$!. 6A &0%".4%7 .)0 ,&%*&! (-) "8.)0 )$4% j $5
Mj = (G1,G2, . . . ,Gnj
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C

k , <=K?#@-$3-*#" -* g ∈ CM1
∩ · · · ∩ CMk

: I/!6 *5%2 4# -&+&" *5# ()%#*+$)&.  (#$() (1 #-& &). &0&#(*
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k∑

j=1

Mj ,

{M
C

E} =

k⋃

j=1

M
⊥

j , 〈M
C

E〉 =

k∑

j=1

M
⊥

j ,

{ME} =

k⋂

j=1

Mj , {M
C

M} =

k∑

j=1

M
C

j ,

{ME} = {M
C

E}
⊥ {M

C

M} = {MM}
⊥

{ME} = 〈M
C

E〉
⊥, {M

C

M} = 〈MM 〉
⊥.G532( *5# !$$#*%!& !9 -$$ !&2*/-%&*2 %2 '%@#& %& 〈MC
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D = card{ME}+

k
∑

j=1

(

nj
∑

i=1

fi − card{Mj}

)

,

= card{ME}+

n
∑

i=1

fi −
k
∑

j=1
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∑nj
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− 64# "%7#&0%!& !8 *4# 0#$897!*%!& 7-&%8!$" !8*4# 4-%& %&/#-0#0 12 !&#5
•
∑nj

i=1
fi -&" card{Mj} %&/#-0# 12 !&#5

− 64# :!%&* 3%$$ 1# $!;#" -&" *4# 7!1%$%*2 !8*4# 020*#7 "!#0 &!* 4-&'#5
•
∑nj

i=1
fi( card{Mj} -&" card{ME} %&/#-0# 12!&#5

− J%$$ &#>#/ !=/5

 !"!" $%&'&() *&+,(-. /0 $12. 33)& ?%! #* -$5 @ABBED *4# -0# 34#& *4# #&*%/# 7!*%!&!8 *4# #&"9#<#*!/( !&&#*#" 12 *3! 0=194-%&0( -&1# "#*#/7%&#" -&" %0 /#0*/%*#" 12 !&# 4-%& %0 "#&!*#" !"#"$% %"&'$()5 K0 *4#2 !&$2 !&0%"#/ 0%&'$# $!!L0( *4#!&0*/-%&*0 !8 *4# !*4#/ 4-%& "!#0 &!* -<#* *4# 7!91%$%*2 !8 *4# #&" #<#*!/5 )& !=/ 0#**%&'( 3# "#+&# *4#!//#0L!&"%&' 7=$*%9$!!L $-00%+-*%!& !8 */%>%-$ $%&;9-'# -0 *4# 8!$$!3%&'5 K00=7# *4-* 3# 4-># E′ 7-&%L=9$-*!/0 *4-* -$$ '#&#/-*#ME -&"M ′ 7-&%L=$-*!/0 *4-*-$$ '#&#/-*#MM ( 34#/#ME ⊂ MM 5 64#& *4# *!*-$7!1%$%*2 !8 *4# 020*#7 %0 '%>#& 12ME -&" *4# %&*#/&-$7!1%$%*2 !8 #-4 !8 *4# 4-%&05 64# %&*#/&-$ 7!1%$%*2 !8*4# 4-%&0 %&ME -&"MM 7=0*( 4!3#>#/( 1# */#-*#""%<#/#&*$2564# *!*-$ 7!1%$%*2 !8 *4# 020*#7 %0 *4#& '%>#& 12
D = card{ME}+

k
∑

j=1

(

nj
∑

i=1

fi − card{Mj}

)

= card{ME}+
∑

E

(

nj
∑

i=1

fi − card{ME}

)

+
∑

M

(

nj
∑

i=1

fi − card{MM}

) @HMD
=

n
∑

i=1

fi − (E′ − 1) · card{ME} −M ′ · card{MM}34#/#∑E 0=70 !>#/ -$$ *4# 4-%&0 *4-* '#&#/-*#ME-&" ∑M 0=70 !>#/ -$$ *4# 4-%&0 *4-* '#&#/-*#MM 5K$0! %& *4%0 -0# *4#/# -/# *4/## "%<#/#&* !=*!7#034%4 3# 3%$$ "%>%"# %&*! *3! $-00#0IN!/ j ∈M (
•
∑nj
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− 64# :!%&* 3%$$ 1# $!;#" -&" *4# 7!1%$%*2 !8*4# 020*#7 "!#0 &!* 4-&'#5

•
∑nj

i=1
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∑nj
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•

∑nj

i=1
fi $%& card{Mj} 3%!0$40 56 "%0 7)3*0

card{ME} &"04 %".8
− /)0 9"3%. 73** 50 *":0& $%& .)0 #"53*3.6 ";.)0 464.0# &"04 %". )$%<08

•
∑nj

i=1
fi+ card{MM} $%& card{ME} 3%!0$40 56"%08
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•

∑nj
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− /)0 0%& 0=0."! 34 0D-3*35!$.0&8 U)$3% j 73**"%*6 !0#$3% 0D-3*35!$.0& 3; 3. 34 $.-$."! !0>&-%&$%.8 /)0 !0&-%&$%6 #-4. 50 3% .)0 40."; 9"3%.4 3% 7)3) .)0 40*;>#".3"% "-!48
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∑nj

i=1
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card{ME} &"04 %".8
− V" $.3"% %00&0&8 W".) 0%& 0=0."! $%&)$3%4 $!0 0D-3*35!$.0&8
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∑nj
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− /)0 #"53*3.6 $% 50 "#E0%4$.0& 73.) $>.-$."! !0&-%&$%6 3% $%6 9"3%. .)$. 34 %".*":0& ;"! .)0 #".3"% <0%0!$.0& 56MP 8 !"! 34*5*-. /*,0-1' +6 37(' 8
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∑nj

i=1
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− /)0 0%& 0=0."! 34 0D-3*35!$.0&8 U)$3% j 73**"%*6 !0#$3% 0D-3*35!$.0& 3; 3. 34 $.-$."! !0>&-%&$%.8 /)0 !0&-%&$%6 #-4. 50 3% .)0 40."; 9"3%.4 3% 7)3) .)0 40*;>#".3"% "-!48
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•
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− /)0 0%& 0=0."! 34 0D-3*35!$.0&8 U)$3% j 73**"%*6 !0#$3% 0D-3*35!$.0& 3; 3. 34 $.-$."! !0>&-%&$%.8 /)0 !0&-%&$%6 #-4. 50 3% .)0 40."; 9"3%.4 3% 7)3) .)0 40*;>#".3"% "-!48
•

∑nj

i=1
fi $%& card{Mj} 3%!0$40 56 "%0 7)3*0

card{ME} &"04 %".8
− V" $.3"% %00&0&8 W".) 0%& 0=0."! $%&)$3%4 $!0 0D-3*35!$.0&8

•
∑nj

i=1
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•
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 !"#$%&'( )"#&*%+-*%!& -&" .!&*/!$
− 01# #&" #2#*!/ %3 #45%$%6/-*#"7 .1-%& j 8%$$!&$9 /#:-%& #45%$%6/-*#" %; %* %3 -*5-*!/ /#<"5&"-&*7 01# /#"5&"-&9 :53* 6# %& *1# 3#*!; =!%&*3 %& 81%1 *1# 3#$;<:!*%!& !5/37

•
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i=1 fi -&" card{Mj} %&/#-3# 69 !&# 81%$#
card{ME} "!#3 &!*7
− >! -*%!& &##"#"7 ?!*1 #&" #2#*!/ -&"1-%&3 -/# #45%$%6/-*#"7

•
∑nj

i=1 fi( card{MM} -&" card{ME} %&/#-3# 69!&#7
−m−1 = 07E3 3##& %& *1# @/#C%!53 3#*%!&( *1# #2#* !; - ;/##38%&'%&' =!%&* ;-%$5/# "#@#&"3 !& *1# =!%&* %& 81%1 %*!5/37 )& *1# ;!$$!8%&' 8# 31!8 *1/## #F-:@$#3 !&1!8 *! "#*#/:%&# 81#/# *! @5* *1# -*5-*!/ /#"5&<"-&9 :!3* #2#*%C#$9 %& !/"#/ '5-/-&*## ;-5$* *!$#/<-&# 8%*1 /#3@#* *! -&9 =!%&*7 !" #$&'()*+,- .)+/,0&1.!&3%"#/ *1# :#1-&%3:3 %& B%'5/# G7 H&# !; *1# -/:3%3 A%&#:-*%-$$9 /#"5&"-&* %& !/"#/ *! -C!%" !63*-$#37D# +&" *1# *8%3*3 /#@/#3#&*%&' #-1 1-%&

M1 =

{[

vy

0

]

,

[

p12 × wy

wy

]

,

[

p13 × wy

wy

]

,

[

p14 × wy

wy

]}

,

M2 =

{[

vz

0

]

,

[

p22 × wz

wz

]

,

[

p23 × wz

wz

]

,

[

p24 × wz

wz

]

[

p25 × wz

wz

]

, Adg2,b5

[

p26 × wx

wx

]}

. IJJK

x
y

z

M1

M2

M26

B%'5/# GL MF#@*%!&-$ $%&A-'# 8%*1 3#$; :!*%!&81#/# pji =
[

xji yji zji

]T %3 3!:# @!%&* !& *1# /#C<!$5*# -F%3 !; =!%&* i %& 1-%& j '%C#& %& *1# %&*#/%-$;/-:#7 D# -& 8/%*# *1# */-&3;!/:-*%!& ;/!: *1# 6-3#
b *! =!%&* N !;M2 -3 R2,b5 -&" p2,b5 '%C#& 69

R2,b5(θ2(2−5)) =





cos θ2 − sin θ2 0
sin θ2 cos θ2 0

0 0 1



 IJNK
p2,b5(θ1(1−5)) =

[

x2,b4 y2,b4 z2,b4

]T IJOK81#/# θ2 =
∑4

i=1 θ2i7 D# -& *1#& 8/%*# *1# *8%3*3 -3
M1 =















































0
1
0
0
0
0

















,

















z12

0
−x12

0
1
0

















,

















z13

0
−x13

0
1
0

















,

















z14

0
−x14

0
1
0















































, IJPK
M2 =















































0
0
1
0
0
0

















,

















y22

−x22

0
0
0
1

















,

















y23

−x23

0
0
0
1

















,

















y24

−x24

0
0
0
1

















, IJQK
















y25

−x25

0
0
0
1

















,

















−z26z2,b4 cos θ2 − y26y2,b4

−z26z2,b4 sin θ2 + y26x2,b4

z26y2,b4 sin θ2 − z26x2,b4 cos θ2

cos θ3

sin θ3

0













































GOR



 !"# $%& '!$(&$)*+ , $-*. /"*0!$%02 !"!" #$%&'&()*+,- .,0*1&23/)0 #".3"% "4 0$) )$3% 35 63(0% 78
M1 ∈ X (y), M2 ∈ X (z)×R(w6) 9:;<=)0!0 X (w) 35 .)0 >)"0%?305 6!"-@ 9AB .!$%5*$.3"%$%& !".$.3"% $7"-. w< $%&

w6 = R2,b5wx. 9CD</)0 "%5.!$3%0& 5@$0 35 63(0% 78
M

C

1
=

{[
0

wx

]

,

[
0

wz

]} 9CE<
M

C

2 =
{[

0 0 0 − sin θ3 cos θ3 0
]}T

=

{[
0

R2,b5wx

]}

.B-0 ." .)0 F3%0#$.3 "%5.!$3%.5 =0 )$(0 θ2 = 0=)3) 63(05 -5
M

C

E =M
C

2
∪M

C

1
=

{[
0

wx

]

,

[
0

wy

]

,

[
0

wz

]}

. 9CG<H".0 .)$. %"%0 "4 .)050 $!0 !0&-%&$%.I J0 $% %"==!3.0
ME = (M

C

E)⊥ =

{[
wx

0

]

,

[
wy

0

]

,

[
wz

0

]}

∈ T (3).9CA</)050 $!0 *0$!*8 #-*.350.5+ 3I0I .)0!0 $!0 50(0!$* &3K0!L0%. "#73%$.3"%5 "4 M"3%.5 .)$. 60%0!$.0 .)0 @$!.3-*$!#".3"%I J0 $% %"= (0!348 .)$. .)0 #0)$%35# 35 0NL0@.3"%$*+ 3I0I
ME ⊂M1, ME ⊂M2,

M1 * M2, M2 * M1.O5 .)0 0%& 0K0."! )$5 .)!00 &06!005 "4 4!00&"#+ =0%00& $. *0$5. .)!00 $.3(0 M"3%.5I /)050 $% 70 )"L50% $!73.!$!3*8 $#"%6 .)0 M"3%.5 .)$. 60%0!$.0 .)0 0%&L0K0."! #".3"%+ 3I0I $** M"3%.5 0N0@. M26I O. .)355.$60 3. 35 3#@"!.$%. .)$. $** .)0 &06!005 "4 4!00&"# 3%9CA< $%& .)0 3%.0!%$* #".3"% $!0 .$F0% $!0 "4I /" 500.)35 =0 *""F $. PQ-$.3"% 9AR< =)0!0 =0 500 .)$. .)0#"73*3.8 $% 70 &3(3&0& 3%." .)0 &06!00 "4 4!00&"# "4.)0 0%&L0K0."! $%& .)0 50*4L#".3"% "4 .)0 )$3%5
D = card{ME}

︸ ︷︷ ︸ !"#$%$'() *+,+

k∑

j=1

(
nj∑

i=1

fi − card{Mj}

)

︸ ︷︷ ︸*+, (- .$/-#0('1(! (- 231! j

. !"#$% &%' '(% )*++*,-.& /%' *) 01+%/ )*0 (**/-.& '(%3*-.'/4

x
y

z

M1

M14
M24

M2

5-&10% 67 89%:'-*.;+ +-.<;&%= $% *./->%0 '(% ;'-?%3*-.'/ ;/ @9%> ;.> *./->%0 *.+A '(% :;//-?%3*-.'/B -=%= MP = C(% D%(;.-/DMP -/ %E1-F+-G0;'%> ,-'( 0%/:%' '* ;.A %9'%0.;+ >-/'10FG;.%= H) M24 -/ (*/%. ;/ '(% 0%>1.>;.';'1;'-*.B '(% D;.-:1+;'*0 -/ ;+/* );1+' '*+%0F;.'= H) M14 -/ (*/%.B -' -/ .*' );1+' '*+%0;.'
• (**/% )*10 ;'-?% 3*-.' *) ,(-( ;' +%;/' *.% -/ (*F/%. ;D*.& '(% 3*-.'/ '(;' &%.%0;'% '(% /%+) D*'-*.B
• (**/% '(% 3*-.'/ /* '(;' '(%A &%.%0;'% '(% %.>F%I%'*0 D*'-*. T (3)=J.% %9;D:+% *) (*, '(% ;'-?% 3*-.'/ ;. G% (*/%.-/ /(*,. -. 5-&10% 6= $% -++1/'0;'% '(% D*G-+-'A *)

MP GA /%''-.& '(% ;'-?% 3*-.'/ 0-&->= $% /%% '(;''(% D;.-:1+;'*0B *./->%0-.& :;//-?% 3*-.'/ *.+AB -/ .*,%E1-+-G0;'%> ,-'( 0%/:%' '* ;.A %9'%0.;+ >-/'10G;.%/= !"!# $%&'( ()'*+%,*K//1D% ,% (;?% (*/%. ; /%' *) 3*-.'/ +-<% '(% *.%/ -.5-&10% 6 )*0 ,(-( '(% D;.-:1+;'*0 -/ %E1-+-G0;'%>= K)F'%0 *G/%0?-.& '(;'M26 >*%/ .*' ;I%' '(% %.>F%I%'*0*0 -.'%0.;+ D*'-*. ,% &%' '(% ',-/'/
MP1 =

{[
vy

0

]

,

[
p14 × wy

wy

]}

,  !!#
MP2 =

{[
vz

0

]

,

[
p22 × wz

wz

]

,

[
p24 × wz

wz

]}

.  !L#C(%. '(% %I%' *) ;>>-.& ; 3*-.' '* '(% (;-. -.MP B-=%= '10.-.& *.% *) '(% ;'-?% 3*-.'/ :;//-?% -. MB >%F:%.>/ *. '(% 3*-.' -. E1%/'-*.= $% @0/' .*'% '(;'
MP = MP1 ∩MP2 = ∅.  !M#NLN




• J&# !; *1# -*%@# 4!%&*2 %&M1 9#!3#2 6-22%@#K8 ∑

MP1
fi -&" card{MP1} %&/#-2# 9B !&#:1%$# card{MP } "!#2 &!*< M /#3-%&2 #75%8$%9/-*#"<

D5 = 0
FSJF

====⇒ D4 = 0.

• J&# !; *1# -*%@# 4!%&*2 %&M2 9#!3#2 6-22%@#K8 ∑

MP2
fi( card{MP2} -&" card{MP } %&8/#-2# 9B !&#< L1# #&" #>#*!/ !; MP 1-2!&# "#'/## !; ;/##"!3 AT (y)C<

D5 = 0
FSJF

====⇒ D4 = 1.0# -& 2## *1%2 %; :# :/%*# !5* *1# *:%2*2 !;MP :1#&
M14 %2 1!2#& -2 *1# /#"5&"-&* -*5-*%!& -&" 4!%&*;-%$5/# !5/2 %&M23K
MP1 =

{[

vy

0

]}

, AMNC
MP2 =

{[

vz

0

]

,

[

p22 × wz

wz

]

,

[

p23 × wz

wz

]

,

[

p24 × wz

wz

]}

.-&"
MP = MP1 ∩MP2 = T (y). AMIC0# 2## *1-* :1#& *1# -*5-*!/ /#"5&"-&B %2 1!2#&%&M1 *1# 3#1-&%23 %2 ;-5$* *!$#/-&* :%*1 /#26#* *!4!%&* ;-%$5/#2 %&M1 !&$B<?!/M22OM24 :# -$2! !&2%"#/ *1# 2-3# *:! -2#2(*1#/# %2 &! "%>#/#&# %; :# 1!!2#M22 !/M24<

• J&# !; *1# -*%@# 4!%&*2 %&M1 9#!3#2 6-22%@#K8 ∑

MP1
fi -&" card{MP1} %&/#-2# 9B !&#:1%$# card{MP } "!#2 &!*< M /#3-%&2 #75%8$%9/-*#"<

D5 = 0
FSJF

====⇒ D4 = 0.

• J&# !; *1# -*%@# 4!%&*2 %&M2 9#!3#2 6-22%@#K

x
y

z

M1

M2

M3

?%'5/# PK L/%@%-$ Q%&=-'# !; LB6# )<8 ∑

MP2
fi -&" card{M2} %&/#-2# 9B !&#:1%$# card{MP } "!#2 &!*< M /#3-%&2 #75%8$%9/-*#"<

D5 = 0
FSJF

====⇒ D4 = 0.D'-%& :# :/%*# !5* *1# *:%2*2 !;MP :1#&M24 %2 1!82#& -2 *1# /#"5&"-&* -*5-*%!& -&" 4!%&* ;-%$5/# !5/2%&M23K
MP1 =

{[

vy

0

]

,

[

p14 × wy

wy

]}

,

MP2 =

{[

vz

0

]

,

[

p22 × wz

wz

]

,

[

p23 × wz

wz

]}

. ARHC-&"
MP = MP1 ∩MP2 = ∅

M3 %& ?%'5/# P< D2 *1# /#-2!&%&' %2 2%3%$-/ *! *1# 6/#8@%!52 #T-36$#( :# '%@# !&$B - 5/2!/B "#2/%6*%!& !;1!: *! 1!!2# *1# -*%@# 4!%&*2< !"!# $%&'(')*+,-. /-1+2'34D2 -$$ 1-%&2 '#&#/-*# *1# 2-3# 3!*%!& :# 1-@# 3!/#;/##"!3 %& 1!!2%&' *1# -*%@# 4!%&*2< D$$ *1# 1-%&2 %&?%'5/# P '#&#/-*#X (z) :1%1 '%@#2 *1# #&" #>#*!/ ;!5/"#'/##2 !; ;/##"!3< M3 -$2! 1-2 !&# "#'/## !; %&*#/&-$;/##"!3< U#&#( :# &##" *! 1!!2# -* $#-2* !&# !; *1#SRE



 !"# $%& '!$(&$)*+ , $-*. /"*0!$%02
x

y

z

M1

M12

M13

M2

M3

 34-!0 56 /!3(3$* 73%8$40 "9 /:;0 <= >$& )"30 "9 $?.3(0 @"3%.A= <9 @"3%. 9$3*-!0 "-!A 3% @"3%.
M12+ .)0 #0)$%3A# 3A %" *"%40! 0B-3*3?C!$.0& D3.) !0A;0. ." 9"!0A 3% .)0 &3!0.3"%"9 .)0 z?$E3A+ A-) $A 4!$(3.: 9"!0A= F"3%.A
M12 $%& M12 $!0 ;$!$**0*"4!$# @"3%.A .)$.40%0!$.0 #".3"% 3% S1=@"3%.A 3% .)0 A0. .)$. 40%0!$.0 .)0 A0*9?#".3"% $A $.3(0$%& .)0 ".)0! .)!00 $% C0 )"A0% $!C3.!$!3*: $A *"%4$A .)0 ".)0! &04!00A "9 9!00&"# GX (z)\R(z, p3i)H $%C0 40%0!$.0&=  !"!" #$%&' ()&*+$,*IAA-#0 .)$. D0 9"**"D .)0 !0$A"%3%4 9!"# .)0 ;!0(3"-A0E$#;*0 $%& )""A0 .)0 $.3(0 @"3%.A $A 3%  34-!0 5 D3.)

M12+ M22+ M23+ M33 $%& M34 $.3(0= /)0 #".3($?.3"% 9"! .)3A )"30 3A .)$. 3%.0!%$* #".3"% 3A ;!0A0%. 3%
M3+ A" D0 %00& "%0 !0&-%&$%. $.-$."! $#"%4 .)0A0@"3%.A GM33 $%& M34H= /)3A !0&-%&$%. $.-$."! D3**$*A" $AA-!0 9$-*. ."*0!$%0 D)0% @"3%. 9$3*-!0 "-!A 3%@"3%.A 3% .)0 ".)0! )$3%A .)$. 40%0!$.0 .)0 A$#0 #"?.3"%+ 3=0= .)0 3%.0!A0.3"% "9 .)0 #".3"%A 40%0!$.0& C:.)0 !0&-%&$%. $.-$."! $%& .)0 #".3"% "9 .)0 9$-*.."*0!$%. @"3%. 3A %"%?0#;.:=<9+ )"D0(0!+ @"3%. 9$3*-!0 "-!A 3% M12+ )$3% M1$% 40%0!$.0 $ #".3"% 3% .)0 &3!0.3"% "9 .)0 z?$E3A=J0 )$(0

T (z) ∩M3i = ∅, 9"! i = 2, 3, 4, 5. GKLHIA .)0 3%.0!A0.3"% 3A 0#;.:+ .)0 !0&-%&$%: 3% M3&"0A %". #$80 .)0 #0)$%3A# 9$-*. ."*0!$%. D3.) !0?A;0. ." @"3%. M12= /" 4-$!$%.00 9$-*. ."*0!$%0 D3.)!0A;0. ." $** @"3%.A+ D0 %00& $.-$."! !0&-%&$%: 3%.)0 @"3%.A .)$. 40%0!$.0 #".3"% 3% .)3A &3!0.3"% $A D0**=/)3A $% C0 "C.$3%0& C: @"3%.AM12+ M21 "!M31= J0.)-A "%*-&0 .)$.+ 9"! .)0 #0)$%3A# ." C0 9$-*. ."*?0!$%. D0 %00& .D" !0&-%&$%. $.-$.0& @"3%.A=  !!"#$% "&#'()*+, X (z)\R(z, p3i) '* .# )*/#0&0#/#1 '" /2#3!/)!* X (z) 3)*4" /2# 3!/)!* !5 R(z, p3i), 5!0 ' 5!03'$ 1#56)*)/)!*, "## 7#*+ #/ '$8 9:;;<=8 R(z, p) 0!/'/#" /2# &!)*/ p'0!4*1 /2# '>)" z8

 !" #$%&%'( )%*+',- ./ #01- 22M"%A3&0! .)0 #$%3;-*$."! 3%  34-!0 N= /)0 )$3%A $!0&0A!3C0& C: .)0 .D3A.A
M1 =

{[

vy

0

]}

, GKOH
M2 =

{[

p21 × wz

wz

]

,

[

p22 × wz

wz

]

,

[

p23 × wz

wz

]}

,

M3 =

{[

p31 × wx

wx

]

,

[

p32 × wx

wx

]

,

[

p32 × wx

wx

]

,

(Adg3,b3
)

[

p34 × wz

wz

]

, (Adg3,b4
)

[

p35 × wz

wz

]}

.P-0 ." .)0 83%0#$.3 "%A.!$3%.A+ R3,b3 $%& R3,b4 $!0"%A.$%. $%&
M1 ∈ T (y), M2 ∈ PL(z),

M3 ∈ PL(x) ×R(w4) ×R(w5). GK5HD)0!0
w4 = R3,03wz , w5 = R3,04wz, GKNHA" .)$. w4 = w5= J0 .)0% )$(0

M
C

1
=

{[

vx

0

]

,

[

vz

0

]

,

[

0
wx

]

,

[

0
wy

]

,

[

0
wz

]}

,

M
C

2
=

{[

vz

0

]

,

[

0
wy

]

,

[

0
wz

]}

,

M
C

3 =

{[

0
R3,03wy

]}

. GKKHM"%A3&0!3%4 .)0 83%0#$.3 "%A.!$3%.+ .)0 "%A.!$3%.A;$0 "9 M3 C0"#0A A3#;*: M
C

3 =
{

[

0 wy

]T
}= J0A00 .)$.

M
C

3 ⊂ M
C

2 ⊂ M
C

1 GKQH"! $*.0!%$.3(0*:
M1 ⊂ M2 ⊂ M3 GKRHD)3) 3A .)0 &0S%3.3"% "9 .!3(3$* *3%8$40 "9 .:;0 <<= /)3A0E;!0AA3"% $% C0 A00% 9!"# GK5H D)0% $;;*:3%4 .)083%0#$.3 "%A.!$3%.A= !.!/ 01%2&23+$'*4 5*6$,278/)0 #".3"% "9 .)0 0%& 0T0."! 3A 43(0% C:

ME = M1 ∩M2 ∩M3 = M1 = T (y) GKUH$%& )$A .)-A "%*: "%0 &04!00 "9 9!00&"#= M2 )$A %"3%.0!%$* #".3"%+ $A $% C0 A00% 9!"# $%$*:A3%4M1 $%&
M2 3% .)0 ;*$%0= M1∪M2 )$A "%*: "%0 &04!00 "9 9!00?&"#+ D)3) 3A .)0 A$#0 $A .)0 0%& 0T0."!+ $%& )$A %"VKO



 !"#$%&'( )"#&*%+-*%!& -&" .!&*/!$
x

y

z

M1

M2

M3

0%'1/# 23 4/%5%-$ $%&6-'# !7 *89# )):#$7;<!*%!&= ># -& -$:! 1:# ?@AB ?&!&;!5#/!&:*/-%&#"<#C-&%:<:B D%*C d = 6( N = 4( n = 5 -&" fi = 1 *!:## *C-*M3 -$$!D: &! %&*#/&-$ <!*%!&=E: *C# <#C-&%:< C-: <!F%$%*8 !&#( D# &##" !&#-*%5# G!%&* *! <-6# *C# <-&%91$-*!/ #H1%$%F/-*#"= 4C%:G!%&* <1:* '#&#/-*# *C# <!*%!& T (y)= 0/!< ?IJB %* %:$#-/ *C-* -$$ *C# G!%&*: %& M1 -&" M2 '#&#/-*# *C##&";#K#*!/ <!*%!&= )7 D# *-6# - $!:# $!!6 -*M3( D#:## *C-* *C# *C/## +/:* G!%&*: '#&#/-*# PL(x)= 4C# $-:**D! G!%&*: %& *C%: C-%& '#&#/-*# R(w4)×R(w5)= 4C%:<!*%!& "#9#&": !& *C# !&+'1/-*%!& !7 *C# +/:* *C/##G!%&*:= L1# *! *C# G!%&* !&:*/-%&*: D# C-5# θ31 + θ32 +
θ33 = 0 -&" *C1: w4 = w5 = wz = E:

T (y) ∩ (R(p34, wz) ×R(p35, wz)) = ∅







>QU


