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1 = {x|0 ≤ x1 ≤ 1}

XL
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XL
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[
0.0096
0.0249

]

−2 ≤ x̂1,k < −1 [−39.4195,−0.9026]x̂k + 3.0488
[

0.1105
0.2518

]
(yk − ŷk) +
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i Ĉ ı̂
21χ1 + d̂ı̂

2 XL
ı̂

1 −730.34χ1 {χ1|0 ≤ χ1 ≤ .2}
2 −291.06χ1 {χ1| − .03 ≤ χ1 ≤ 0}
3 −103.00χ1 − 154.21 {χ1|.2 ≤ χ1 ≤ .86}
4 1104.8χ1 + 45.25 {χ1| − .06 ≤ χ1 ≤ −.03}
5 12840χ1 + 906.18 {χ1| − .14 ≤ χ1 ≤ −.06}


 � $ % � � � 
 � 
 � � � � � � � � � � � � � � � � � � � � 	 � � �  � � � " � � �  � � � �

� �



� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � 	 �  � � � � � � � �  � � � � � 	 � � � � 	 � � �  � � � � � � �   � ! 	 � � � � � � � � # #  � ' � � � � � � � 

� 	 ' 	 � �  � � 	 ! #  �  � � � � � 	 � �  �

X̂L
ı̂ uk vk

0≤ χ̂1,k<.2 [−4288, 0]χ̂k

[ −0.0162 −0.0001
0.0086 −0.0008

]
(yk−ŷk)
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= Vxf(x) + Vxγ(x) + [Vxg(x)∆(γ(x)) − Vxg(x)γ(x)]
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ẑ1 = ẑ2 = 0
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ẏ1

. . .

y
(r1)
1

y2

. . .
yp
ẏp
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Ũ

, 
 � � ) � � � & / � � . 
 # � � � # , & # � � � ' � � # � � � � � � � �

& '
u

� - - � � # � � � � , 
 � � ) � ) & 
 � � � � � X � � 
 � � � � � � - 
 � � � � � � � # , � � � � � � � � �

& - � � % � & & - & - � � , � � 
 & � � # & � - # & ) � � , � � � � � � � , - � � � � � � � � � � � � � � � � F � � G

� � � 
 - 
 � � ) � , & � � � � � � & - # & � � � � � � � � � 
 � � � � # � � � ' & # , � � � & � � � � � 
 � # � � � � �

� � � ) & 
 � � � � � � � � � N � , � # � � � - & � � � ) � � � � � � � � & � 
 � � � � � � � � � � � � � � 	 � � � 
 � � � �

� �



� � � � � � � � � � � � � � � � � � � �

� � � � � 	 � � � � � � � � � � � � � � � � � � � � 	 � � � � � �  � � � � � % � � � & � ) � & � � 	 � � � + � � � + �

� � � � � � 	 - � � � � � � � � + & � - � + � � � � � + � � � � � � � 	 - � �
u(t)

� 	 � � � � - � � � � � � � � � 	

- + � & � � � � � ) � � � � � � � � � 	 - � � � � � � � ) � � 	 � � � � � � � � � 7 � � � & � � 	 � � � � � + � 9 � � � 9 � � �
� 	 � � � � - - + � � ) � � � � � � � � 	 � � � � � 	 � � � + � � � + � � � � � � � � � � � � � % 	 � 7 � 	 - � � � � 	 �

� � � � � �  ) � 	 � + � � � � + � � � � & � � � � � � 	 � � � � � � � & � � � � � � � � � � - � 	 � � � � � � � � �

� � + � � � + � � + � � � � � � � + � 	 � � � & � � 	 � � � 	 � � � � % � � � � 	 - � � � � 	 � � � � � � + � 9 � � � 9 � � �

) � 	 � � + � � 	 � � � 	 � � � 	 � 7 � 	 - � � � � � � � & � � � � � � � � � � � � � � � � � � � � 	 � � ) � � 	 � �

� � � � � ) � � � � � & � � � � � & � � � � � - + � - � + � � � � � � � � + � � � � � � � � 	 � � � � 	 � ) � 	 & � � � � � � & � � �

� � � � � � & � � - + � - � + � � � � � 	 � � 	 � + � � � � 	 � � � ) � � � � % 	 � � 	 - � � ) � 	 � � + � � 	 � � � � �

� 	 � � � + � � � + & � ) � � � � - - � 	 � � � � � � � � + � � � � � � � � � � � � � � � - + � 9 � � � � � � � � � � � � � � & � �

� � � & � � � � � & � � � � � � � 	 � � � 	 � � � 	 ) � � � � � 7 � 9 � + � � � � � + � � � � � ) � 	 	 � � & � � � � � � � � 	 ) �

) � 	 � � + � � 	 � � � 	 � � � � 	 - � � � � + � - + � � � 	 � �

� 	 � � � % � � � � 7 � 	 � 7 � � � � � � � � � � � � � � � � �  ) � 	 � + � � � � + � � � � � � � 	 � � � � ) �

� � � � � � � � � + � 	 � � � � � � � � � � � � 	 - � � � � � � � ) � � 	 � � � � % � � 	 � � ! � + � 	 � � � & � � � 	 � � � � �

� � - + � 9 � � � � � � � % � � �
Ũ
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Ũ

3

� 	 � � � � - � ) � � � ) � � � � � � � 	 � � 	 - � � � � + � 9 � � � 9 � � � - - � � + � 	 H 	 � ) � � 	 � � � 	 � � �

� � �  ) � 	 � + � � � � + � � 	 � ) � � � � + � � M � � � � � % � + � � � � - � � � � � ) � � � % � + � � � � � � �

� � 9 � 	 � % � � � 9 � ) � � + + � � � � � 9 � � � � + � � �

� � � � � � � � 	 � 
 
 � � � � � � � � �  " � % & ( � � � �

M � � � 9 � + � � � � � � - � � % � � � & � ) � ) � 	 � + � � � � � � 9 � 	 & � � � � � � � � � % � � � & � ) � � � �  

) � 	 � + � � � � + � 	 � � � � � � " � � � 	 � & � � + 9 � + � M � � � - � 	 " � � � - � 	 - � � � � � 	 � � ) � � ) � � � � � � � �

� � � � � � - � � 	 � � 	 � � � 	 � � � � � 	 � � � � � � � � � � � � � � � � � � � % � � � � & � � + 9 � + � M � � � & � � + 9 � +

� � � � �
ζ̂

� � � 	 � � � � � � � � � 7 � � �
ζ̂0

7 � � ) � � � + � 	 � % � + � � � � � � � � � + � � � 	 � � ) � � + � � 	 � � � � �

� � � � � & � �
x̂0 ∈ Q � M � � � � � Q ⊂ R

n 7 � � �
0 ∈ Q � � � ) � � - � ) � � � & � � � � % - � � � � & � �

� & � � + 9 � + � 	 � � � � � 9 � � � � � � M � � ) � � � � � " � � � - � � � � � � 7 � � � � � � � & � � + 9 � + � - � ) � & � �

� � �



� � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � 	 �  � � � � � � � � � �  � � � � �  � � � � � �  � 	 �  � � �  � �

	 � 	 � � � �
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Ũ
� � � � � � � � � � � � �  � !

[0, T ]
" � � � � � � % � � � � � � �

Ωc ⊂ R
� � ) Q ⊂ R

n " � � ) + � � � � � � � % � � � � � � 0 � � � ) � 0 � � � + ) 0 � � ! � � � ! � � ! � � � % % � � �
� � � � � � � � � � � � � � � � � � � � � � � 8 � �

x(τ) ∈ Ωc
"
0 ≤ τ ≤ T

0 : � � � � � � ! � � < � � � � � �

ε�1
" � � � � � � � � �

ρ
" � � ) � 8 � � � � � � � �

TQ(ε) ≤ T
� � � � � � � � = � ! � � �

x̂0 ∈ Q � � )
= � ! � + +

0 < ε ≤ ε�1
� � � � � � + � ) � > � � !  � ! � � � � � �

η(τ)
� ! � > � � � ) � ) = � !

τ ∈ [0, T ]
� � ) � � � �

η(τ) ∈ Γε, τ ∈ [TQ(ε), T ]
0

' � � � � � � � � � � � 	 � � � � � �
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T < Tp
: ; � � 
 6 ( 
 � � � � � � & � � ( � � � � � 
 � � & � � 6 � � � � � � = � � � # � 
 � � & 
 � �

L1
& 
 �

L2
� ( # � � � & �

|
∫ t+T

t
F (x(τ), u(τ ; x̂0))dτ −

∫ t+T

t
F (x̄(τ), u(τ ;x0))dτ | ≤ L1

∫ t+T

t
‖η(τ)‖dτ � � � 4 4 �

& 
 �

|V (x(t+ T )) − V (x̄(t+ T ))| ≤ L2

∫ t+T

t
‖η(τ)‖dτ. � � � 4  �

� � � � � � � � � � � � � � � � 
 � � � 
 � � � � � � � � � � � � � � � � � 4 
 � � 6 � � �
[0, T ]

� � � + � � 
 �

� � � � � � � � � � + � � � � � � � � � + � � � � � 6 � �
Ωα

� $ 
 � � � � � � � � � � 
 � �

‖x(τ) − x̄(τ)‖ ≤ LfuLu
Lfx

‖x0 − x̂0‖
(
eLfxT − 1

)
, τ ∈ [t, t+ T ].
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 � � � � �
L̃x = LfuLuLUH

LfxLη

(
eLfxT − 1

) �

‖x(τ) − x̄(τ)‖ ≤ L̃x‖η(τ)‖, τ ∈ [t, t+ T ].
� � � 4 	 �
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 �  � � � � � � � �

‖u(τ ; x̂0) − u(τ ;x0)‖ ≤ Lu‖x̂0 − x0‖, τ ∈ [t, t+ Tp),
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 � � � � � � � � � � � � � � �  � � � �

L̃u
� � � � � � � �

‖u(τ ; x̂0) − u(τ ;x0)‖ ≤ L̃u‖η(τ)‖, τ ∈ [t, t+ Tp).
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0 < δ ≤ δ�4

� � � � / � � 1 � � � �
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4 � � � � � � � � � � �
δ

8 � # 
 � � � � � 3 � / � , ,
0 < ε ≤ ε�4

� � � � � , ,
(x0, η0) ∈ S × Q � � � �

� / � � � 
 � � / � � �
(x(t), η(t))

� � � = � � # � � � � � � � 
 � � � � / � � � � � � � � / � � � �  
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 � � � � � � �
0 < ε̃4

� � � � � � � � � �

L1 + L2 +
Lg‖P0‖√
λmin(P0)

≤ 1
4ε̃4
√‖P0‖
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� � � 1 � � � � � � � � � �
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dt

√
W (η(t)) =

∂W

∂η

[
1
ε
A0η(t) +Bg(t, x(t), x(ti), η(t), η(t−i ))

]
1

2
√
W (η(t))

≤ − 1
2ε
√‖P0‖

‖η(t)‖

+ 2‖P0‖‖η(t)‖‖g(t, x(t), x(ti), η(t), η(t−i ))‖ 1
2
√
λmin(P0)‖η(t)‖

≤ − 1
2ε
√‖P0‖

‖η(t)‖ +
Lg‖P0‖√
λmin(P0)

‖η(t)‖,

� � �
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� � � � � � � � � � � � � � ) � � � � + � � � � �
0 < T ≤ δ

�

√
W (η(ti + T )) −

√
W (η(ti))

≤
∫ ti+T

ti

− 1
2ε
√‖P0‖

‖η(τ)‖ +
Lg‖P0‖√
λmin(P0)

‖η(τ)‖dτ.

� � � � � � � � � � + � / 	 � � 0 ) 	 � 2 � � � � � ) � � � � � � + � � � � � � � � � � � � 
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V (x) +
√
W (η)
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x(t)

� � �
η(t)

� � � � � � 2 � � � � � 	 � 	 � � � � �
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0 < T ≤ δ

�

Ṽ (x(ti + T ), η(ti + T )) − Ṽ (x(ti), η(ti))

= V (x(ti + T )) − V (x(ti)) +
√
W (η(ti + T )) −

√
W (η(ti))

≤ V (x̄(ti + T )) − V (x(ti)) + |V (x(ti + T )) − V (x̄(ti + T ))|
+
√
W (η(ti + T )) −

√
W (η(ti)).

� � � � � � � 	 � / � � � � � � � � � � � � ) � # # � � � � � � �

Ṽ (x(ti + T ), η(ti + T )) − Ṽ (x(ti), η(ti))
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∫ ti+T
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F (x̄(τ), u(τ ;x0))dτ

+ |V (x(ti + T )) − V (x̄(ti + T ))| +
√
W (η(ti + T )) −

√
W (η(ti))
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F (x(τ), u(τ ; x̂0))dτ
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∫ ti+T
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F (x(τ), u(τ ; x̂0))dτ −
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F (x̄(τ), u(τ ;x0))dτ |

+ |V (x(ti + T )) − V (x̄(ti + T ))| +
√
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√
W (η(ti))
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F (x(τ), u(τ ; x̂0))dτ

+ L1

∫ ti+T

t
‖η(τ)‖dτ + L2

∫ ti+T
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‖η(τ)‖dτ

+
∫ ti+T
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− 1
2ε
√‖P0‖

‖η(τ)‖ +
Lg‖P0‖√
λmin(P0)

‖η(τ)‖dτ
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Ṽ (x(ti + T ), η(ti + T )) − Ṽ (x(ti), η(ti))
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F (x(τ), u(τ ; x̂0))dτ −
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1
4ε
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‖η(τ)‖dτ.
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Ṽ (x(∞), η(∞)) − Ṽ (x(ti), η(ti))

≤ −
∫ ∞

ti

F (x(τ), u(τ ; x̂0))dτ −
∫ ∞

ti

1
4ε
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� � � � � # � �
j

� �

[
Mj(x) −M∗

j

]( rj∑
i=1

ψij(x) +
rj∑
i=1

bij(x)uj(x)

)
= −λj

[
Mj(x) −M∗

j

]2
< 0.

/ � � �
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)
.

� � � � � � � � �
j

� � � �  	 � �  � � � � ' 	 �  � � � � � 	 ' �
Mj(x) − M∗

j < 0
� (

� � � � � � � '  	 � � � � � / −∑rj
i=1 ψ

i
j(x) >

∑rj
i=1 b

i
j(x)ūj
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)
< −λj

[
Mj(x) −M∗

j

]2
< 0.

� 
 � � � � � � � 
 � � � �
Ω ∩ D � � � � # � � � � � � � � � � � 
 � � �

x ∈ Ω ∩ D �
V (x) = 0

� � �

( ) � � � � � + � � � � � 	 , � � � � � 
 � ( � # 
 �
V̇ (x) < 0

� � � � 
 � � � 
 � � 
 � � � � � ( 
 � � 
 
 � �

� 
 � 4 � ( � � � � � � � �
Ω ∩D � � � � � 
 � � # � � � � � � � 
 �

D
	

� � � 
 � # 
 � � � � � � 

V̇ (x) ≤ 0

�
V (x(t)) ≤ V (x(t0))

� � � � 4 � ) � � 
 � � � � � 
 � � � � � 
 � 	

� � � � � � 
 � � � � � � � � � � � � � �
V (x)

� � � � � # � � � � � � 
 � �
(D ⊆)Rn

+

� � � � � � � � � 
 � 
 � � ) �
� � � 
 
 � � � � � � �

x ∈ R
n
+

� ‖x‖ → ∞ � � � � � � � � ) � �
V (x) → ∞ � � 
 � � 


V (x(t))
( � � � � 
 � � � + � � 
 � � � � � ‖x(t)‖ � � ( � � � � 
 � 	 A � � � � � � � � � � � � � � � � � � � � 
 � � � �

� � D � � � 
 � � � � # � � � � � � 
 + � � � � � + � 
 � � � �
x(t)

� � � # 
 � 4 
 � � � � � 
 � � � 4 
 � � � � # � � � � � � � 
 �

� � � � � � � 
 � � � {x | V̇ (x) = 0} ∩ D
	 � ) � � 
 � ( � # 
 � � � � � � � � + � � � � � � 	 � 	 �

� � � � � 	 ( 	 � � � � 
 � 
 � � � � � � � 
 � � � # � � � � � � � 
 � � � � � � � � �
V̇ (x) = 0

� � � 
 � � � � �

Ω ∩D 	

� � � 	 � � � �  � � � � 
 � � � � � � � � � � � � � � � � � � 
 � � � � � � � 
 
  ! � � � � � � � � � � % �
! � ( � 
 + � � � � + � � � � � � � � � � . � . 0 � � ( � � . % . 0 � � � ( � � + � � � + ( � � � �
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ẋ = f(x, u)

� � � �
� � 
  + � � � + ( 
 � � � � � � � � � + � � � 
 ! � � � �

f
% � � � � � � � 
 ! � � � � 4 � � 
 � � � � � : � 7 � + + � � 


? � � � � � ! @ 7 � � 4 � � � � � ( � � ( � � � 0 H H � B .

� �  � � � � � � � � � � � � � � � � � � � � �

A � 
 4 � � ( � � � 
 � � � � � � � � � � � � � � 
 � � � ) � � � � � � � � � � � ) � � A � 
 � � 
 � � 	 � � � � � �
D = R

n
+

�

� ! � ! $ $ 	 � ' � � ( I � $ ! � 	 $ + ! , - � � � � , + � J � � ( � � � 
 
  ! � � � � � K . � � � � � 
 � � � � � �
� � � 
 � 
 � � ! @ K . 0 B � � 
 
  ! � � � � � 
 � 0 � � � � � ( � � � � + ( � � � � � � �

D = R
n
+

� � � � N
� � � + + � ( � � � � @ K . � B � � ( 
 � � � � � � � � � � ! 
 � ! � � � � � � � + � � � ( � � � � �

x(0) ∈ R
n
+

� 
 � � � 

% �  � ( � ( � � ( � � � 4 � � � � 
 � � � � � � � 
 � � � 4 � + � � � 4 � � � � � � 
 � �

Ω
.

L � � � � � � � ) � 	 � � � � � 
 # 
 � 4 � � ( � � � 
 � � � � � ( ) � � � � � � � 4 � � � � � � � � � + � � � � � � � �

� � � � � � 4 � � ( � � � ) 	 � � � 
 # 
 � � � � � � 
 � � � � � � � , � � � � � � � � � � � � � � � � � 
 � � � � ( 
 � � 


� � � � � � � � 
 �  � � � � � �

� � �



� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � 
 �  � � � � � �  � � �  � � � �  � 
 � � � � � � � � 
 � � � � � � � � � � � � � � � � � � ! � � � �  � � � �

� �  � � � � � � � � � � � � �  � � � �  � � � �  � � � � � � �  � � ! 
 � � � � � ! � � � � � � � � � � � � 
 � � � � ! 0 � � �

� � 0 � � � � � 4 � � � � � 
 �  � � � � �  � � � � �
� � � � � � � � � � � � � � �  
 � � � 4 
 � � � � � 
 � � � � 
 � � � � � � � � � � � � � � � � �  � � � � � � �

� � � � �  � � � � � � � � � � � � �
uj = ũj(x)
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ū2
� � � 
 � � � � � � � � � � 
 � 
 � � � � �

� � 
 � � � � � 
 � � � �
x3(0) = 0

� 
 �
M(x(0)) > M ∗ � �

� � �
D2 = {x ∈ R

3
+ | x1 ≥ a, x2 ≥ b, x3 ≥ c} � � � �

a
�
b

� 
 �
c

� � � � � � $ �

� � 
 � � � 
 � � � � � � � . & � 
 �
a <

(
u∗1
α1

)2 �
b <

(
α1
α2

)2
a

� 
 �
c <

(
α2
α3

)2
b

� � � � 
 ! � �

� � � 
 � � � # � ( � � � � � 

D2

� .
ū2
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ẋ2 = α1

√
M∗

1 − x2 − α2
√
x2

�
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