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Devwudfw

Zh suhvhqw d pdwkhpdwlfdo surjudpplqj dssurdfk wr urexvw frqwuro ri qrqolqhdu v|vwhpv

zlwk xqfhuwdlq/ srvvleo| wlph0ydu|lqj/ sdudphwhuv1 Wkh xqfhuwdlq v|vwhp lv jlyhq e| gl�huhqw

orfdo d!qh sdudphwhu ghshqghqw prghov lq gl�huhqw sduwv ri wkh vwdwh vsdfh1 Lw lv vkrzq krz wklv

uhsuhvhqwdwlrq fdq eh rewdlqhg iurp d qrqolqhdu xqfhuwdlq v|vwhp e| vroylqj d vhw ri frqwlqxrxv

olqhdu vhpl0lq�qlwh surjudpplqj sureohpv/ dqg krz hdfk ri wkhvh sureohpv fdq eh vroyhg dv d +�0

qlwh, vhulhv ri ruglqdu| olqhdu surjudpv1 Dgglwlrqdoo|/ wkh v|vwhp uhsuhvhqwdwlrq lqfoxghv frqwuro0

dqg vwdwh frqvwudlqwv1 Wkh frqwuroohu ghvljq phwkrg lv ghulyhg iurp O|dsxqry vwdelolw| dujxphqwv

dqg xwlol}hv dq d!qh sdudphwhu ghshqghqw txdgudwlf O|dsxqry ixqfwlrq1 Wkh frqwuroohu kdv d

slhfhzlvh d!qh rxwsxw ihhgedfn vwuxfwxuh/ dqg wkh ghvljq dprxqwv wr �qglqj d ihdvleoh vroxwlrq

wr d vhw ri olqhdu pdwul{ lqhtxdolwlhv frpelqhg zlwk rqh vshfwudo udglxv frqvwudlqw rq wkh surgxfw

ri wzr srvlwlyh gh�qlwh pdwulfhv1 D orfdo vroxwlrq dssurdfk wr wklv qrqfrqyh{ ihdvlelolw| sureohp

lv sursrvhg1 Frpsoh{lw| ri wkh ghvljq phwkrg dqg vrph vshfldo fdvhv vxfk dv vwdwh0ihhgedfn duh

glvfxvvhg1 Ilqdoo|/ dq dssolfdwlrq ri wkh uhvxowv lv jlyhq e| sursrvlqj dq rq0olqh frpsxwdwlrqdoo|

ihdvleoh dojrulwkp iru frqvwudlqhg qrqolqhdu vwdwh0ihhgedfn prgho suhglfwlyh frqwuro zlwk urexvw

vwdelolw|1

Nh|zrugv= Urexvw frqwuro/ Frqvwudlqhg frqwuro/ D!qh sdudphwhu0ghshqghqw prghov/ Elol0

qhdu pdwul{ lqhtxdolwlhv/ Vhpl0lq�qlwh surjudpplqj/ Qrqolqhdu prgho suhglfwlyh frqwuro1

WGhsduwphqw ri Hqjlqhhulqj F|ehuqhwlfv/ Qruzhjldq Xqlyhuvlw| ri Vflhqfh dqg Whfkqrorj|/ Q0:7<4 Wurqgkhlp/

Qruzd|1
_Srvw Grfwrudo Ihoorz1
hGrfwrudo vwxghqw1
=Surihvvru1 H0pdlo= Emduqh1D1IrvvClwn1qwqx1qr1 Fruuhvsrqglqj dxwkru1
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4 Lqwurgxfwlrq

Urexvw frqwuroohu ghvljq lv d nh| idfwru iru lpsohphqwlqj frqwuroohuv1 Urexvw ghvljq ehfrphv sdu0

wlfxoduo| lpsruwdqw/ exw dovr fkdoohqjlqj/ iru qrqolqhdu frqvwudlqhg xqfhuwdlq v|vwhpv zlwk rxwsxw

ihhgedfn/ wkh rxwvhw iru wklv zrun1

Prgho xqfhuwdlqw| fdq eh irupxodwhg lq gl�huhqw zd|v> wkh prvw frpprq ehlqj iuhtxhqf|0edvhg

prgho xqfhuwdlqw| +Vnrjhvwdg dqg Srvwohwkzdlwh 4<<9, dqg sdudphwhu0edvhg xqfhuwdlqw| +Dfnhupdqq

4<<6,1 Iuhtxhqf|0edvhg prgho xqfhuwdlqw| lv xvhg wr ghvfuleh prgho vhwv ri wudqvihu ixqfwlrqv1 Wkhuh

h{lvw srzhuixo whfkqltxhv olnh K4 ghvljq dqg vwuxfwxuhg vlqjxodu ydoxhv iru urexvw frqwuro dqdo|vlv

dqg ghvljq edvhg rq wklv prgho ghvfulswlrq/ vhh h1j1 +Vnrjhvwdg dqg Srvwohwkzdlwh 4<<9,1 Zh irfxv

rq xqfhuwdlq qrqolqhdu vwdwh0vsdfh glvfuhwh0wlph v|vwhpv irupxodwhg e| slhfhzlvh d!qh sdudphwhu

ghshqghqw prghov1 Wkh prwlydwlrq iru h{sorlwlqj wklv prgho xqfhuwdlqw| fodvv lv wkh idfw wkdw lw fdq

eh xvhg wr frqvwuxfw slhfhzlvh d!qh ihhgedfn frqwuroohuv zlwk urexvw vwdelolw| jxdudqwhhv xvlqj EPLv/

fi1 +Voxsskdxj dqg Irvv 4<<<,1 Pruhryhu/ wklv hqdeohv wkh v|qwkhvlv phwkrg wr lqfoxgh lqsxw0 dqg

vwdwh frqvwudlqwv1

Lq wklv sdshu zh hpskdvl}h wkh ghulydwlrq ri frqvwuxfwlyh phwkrgv/ dqg xwlol}h wkh srzhuixo sdud0

gljp ri pdwkhpdwlfdo surjudpplqj/ lq sduwlfxodu phwkrgv iru frpsxwlqj vroxwlrqv wr olqhdu pdwul{

lqhtxdolw| +OPL, dqg elolqhdu pdwul{ lqhtxdolw| +EPL, ihdvlelolw| sureohpv dv zhoo dv olqhdu vhpl0

lq�qlwh surjudpplqj1

Lq OPL0edvhg frqwuro/ zklfk kdv jdlqhg d orw ri lqwhuhvw lq wkh odvw ihz |hduv/ frqwuro v|vwhp

dqdo|vlv0 dqg v|qwkhvlv sureohpv duh irupxodwhg dv frqyh{ rswlpl}dwlrq sureohpv lqyroylqj OPLv

+Er|g hw do1 4<<7,/ +Vfkhuhu dqg Zhlodqg 4<<<,1 Wkh uhdvrq iru wklv lqwhuhvw lv wkh ghyhorsphqw ri

yhu| h!flhqw lqwhulru0srlqw dojrulwkpv iru vroylqj vxfk sureohpv +Er|g hw do1 4<<7,/ +Qhvwhury dqg

Qhpluryvnll 4<<7,/ +Zronrzlf} hw do1 5333,1 Pdq| lqwhuhvwlqj frqwuro sureohpv/ lq sduwlfxodu urexvw

frqwuro sureohpv dqg pxowl0remhfwlyh frqwuro sureohpv/ fdq eh vroyhg zlwklq wkh OPL iudphzrun1

Wkhuh duh/ krzhyhu/ lqwhuhvwlqj frqwuro sureohpv wkdw duh yhu| kdug ru lpsrvvleoh wr irupxodwh zlwklq

wkh OPL iudphzrun1 Vrph ri wkhvh sureohpv fdq eh irupxodwhg dv pruh jhqhudo EPL sureohpv +Jrk

hw do1 4<<9,1 EPL sureohpv duh lq jhqhudo qrq0frqyh{ dqg khqfh pxfk kdughu wr vroyh wkdq +frqyh{,

OPL sureohpv1 Wkh h!flhqw dojrulwkpv ghyhorshg iru OPL sureohpv/ krzhyhu/ surylgh d frqvwuxfwlyh

edvlv iru ghyhorslqj dojrulwkpv iru vroylqj EPL sureohpv1 Frqvxow +Wxdq hw do1 5333, dqg +Jrk hw

do1 4<<7, iru joredo dssurdfkhv1 Lq wklv sdshu zh rewdlq d vshfldoo| vwuxfwxuhg EPL wkdw zh vroyh

orfdoo| e| phdqv ri dq dojrulwkp jlyhq lq +Ho Jkdrxl hw do1 4<<:,1
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Prgho suhglfwlyh frqwuro +PSF, lv d phwkrgrorj| wkdw kdv jdlqhg zlghvsuhdg lqgxvwuldo xvh +Tlq

dqg Edgjzhoo 4<<:,/ hvshfldoo| olqhdu PSF zklfk fdq eh ylhzhg dv d pdwxuh �hog1 Dssolfdwlrqv ri

qrqolqhdu PSF duh dovr frplqj lqwr xvh dv uhsruwhg lq d qhzo| sxeolvkhg vxuyh| +Tlq dqg Edgjzhoo

4<<<,1 Wkhuh h{lvwv d zhoo ghyhorshg wkhruhwlfdo irxqgdwlrq iru dqdo|}lqj olqhdu PSF lq wkh qrplqdo

fdvh/ vhh h1j1 +Prudul dqg Ohh 4<<:, iru d vxuyh| ri wklv1 Wkhuh duh dovr vrph uhvxowv dsshdulqj

iru qrqolqhdu PSF dv zhoo dv iru urexvw PSF dv uhylhzhg lq +Doojùzhu hw do1 4<<<,1 Wkh vxuyh|v

+Prudul dqg Ohh 4<<:,/ +Doojùzhu hw do1 4<<<, dqg +Ehpsrudg dqg Prudul 4<<<, doo vxjjhvw/ krzhyhu/

wkdw qrqolqhdu0 dqg urexvw PSF duh duhdv rshq wr vljql�fdqw ixwxuh dgydqfhv1 Lq wklv sdshu zh zloo

vkrz krz wkh phwkrgrorj| ghyhorshg khuhlq fdq eh xvhg wr jxdudqwhh vwdelolw| iru wkh urexvw dqg

frqvwudlqhg qrqolqhdu vwdwh0ihhgedfn PSF fdvh zlwk yhu| orz rq0olqh frpsxwdwlrqdo ghpdqgv1

Wkh rxwolqh ri wkh sdshu lv dv iroorzv= Lq Vhfwlrq 5 zh suhvhqw wkh xqfhuwdlqw| fodvv wkdw lv

frqvlghuhg1 Lw lv frpsulvhg ri d vhw ri d!qh sdudphwhu ghshqghqw prghov/ zkhuh hdfk d!qh sdudphwhu

ghshqghqw prgho lv ydolg lq vrph vxevhw ri wkh vwdwh0vsdfh1 Lq Vhfwlrq 6 zh vkrz krz wkh v|qwkhvlv

ri d vwdelol}lqj slhfhzlvh d!qh vwdwlf rxwsxw ihhgedfn iru wklv xqfhuwdlqw| fodvv fdq eh irupxodwhg dv

dq OPL ihdvlelolw| sureohp xqghu d vshfwudo udglxv frqvwudlqw rq wkh surgxfw ri wzr srvlwlyh gh�qlwh

pdwulfhv1 Wkh irupxodwlrq lv edvhg rq d txdgudwlf sdudphwhu ghshqghqw O|dsxqry ixqfwlrq1 Wkh

ghvljq sureohp fdq ehfrph txlwh frpsoh{/ khqfh/ frpsoh{lw| lvvxhv duh glvfxvvhg1 Dgglwlrqdoo|/ zh

vkrz krz wr hpehg g|qdplf rxwsxw ihhgedfn lqwr wkh ghvljq phwkrg1 Qh{w/ lq Vhfwlrq 7/ zh suhvhqw

d orfdo vroxwlrq dssurdfk wr wkh qrqfrqyh{ ihdvlelolw| sureohp1 Wkh ghulydwlrq ri wkh xqfhuwdlqw| fodvv

iurp d jlyhq qrqolqhdu v|vwhp zlwk xqfhuwdlq sdudphwhuv lv wkh wrslf ri Vhfwlrq 81 Zh ghyhors dq

dojrulwkp dqg kljkoljkw lwv xvh e| d vlpsoh h{dpsoh1 Lq Vhfwlrq 9 zh dsso| wkh frqwuro ghvljq phwkrg

ghyhorshg lq Vhfwlrq 6 wr rewdlq d qrqolqhdu PSF frqwuroohu zlwk d urexvw vwdelolw| jxdudqwhh1 Wklv

uhvxow lv olplwhg wr wkh vwdwh0ihhgedfn fdvh1 Ilqdoo| zh pdnh vrph frqfoxglqj uhpdunv1

5 Xqfhuwdlqw| fkdudfwhul}dwlrq

Lq wkh frqwuroohu v|qwkhvlv/ fi1 Vhfwlrq 6/ zh dvvxph wkdw wkh xqfhuwdlqw| prgho lv jlyhq dv wkh iroorzlqj

gl�huhqfh lqfoxvlrq zlwk dq xqfhuwdlq rxwsxw pdsslqj

{n.4 5 ^l5L+{n,Pl+{n>xn> �n,

|n 5 ^l5L+{n,Kl+{n> �n,

<A@
A>;n 5 Q> {n 5 [p> xn 5 Xp> �n 5 �> +4,
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zkhuh Xp � U
p dqg [p =@ ^l5LQO[O

l � U
q ghqrwh wkh prgho ydolglw| vhwv zklfk duh dvvxphg

wr frqwdlq wkh ruljlq lq wkhlu lqwhulruv1 Qrwh wkdw [p wkurxjkrxw wkh sdshu zloo ghqrwh wkh vwdwh

frqvwudlqwv/ zkloh Xp zloo ghqrwh wkh lqsxw frqvwudlqwv1 Zh gr qrw frqvlghu h{solflwo| frqvwudlqwv rq

wkh rxwsxw/ exw qrwh wkdw wkhvh fdq eh pdsshg wr wkh vwdwh0vsdfh1 [O
l ghqrwhv orfdo prgho ydolglw| vhw

l/ zklfk lv wkh sduw ri wkh vwdwh0vsdfh lq zklfk xqfhuwdlqw| prgho l lv ydolg1 Wkh orfdo prgho ydolglw|

vhwv pd| eh ryhuodsslqj1 QO ghqrwhv wkh qxpehu ri orfdo xqfhuwdlq prghov +dqg dvvrfldwhg ydolglw|

vhwv,1 Ixuwkhu/ Lm =@ i4> = = = > mj dqg L+{, =@ il 5 LQO
m{ 5 [O

l j= Dv xvxdo/ { 5 U
q ghqrwhv wkh vwdwhv/

x 5 U
p ghqrwhv wkh lqsxwv/ dqg | 5 U

u ghqrwhv wkh rxwsxwv1 Wkh lqlwldo frqglwlrq lv {3=

Lq +Voxsskdxj dqg Irvv 4<<<,/ zklfk rqo| wuhdwv wkh vwdwh0ihhgedfn fdvh/ wkh Plv duh jlyhq e|

sro|wrslf d!qh gl�huhqfh lqfoxvlrqv1 Khuh zh zloo lqvwhdg xvh d!qh d!qh sdudphwhu ghshqghqw

+d!qh DSG, prghov4 +Dsnduldq hw do1 4<<9,/ +Jdklqhw hw do1 4<<9,1 Wkhvh wzr xqfhuwdlqw| fodvvhv

duh htxlydohqw lq wkh vhqvh wkdw dq| v|vwhp ghvfulehg e| d!qh DSG prghov fdq htxlydohqwo| eh

ghvfulehg e| sro|wrslf d!qh gl�huhqfh lqfoxvlrqv/ dqg ylfh yhuvd1 Wkh uhdvrq iru lqwurgxflqj wkh

d!qh DSG prghov/ lv wkdw xvlqj wklv prgho fodvv surylghv d pruh qdwxudo zd| ri lqwurgxflqj txdgudwlf

sdudphwhu ghshqghqw O|dsxqry ixqfwlrqv1 Xvlqj vxfk O|dsxqry ixqfwlrqv zloo uhgxfh frqvhuydwlvp

lq wkh vwdelolw| whvwv frpsduhg wr wkh whvwv jlyhq lq +Voxsskdxj dqg Irvv 4<<<,/ zkhuh txdgudwlf

sdudphwhu lqghshqghqw O|dsxqry ixqfwlrqv zhuh xvhg1

Wkh d!qh DSG prghov duh jlyhq e| wkdw ;l 5 i4> = = = > QOj

Pl+{> x> �n, =@ ia{m<�n 5 �> a{ @ Dl+�n,{.El+�n,x. fl+�n,j +5,

Kl+{> �n, =@ i|m<�n 5 �> | @ Fl+�n,{. gl+�n,j +6,

zkhuh

Dl+�n, =@ Dl
3 .

Q�[
m@4

Dl
m�n>m/ E

l+�n, =@ El
3 .

Q�[
m@4

El
m�n>m dqg fl+�n, =@ fl3 .

Q�[
m@4

flm�n>m

dqg

Fl+�n, =@ Fl
3 .

Q�[
m@4

Fl
m�n>m dqg gl+�n, =@ gl3 .

Q�[
m@4

glm�n>m

zkhuh �n @ +�n>4> = = = > �n>Q�
,W lv wkh srvvleo| wlph0ydu|lqj sdudphwhu yhfwru dqg Q� ghqrwhv wkh

qxpehu ri sdudphwhuv1 Wkh sdudphwhu yhfwru lv dvvxphg wr eh lq d k|shu0uhfwdqjoh +dovr fdoohg

4Qrwh wkdw d!qh sdudphwhu ghshqghqw phdqv wkdw wkh prgho pdwulfhv duh d!qh lq wkh sdudphwhu yhfwru w1 Vlqfh

wkh prghov duh dovr d!qh/ zh jhw d!qh d!qh sdudphwhu ghshqghqw prghov1 Zh zloo frqfdwhqdwh wklv wr d!qh DSG

prghov1
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sdudphwhu er{,

� =@
q
� @ +�4> = = = > �Q�

,W m ;m 5 LQ�
> �m 5 ^3> 4`

r
@ ^3> 4`Q� =

Lw pd| vhhp uhvwulfwlyh wr doorz doo wkh sdudphwhuv rqo| wr eh lq wkh lqwhuydo ^3> 4` exw d vlpsoh vfdolqj

dujxphqw vkrzv wkdw wklv fdq dozd|v eh rewdlqhg +dvvxplqj/ ri frxuvh/ wkdw wkh sdudphwhu lv lqghhg

sduwldoo| xqnqrzq zlwk nqrzq xsshu dqg orzhu erxqgv,1 Wkh vdph vfdolqj dujxphqw lpsolhv ri frxuvh

wkdw wkh sdudphwhuv* erxqgv fdq eh pdgh htxdo wr � lq doo wkh orfdo prgho ydolglw| vhwv1 Qrwh wkdw lq

wkh glvfuhwh0wlph fdvh frqvlghuhg khuhlq wkh sdudphwhuv* udwh0ri0yduldwlrq zloo eh erxqghg zkhqhyhu

wkh sdudphwhuv duh/ lq idfw wkh| zloo eh frqwdlqhg lq ^�4> 4`1 Wkxv/ dv rssrvhg wr wkh frqwlqxrxv0wlph

fdvh/ xvlqj txdgudwlf sdudphwhu ghshqghqw O|dsxqry ixqfwlrqv zloo eh ohvv frqvhuydwlyh wkdq xvlqj

txdgudwlf sdudphwhu lqghshqghqw rqhv hyhq li h{solflw erxqgv rq wkh sdudphwhuv* udwh0ri0yduldwlrq duh

qrw nqrzq1 Lw vkrxog eh qrwhg wkdw wkh dvvrfldwhg udwh0ri0yduldwlrq lq uhdo wlph ri frxuvh zloo ghshqg

rq wkh vdpsolqj shulrg dvvrfldwhg zlwk wkh glvfuhwh prgho1

Lw pd| dovr vhhp uhvwulfwlyh wkdw wkh Plv dqg wkh Klv kdyh htxlydohqw orfdo prgho ydolglw| vhwv/

exw li wkh| zhuh gl�huhqw/ rqh frxog mxvw xvh wkh vdph orfdo xqfhuwdlqw| prghov iru wkh g|qdplfv sduw

dqg2ru wkh rxwsxw sduw lq +dssursuldwho| fkrvhq, gl�huhqw qhz orfdo prgho ydolglw| vhwv1

Li 3 5 Forvxuh[O
l > wkh dvvrfldwhg flmv dqg glmv pxvw eh }hur1 Wklv uhtxluhphqw phdqv wkdw wkh

htxloleulxp frqwuro lqsxw iru wkh vwdwh vhw0srlqw lv dvvxphg wr eh nqrzq1

6 Frqwuroohu v|qwkhvlv

Lq wklv vhfwlrq/ zh zloo ghyhors d frqwuroohu iru +4, wkdw vwdelol}hv wkh ruljlq lq wkh vwdwh vsdfh xvlqj

rxwsxw ihhgedfn zkloh reh|lqj frqwuro0 dqg vwdwh frqvwudlqwv1 Iluvw zh wuhdw wkh vwdwlf rxwsxw ihhgedfn

fdvh/ vhfrqg frqwuro frqvwudlqwv duh frqvlghuhg ehiruh zh vkrz krz wr hpehg g|qdplf rxwsxw ihhgedfn1

614 D!qh txdgudwlf vwdelol}dwlrq

61414 Slhfhzlvh d!qh rxwsxw ihhgedfn

Dqdorjrxv wr wkh vwdwh0ihhgedfn fdvh wuhdwhg lq +Voxsskdxj dqg Irvv 4<<<,/ zh zloo �qlwho| sdudph0

whul}h wkh rxwsxw ihhgedfn dv d slhfhzlvh d!qh rxwsxw ihhgedfn1 Zlwk wkh �uvw Pr
O ihhgedfn ydolglw|

vhwv�wkh ihhgedfn ydolglw| vhwv frqwdlqlqj wkh ruljlq lq wkhlu forvxuh�zh dvvrfldwh d olqhdu rxwsxw
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ihhgedfn

xn =@ Nm|n zkhq |n 5 \ O
m / m 5 LPr

O
= +7,

Zlwk doo rwkhu ihhgedfn ydolglw| vhwv/ zh dvvrfldwh dq d!qh rxwsxw ihhgedfn

xn =@ Nm|n . nm zkhq |n 5 \ O
m / m 5 iPr

O . 4> = = = >POj= +8,

Wkh ihhgedfn ydolglw| vhwv \ O
m duh dvvxphg wr sduwlwlrq wkh rxwsxw vsdfh U

u/ phdqlqj wkdw wkh frq0

wuroohu lv lqghhg zhoo gh�qhg1 Li rqh kdv wkh vshfldo fdvh ri vwdwh ihhgedfn/ rqh fdq ri frxuvh uhsodfh

\ O
m zlwk [O

l dv zdv grqh lq +Voxsskdxj dqg Irvv 4<<<,1

61415 Frqqhfwlqj rxwsxw ihhgedfn wr wkh vwdwh0vsdfh

Zh kdyh wkh orfdo prgho ydolglw| vhwv [O
l > l 5 LQO

/ dqg wkh qrq0ryhuodsslqj orfdo ihhgedfn ydolglw| vhwv

\ O
m > m 5 LPO

/ fryhulqj wkh vwdwh0vsdfh/ [p/ dqg rxwsxw0vsdfh/ Uu/ uhvshfwlyho|1 Reylrxvo|/ wkh rshq0

orrs g|qdplfv lv dvvrfldwhg zlwk wkh orfdo prgho ydolglw| vhwv/ dqg wkh fkrlfh ri ihhgedfn lv dvvrfldwhg

zlwk wkh orfdo ihhgedfn ydolglw| vhwv1 Zh zloo gh�qh vxevhwv [lm ri [p vxfk wkdw/ orrvho| vshdnlqj/

wkh forvhg0orrs g|qdplfv rq [lm lv dvvrfldwhg zlwk rshq orrs g|qdplfv Pl dqg ihhgedfn m1 Zh zloo

qdph wkhvh vhwv lqwhuvhfwlrq vhwv1 Wkhvh vxevhwv zloo h{dfwo| fryhu [p dqg pd| eh ryhuodsslqj1

Irupdoo|/ wkh lqwhuvhfwlrq vhwv duh jlyhq dv

[lm =@ [O
l _ i{m<� 5 �> Fl+�,{. gl+�, 5 \ O

m j=

Wkh vwdwhv lq [lm duh d�hfwhg e| wkh g|qdplfv gh�qhg rq [O
l dqg srvvleo|/ ghshqglqj rq �/ e| wkh

ihhgedfn xvhg lq \ O
m 1 Qrwh wkdw vhyhudo ri wkh lqwhuvhfwlrq vhwv pljkw eh hpsw|1 Dovr/ qrwh wkdw hyhq

li [O
l dqg \ O

m duh sro|wrslf/ [lm zloo lq jhqhudo qrw eh sro|wrslf ru hyhq frqyh{ zkhq rxwsxw prgho

l lv xqfhuwdlq1 Wklv lv gxh wr wkh pxowlsolfdwlrq ri wkh vwdwhv dqg sdudphwhuv1 Li/ krzhyhu/ rxwsxw

prgho l lv fhuwdlq +lqghshqghqw ri �,> wkhq [lm zloo eh sro|wrslf1

Wkh lqwhuvhfwlrq vhwv zloo irup wkh edvlv iru xvlqj wkh V0surfhgxuh zkhq ghulylqj vwdelolw| frqglwlrqv

iru wkh forvhg0orrs lq Vhfwlrq 614181

61416 Vhw Dssur{lpdwlrqv

Wklv lv grqh dv lq +Voxsskdxj dqg Irvv 4<<<,/ exw zh uhshdw lw khuh iru frpsohwhqhvv1 Zkhq iru0

pxodwlqj wkh frqglwlrqv iru d!qh txdgudwlf frqvwudlqhg vwdelol}dwlrq/ lw lv vhqvleoh wr dssur{lpdwh

9



wkh lqwhuvhfwlrq vhwv dqg wkh vwdwh0 dqg frqwuro frqvwudlqwv xvlqj sro|wrshv ru hoolsvrlgv5 1 Zh lqgh{

rqo| wkh qrq0hpsw| [lmv= Wkh [lmv frqwdlqlqj wkh ruljlq lq wkhlu forvxuh duh rxwhu dssur{lpdwhg e|

xqerxqghg sro|wrshv/ dqg duh lqgh{hg zlwk o 5 LQr/ wkh [lmv qrw frqwdlqlqj wkh ruljlq lq wkhlu forvxuh

duh rxwhu dssur{lpdwhg hlwkhu e| srvvleo| erxqghg sro|wrshv dqg lqgh{hg lq iQr . 4> = = = > Qsj> ru
e| hoolsvrlgv dqg lqgh{hg lq iQs . 4> = = = > Qj1 Zlwk wklv lqgh{lqj/ iru hdfk o wkhuh h{lvwv d xqltxh

sdlu +l> m, zklfk zloo eh ghqrwhg +lo> mo,/ wkxv lqwhuvhfwlrq vhw qxpehu o lv [lomo = Qrwh wkdw Qr ghqrwhv

wkh qxpehu ri lqwhuvhfwlrq vhwv frqwdlqlqj wkh ruljlq lq wkhlu forvxuh/ zkloh Qs lv wkh qxpehu ri lqwhu0

vhfwlrq vhwv rxwhu dssur{lpdwhg e| sro|wrshv/ dqg Q lv wkh wrwdo qxpehu ri qrq0hpsw| lqwhuvhfwlrq

vhwv1

Wkxv/ iru o 5 LQr wkh sro|wrsh

i{ m Ho{ � 3j � [lomo +9,

lv xvhg dv dq rxwhu dssur{lpdwlrq ri [lomo 1 Iru o 5 iQr . 4> = = = >Qsj/ dvvxph wkdw wkh sro|wrsh

i{ m
�

Ho ho

�597 {

4

6
:8 � 3j � [lomo +:,

lv xvhg/ dqg/ �qdoo|/ iru o 5 iQs . 4> = = = > Qj/ dvvxph wkdw wkh hoolsvrlg

i{ m

5
97 {

4

6
:8
W 5
97 Ho ho

hWo �o

6
:8
5
97 {

4

6
:8 � 3j � [lomo +;,

lv xvhg1

Ixuwkhupruh/ dvvxph wkdw wkh vwdwh0vsdfh prgho ydolglw|0 dqg frqvwudlqw vhw [p lv lqqhu dssur{l0

pdwhg dv iroorzv6

3 5 _
l5LQt{

i{ m mm{� {l>fmm5Kl>{
� 4j � [p/ +<,

l1h1 e| dq lqwhuvhfwlrq ri hoolsvrlgv zkhuh {l>f ghqrwhv wkh fhqwhuv ri wkh hoolsvrlgv/ dqg Qt{ ghqrwhv

wkh qxpehu ri hoolsvrlgv1

Vlploduo|/ zh dvvxph

3 5 _
l5LQtx

ix m mmx� xl>fmm5Kl>x
� 4j � Xp> +43,

5 Li wljkwhu dssur{lpdwlrqv duh qhhghg/ rqh fdq xvh xqlrqv ri sro|wrshv ru hoolsvrlgv1 Wklv h{whqvlrq lv wulyldo

+Voxsskdxj 4<<;,1
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M
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I
%AM%/ M : f1
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zkhuh Xp lv wkh frqwuro prgho ydolglw|0 dqg frqvwudlqw vhw1 Qrwh wkdw dq| ri wkh rxwhu dssur{lpdwlrqv

+9,/ +:,/ dqg +;,/ h{lvwv iru dq| vhw/ dqg wkdw wkh| duh wkh qdwxudo rxwhu dssur{lpdwlrqv wr fkrrvh

zkhq irupxodwlqj OPL sureohpv iru slhfhzlvh olqhdu +dqg d!qh, v|vwhpv +Kdvvlel dqg Er|g 4<<;,/

+Mrkdqvvrq 4<<<,1

Wkh lqqhu dssur{lpdwlrqv +<, dqg +43, dovr h{lvw iru dq|[p dqg Xp zlwk wkh ruljlq lq wkh lqwhulru/

dqg wkh ruljlq fdq dqg vkrxog eh sodfhg lq wkh lqwhulru ri hdfk ri wkh lqwhuvhfwlrqv1

61417 Vwdelolw| gh�qlwlrq

Zh zloo xvh wkh iroorzlqj vwdelolw| qrwlrq/ vhh h1j1 +Voxsskdxj dqg Irvv 4<<<, dqg +Vfkhuhu dqg

Zhlodqg 4<<<, iru vlplodu gh�qlwlrqv1

Gh�qlwlrq 614 +D!qh txdgudwlf vwdelolw|,

Jlyhq wkh v|vwhp

{n.4 @ D+�n> {n,{n . f+�n> {n,/ +44,

zkhuh n 5 Q/ {n 5 [p � U
q/ {3 jlyhq dqg f+�n> 3, @ 3 iru doo �n 5 � � U

Q� 1 Gh�qh wkh +d!qh,

O|dsxqry pdwul{ ixqfwlrq S +�n, @ S3 .
SQ�

m@4 �n>mSm 1 Wkh ruljlq lv dq d!qho| txdgudwlfdoo| vwdeoh

htxloleulxp iru wkh v|vwhp +44, li wkhuh h{lvwv % A 3 dqg v|pphwulf pdwulfhv P A 3/ S3> S4> = = = > SQ�

dqg Q+%,7 � [p vxfk wkdw iru doo {n 5 Q+%,/ �n> �n.4 5 �

+D+�n> {n,{n . f+�n> {n,,
WS +�n.4,+D+�n> {n,{n . f+�n> {n,,� {WnS +�n,{n � �{WnP{n

S +�n, A 31

Li/ lq dgglwlrq/ wkhuh h{lvw vfdoduv d3> �4> = = = > �Q�
uhqghulqj wkh d!qh ixqfwlrq �+�, =@ �3.

SQ�

m@4 �m�m A

3 iru doo � 5 � vxfk wkdw iru d jlyhq vhw �UD/

�UD � �
{m<� 5 �> {WS +�,{ � �+�,

� � Q+%,/

wkhq wkh ruljlq lv vdlg wr eh dq d!qho| txdgudwlfdoo| vwdeoh htxloleulxp iru wkh v|vwhp +44, zlwk d

uhjlrq ri dwwudfwlrq dvvrfldwhg zlwk �UD ri dw ohdvw
�
{m<� 5 �> {WS +�,{ � �+�,

�
1

61418 V|qwkhvlv= Urexvw rxwsxw ihhgedfn

Qh{w zh ghulyh OPLv vxemhfw wr d vshfwudo udglxv frqvwudlqw rq wkh surgxfw ri wzr srvlwlyh gh�qlwh

pdwulfhv +d vshfldoo| vwuxfwxuhg EPL, iru d!qh txdgudwlf vwdelol}dwlrq ri wkh ruljlq ri wkh forvhg orrs

7
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+4, zlwk +7,/ +8,1 Wklv h{whqgv wkh uhvxowv lq +Voxsskdxj dqg Irvv 4<<<, wr wkh rxwsxw ihhgedfn fdvh1

Lq dgglwlrq zh xvh d sdudphwhu ghshqghqw O|dsxqry ixqfwlrq pdnlqj lw srvvleoh wr wdnh lqwr dffrxqw

wkh lpsolflw erxqgv rq wkh sdudphwhuv* udwh0ri0yduldwlrq wkdw duh suhvhqw lq wklv glvfuhwh0wlph fdvh

+fi1 wkh glvfxvvlrq lq Vhfwlrq 5,1 Wklv zloo pdnh wkh fxuuhqw dssurdfk ohvv frqvhuydwlyh lq wkh vwdwh0

ihhgedfn fdvh wkdq +Voxsskdxj dqg Irvv 4<<<, zkhuh d sdudphwhu lqghshqghqw O|dsxqry ixqfwlrq

zdv xvhg1

Lq wkh iroorzlqj uhvxow zh zloo qhhg wkh d!qh ixqfwlrqv=

Z o+�, =@ Z o
r .

Q�[
m@4

�mZ
o
m

� o+�, =@ � or .
Q�[
m@4

�m�
o
m

�+�, =@ �r .
Q�[
m@4

�m�m

�o+�, =@ �or .
Q�[
m@4

�m�
o
m =

Wkh Z o
mv duh v|pphwulf pdwulfhv zkrvh glphqvlrq duh wkh urz glphqvlrq ri wkh fruuhvsrqglqj Hov/

ghqrwhg qHo 1 Wkh � omv/ �mv dqg �omv duh vfdoduv1

Wkhruhp 614

Ohw Ml lqgh{ wkrvh sdudphwhuv lq orfdo prgho l wkdw hqwhuv txdgudwlfdoo| lq +45,/ +47, dqg +49,/

dqg ohw �3 eh wkh fruqhuv ri wkh sdudphwhu er{ �/ l1h1 �3 @ i3> 4jQ� = Wkhq/ li <P A 3> W o
w �

3 iru i+o> w, m o 5 LQ > w 5 Mloj> v|pphwulf pdwulfhv iSmjQ�

m@3> V> pdwulfhv ri dssursuldwh glphqvlrqv

iNmjPO

m@4> inmjPO

m@Pr
O
.4

>
q�

Z o
m

�Q�

m@4

rQs

o@4
>
q�

� om
�Q�

m@4

rQ
o@Qs.4

;o 5 LQr > � 5 �3

5
97 V Dlo+�, .Elo+�,NmoF

lo+�,

B S +�,�P �HW
o Z

o+�,Ho

6
:8�

[
w5Mlo

W o
w �
5
w � 3 +45,

5
97 3 Elo

w NmoF
lo
w

B 3

6
:8� W o

w � 3 ;w 5 Mlo +46,
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;o 5 iQr . 4> = = = > Qsj> � 5 �35
99997

V Dlo+�, .Elo+�,NmoF
lo+�, Elo+�,Nmog

lo+�, .Elo+�,nmo . flo+�,

B S +�,�P �HW
o Z

o+�,Ho �HW
o Z

o+�,ho

B B �hWo Z
o+�,ho

6
::::8�

[
w5Mlo

W o
w �
5
w � 3 +47,

5
99997

3 Elo
w NmoF

lo
w Elo

w Nmog
lo
w

B 3 3

B B 3

6
::::8� W o

w � 3 ;w 5 Mlo +48,

;o 5 iQs . 4> = = = > Qj> � 5 �35
99997

V Dlo+�, .Elo+�,NmoF
lo+�, Elo+�,Nmog

lo+�, .Elo+�,nmo . flo+�,

B S +�,�P . � o+�,Ho � o+�,ho

B B � o+�,�o

6
::::8�

[
w5Mlo

W o
w �
5
w � 3 +49,

5
99997

3 Elo
w NmoF

lo
w Elo

w Nmog
lo
w

B 3 3

B B 3

6
::::8� W o

w � 3 ;w 5 Mlo +4:,

;� 5 �3

3 ? S +�, � V�4 +4;,

dqg8 ;o 5 LQs > � 5 �3

Z o+�, 5 U
qHo�qHo
. / +4<,

wkhq wkh ruljlq lv dq d!qho| txdgudwlfdoo| vwdeoh htxloleulxp iru wkh forvhg0orrs v|vwhp1 Li/ lq dgglwlrq/

wkhuh h{lvw uhdov i�mjQ�

m@4
dqg

�
�m

�Q�

m@4
vxfk wkdw ;� 5 �35

97 S +�,� �+�,UD 3

3 �+�,� �+�,

6
:8 � 3 +53,

dqg uhdov
q�

�om
�Q�

m@4

r
o5LQt{

vxfk wkdw ;o 5 LQt{
> � 5 �3

5
97 �o+�,Ko>{ � S +�, ��o+�,Ko>{{o>f

B �o+�,+{Wo>fKo>{{o>f � 4, . �+�,

6
:8 � 3/ +54,

wkhq wkh ruljlq lv dq d!qho| txdgudwlfdoo| vwdeoh htxloleulxp iru wkh forvhg0orrs v|vwhp zlwk d uhjlrq

ri dwwudfwlrq dvvrfldwhg zlwk i{m mm{mm5UD � 4j ri dw ohdvw i{m<� 5 �> {WS +�,{ � �+�,j1
8Wkh frqglwlrq wkdw ` ,Ew� pxvw kdyh qrq0qhjdwlyh hohphqwv/ l1h1 eh dq hohphqw ri U

?Ho
f?Ho

n
c fdq eh h{suhvvhg dv

dq OPL frqglwlrq rq hdfk ri wkh hohphqwv ri ` ,Ew�1
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Doo B duh wr eh lqgxfhg e| v|pphwu|1 Qrz/ wkh surri ri wklv Wkhruhp lv vlplodu wr dqg dorqj wkh

vdph olqhv dv wkh surri ri Wkhruhp 4 lq +Voxsskdxj dqg Irvv 4<<<,/ wkh pdlq gl�huhqfhv ehlqj wkdw

zh qrz lqfrusrudwh xqfhuwdlq rxwsxw ihhgedfn dqg khqfh qhhg dujxphqwv wkdw duh edvhg rq pxowl0

frqyh{lw| dqg wkh uhvxowv ri +Jdklqhw hw do1 4<<9,1 Dovr/ wkh V0surfhgxuh yduldeohv duh qrz sdudphwhu

ghshqghqw1

Surri1 E| Gh�qlwlrq 614/ wkh ruljlq lv dq d!qho| txdgudwlfdoo| vwdeoh htxloleulxp iru wkh forvhg

orrs li <P A 3> iSmjQ�

m@3> iNmjPO

m@4> inmjPO

m@Pr
O
.4

> ;o 5 LQr > {n 5 [lomo > �n> �n.4 5 �

��
Dlo+�n, .Elo+�n,NmoF

lo+�n,
�
{n

�W
S +�n.4, B�{WnS +�n,{n � �{WnP{n +55,

;o 5 iQr . 4> = = = > Qj> {n 5 [lomo > �n> �n.4 5 �

;A?
A=
�

Dlo+�n, .Elo+�n,NmoF
lo+�n, Elo+�n,Nmog

lo+�n, .Elo+�n,nmo . flo+�n,

�597 {n

4

6
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S +�n.4,B

�

5
97 {n

4

6
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3 3

6
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3 3

6
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4

6
:8 +56,

dqg ;�n 5 �

S +�n, A 31 +57,

Qh{w/ e| xvlqj wkh V0surfhgxuh wr fryhu wkh gl�huhqw lqwhuvhfwlrq vhwv +ru/ [lmv, +vhh +Voxsskdxj

4<<;, iru ghwdlov/ zh khuh h{whqg wkh V0surfhgxuh lq d qdwxudo zd| e| xvlqj sdudphwhu ghshqghqw

V0surfhgxuh yduldeohv,/ zh jhw wkdw +55,0+57, duh lpsolhg e| <P A 3> iSmjQ�

m@3> iNmjPO

m@4> inmjPO

m@Pr
O
.4

>q�
Z o

m

�Q�

m@4

rQs
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�Q�
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;o 5 LQr > d 5 U
q> �n> �n.4 5 �
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lo+�n,
�
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o+�n,Hod � 3

;o 5 iQr . 4> = = = > Qsj> d 5 U
q> �n> �n.4 5 �

;A?
A=
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Dlo+�n, .Elo+�n,NmoF
lo+�n, Elo+�n,Nmog

lo+�n, .Elo+�n,nmo . flo+�n,
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4

6
:8
<A@
A>

W

S +�n.4, B
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dqg ;o 5 iQs . 4> = = = >Qj> d 5 U
q> �n> �n.4 5 �

;A?
A=
�

Dlo+�n, .Elo+�n,NmoF
lo+�n, Elo+�n,Nmog
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5
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4
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;�n 5 �

S +�n, A 3

;o 5 LQs > �n 5 �

Z o+�n, 5 U
qHo�qHo
.

dqg ;o 5 iQs . 4> = = = >Qj> �n 5 �

� o+�n, � 31

Xvlqj wkh idfw wkdw
�

}W 4

�
T

�
}W 4

�W
� 3;} / T � 3/ wklv lv htxlydohqw wr <P A

3> iSmjQ�

m@3> iNmjPO
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S +�n.4, B�S +�n, .P .HW
o Z

o+�n,Ho � 3 +58,

;o 5 iQr . 4> = = = > Qsj> �n> �n.4 5 �
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lo+�n, Elo+�n,Nmog
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dqg ;o 5 iQs . 4> = = = >Qj> �n> �n.4 5 �

�
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lo+�n, Elo+�n,Nmog
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dqg ;�n 5 �

S +�n, A 3

;o 5 LQs > �n 5 �

Z o+�n, 5 U
qHo�qHo
.

dqg ;o 5 iQs . 4> = = = >Qj> �n 5 �

� o+�n, � 31

E| dsso|lqj Vfkxu frpsohphqwv rq htxdwlrqv +58,0+5:, +qrwh wkdw � o+�n, A 3 qhfhvvdulo| vlqfh

S +�n, A 3 dqg �o A 3,/ lqwurgxflqj d qhz v|pphwulf pdwul{ yduldeoh V/ dqg qrwlqj wkdw +vhh Fruroodu|

:1:17 lq +Kruq dqg Mrkqvrq 4<<5,, 3 ? V � S +�n.4,�4 / 3 ? S +�n.4, � V�4/ wklv lv htxlydohqw wr

<P A 3> iSmjQ�
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m@4> inmjPO
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;o 5 iQr . 4> = = = > Qsj> � 5 �

5
99997

V Dlo+�, .Elo+�,NmoF
lo+�, Elo+�,Nmog

lo+�, .Elo+�,nmo . flo+�,
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::::8 � 3 +5<,

;o 5 iQs . 4> = = = > Qj> � 5 �

5
99997

V Dlo+�, .Elo+�,NmoF
lo+�, Elo+�,Nmog

lo+�, .Elo+�,nmo . flo+�,

B S +�,�P . � o+�,Ho � o+�,ho

B B � o+�,�o

6
::::8 � 3 +63,

;� 5 �

3 ? S +�, � V�4 +64,

dqg wkdw ;o 5 LQs > � 5 �

Z o+�, 5 U
qHo�qHo
. 1 +65,

9Vlqfh wkh htxdwlrqv frqwdlqlqj erwk w& dqg w&n� qrz ehfrph ghfrxsohg/ zh uhsodfh w& M X dqg w&n� M X zlwk

w M X1 Lw lv dovr qrwhzruwk| wkdw wklv lv wkh vwhs zkhuh rqh orrvhv wkh srvvlelolw| wr h{sorlw h{solflwo| jlyhq erxqgv rq

wkh sdudphwhuv* udwh0ri0yduldwlrq1
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Qrz/ doo wkhvh pdwul{ lqhtxdolwlhv duh sdudphwul}hg lq wkh frqwlqxrxv vhw �1 Wr jhw d �qlwh qxpehu

ri pdwul{ lqhtxdolwlhv/ zh �qg frqglwlrqv wkdw doorz xv wr uhsodfh � zlwk wkh �qlwh vhw �31 Rqh vxfk

frqglwlrq lv wkdw wkh pdwul{ lqhtxdolwlhv duh pxowl0frqyh{ : lq wkh sdudphwhuv +Jdklqhw hw do1 4<<9/

Ohppd 614,/ +Dsnduldq dqg Wxdq 5333d,1 Pxowl0frqyh{ hvvhqwldoo| phdqv �frqyh{ lq hdfk ri wkh

sdudphwhuv� lq rxu fdvh/ zkhuh � lv d k|shu0uhfwdqjoh1

Li wkh pdwul{ lqhtxdolwlhv duh d!qh lq wkh sdudphwhuv/ wkhq wkh| duh dozd|v pxowl0frqyh{/ phdqlqj

wkdw zh fdq uhsodfh � zlwk �3 zlwkrxw frqvhuydwlvp1 Li/ dv +srvvleo|, lq rxu fdvh/ vrph ri wkh pdwul{

lqhtxdolwlhv duh txdgudwlf lq wkh sdudphwhuv/ wkh| fdq eh zulwwhq dv +zkhq nhhslqj doo sdudphwhuv

frqvwdqw/ h{fhsw rqh sduwlfxodu �w wkdw hqwhuv txdgudwlfdoo|,

[ . \ �w . ]�5w 1

Frqyh{lw| zlwk uhvshfw wr wklv sdudphwhu lv hqvxuhg zkhq ] � 3 +Jdklqhw hw do1 4<<9,/ dqg wklv fdq

eh dgghg dv dq h{wud OPL frqvwudlqw1 Wklv pljkw ri frxuvh lqwurgxfh frqvhuydwlvp1

Lq vrph fdvhv/ wklv frqvwudlqw fdq eh gl!fxow +lq rxu fdvh/ lq idfw lpsrvvleoh h{fhsw lq wkh wulyldo

fdvh, wr vdwlvi|1 Zh fdq jhw d ohvv frqvhuydwlyh frqvwudlqw e| lqvwhdg ri uhtxlulqj wkdw ].\ �w.]�5w � 3/

uhtxluh wkdw wkh ryhuerxqg [ . \ �w . +] . Ww,�
5
w � 3/ iru vrph Ww � 31 Wkh frqvwudlqw wkhq ehfrphv

] . Ww � 31 Wklv lghd lv iurp +Jdklqhw hw do1 4<<9,1

Wkh �wv wkdw hqwhu qrq0wulyldoo| lq erwk El+�, dqg Fl+�,> ru erwk El+�, dqg gl+�,/ iru vrph l zloo

dsshdu txdgudwlfdoo| lq +5;,0+63,1 Iru wkhvh/ zh pxvw dgg dq h{wud OPL frqvwudlqw dv h{sodlqhg deryh1

Ohw wkhvh �wv lq orfdo prgho l eh lqgh{hg lq Ml1 Wkxv/ wkh lqhtxdolwlhv +45,0+4<, lq wkh wkhruhp lpsolhv

+5;,0+65,/ dqg wkh �uvw sduw ri wkh wkhruhp iroorzv1

Wkh odvw sduw iroorzv iurp +Voxsskdxj dqg Irvv 4<<<, dqg d vlplodu dujxphqw +edvhg rq d!qlw|

lq wkh sdudphwhuv dqg pxowl0frqyh{lw|, dv deryh1

61419 Glvfxvvlrq

Zh zloo frpphqw rq vrph lvvxhv uhjduglqj wkh deryh wkhruhp=

� Frpsduhg wr wkh uhvxow iru wkh vwdwh0ihhgedfn fdvh lq +Voxsskdxj dqg Irvv 4<<<, wkh txdgudwlf

+lq �, xqfhuwdlq whupv Elo+�,NmoF
lo+�, dqg Elo+�,Nmog

lo+�, jlyh ulvh wr d srvvleo| odujh vhw ri

dgglwlrqdo OPL frqglwlrqv +dqg h{wud OPL yduldeohv,= +46,/ +48, dqg +4:,1

:Khuh/ zh qhhg wkdw wkh pdwul{ lqhtxdolwlwhv duh pxowl0frqfdyh1 Wkh frqglwlrqv iru wklv duh rewdlqhg e| uhyhuvlqj wkh

vljqv lq wkh frqglwlrqv iru pxowl0frqyh{lw|1
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� Wkh v|pphwulf pdwulfhv W o
w zloo srvvleo| lqwurgxfh d juhdw qxpehu ri vfdodu OPL yduldeohv/

ghshqglqj rq wkh vl}h ri wkh Mlv1 Wklv sureohp fdq eh uhgxfhg e| lqvwhdg ohwwlqj W o
w @ �owL>

zkhuh wkh �owv duh vfdoduv1 Ri frxuvh/ wklv zloo jhqhudoo| eh pruh frqvhuydwlyh1

� Li wkhuh duh qr txdgudwlf sdudphwhu whupv lq htxdwlrqv +45,/ +47, dqg +49, +wkdw lv/ Ml/ l 5 LQO

lv hpsw|,/ wkh h{wud OPL frqglwlrqv ++46,/ +48, dqg +4:,, zklfk lqwurgxfh frqvhuydwlvp/ ydqlvk1

Wklv lv wkh fdvh zkhq wkh vdph sdudphwhuv gr qrw dsshdu lq erwk Fl+�, dqg El+�, dqg lq erwk

gl+�, dqg El+�,1 Vshfldo fdvhv zkhuh wkh txdgudwlf whupv glvdsshdu lv zkhq wkh lqsxw prgho

lv slhfhzlvh d!qh dqg nqrzq/ l1h1 wkh El+�, @ El/ ru wkh rxwsxw prgho lv slhfhzlvh d!qh dqg

nqrzq/ l1h1 wkh Fl+�, @ Fl1 D vshfldo fdvh ri wkh odwwhu lv vwdwh0ihhgedfn lpso|lqj wkdw Fl @ L1

� Hyhq wkrxjk zh gr qrw xvh h{solflw lqirupdwlrq rq wkh sdudphwhuv* udwh0ri0yduldwlrq lq wkh

wkhruhp/ gxh wr wkh lpsolflw vdpsolqj dqg wkh erxqgv rq �/ zh vwloo lpsolflwo| wdnh lqwr dffrxqw

wkdw wkh udwh0ri0yduldwlrq lv erxqghg +zh nqrz wkdw �n.4 � �n 5 ^�4> 4`Q� ,1 Wklv lv dv rssrvhg

wr wkh frqwlqxrxv wlph fdvh +Jdklqhw hw do1 4<<9,/ zkhuh qr lqirupdwlrq rq wkh sdudphwhuv*

udwh0ri0yduldwlrq irufhv S4 @ � � � @ SQ�
@ 31

� Lq dgglwlrq wr d sdudphwhu ghshqghqw O|dsxqry ixqfwlrq/ rwkhu yduldeohv duh dovr fkrvhq wr

ghshqg d!qho| rq wkh sdudphwhuv1 Wklv uhgxfhv frqvhuydwlvp frpsduhg wr wkh fdvh zkhuh wkhvh

duh qrw sdudphwhu ghshqghqw/ exw ri frxuvh rqh kdv wr sd| e| kdylqj pruh OPL0yduldeohv1

615 Kdqgolqj frqwuro lqsxw frqvwudlqwv

Lw lv srvvleoh wr kdqgoh frqwuro lqsxw frqvwudlqwv lq Wkhruhp 614 e| dgglqj d qxpehu ri OPL frqvwudlqwv1

Wkh dssurdfk zh xvh khuh lv wkh vdph dv lq +Voxsskdxj dqg Irvv 4<<<,/ exw zh zloo dgmxvw lw wr �w

wkh qhz prgho xqfhuwdlqw| fodvv dqg rxwsxw ihhgedfn1

Zh kdyh wr vdwlvi| wkh frqwuro frqvwudlqwv/ Xp/ lq doo wkh[lmv1 Iru wklv wr eh wkh fdvh/ lw lv vx!flhqw

wkdw ;+s> o, 5 LQtx
� LQ > � 5 �

����Nmo

�
Flo+�,{. glo+�,

�
. nmo � xs>f

����5
Ks>x

� 4> { 5 [lomo 1 +66,

Qrwh wkdw wklv frqglwlrq lv qrw qhfhvvdu| ehfdxvh ri wkh lqqhu dssur{lpdwlrq ri Xp1

Zkhq rxwhu dssur{lpdwlqj wkh [lmv iru irupxodwlqj OPL frqglwlrqv iru vdwlvi|lqj frqwuro lqsxw

frqvwudlqwv lq wklv pdqqhu/ lw lv rqo| vhqvleoh wr xvh hoolsvrlgv/ vhh +Voxsskdxj dqg Irvv 4<<<,1 Wkxv/
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zh dvvxph wkdw;

i{ m

5
97 {

4

6
:8
W 5
97

�Ho �ho

�hWo ��o

6
:8
5
97 {

4

6
:8 � 3j � [lomo 1

Xvlqj wkh V0surfhgxuh dqg Vfkxu frpsohphqwv rq +66,/ zh jhw wkdw wkh OPL frqglwlrqv= ;+s> o, 5
LQtx

� LQ > � 5 �3 <
q
�Ho>s>m

rQ�

m@4

5
99997

�Ho>s+�,
�Ho �Ho>s+�,�ho +NmoF

lo+�,,W

B 4 . �Ho>s+�,��o +nmo .Nmog
lo+�,� xs>f,W

B B K�4s>x

6
::::8 � 3 +67,

�Ho>s+�, =@ �Ho>s>3 .
Q�[
m@4

�m�
H
o>s>m � 3 +68,

lpso| wkh vx!flhqw frqglwlrq +66, iru vdwlvi|lqj frqwuro lqsxw frqvwudlqwv1 Vlqfh wkhvh OPLv duh d!qh

lq �/ zh fdq lqghhg h{fkdqjh � zlwk �31 Iurp wklv/ zh jhw=

Wkhruhp 615

Li wkh k|srwkhvhv +45,0+54, ri Wkhruhp 614 dv zhoo dv wkh OPLv +67,0+68, duh vdwlv�hg/ wkhq wkh ruljlq

lv dq d!qho| txdgudwlfdoo| vwdeoh htxloleulxp iru wkh forvhg orrs zlwk d uhjlrq ri dwwudfwlrq dvvrfldwhg

zlwk i{ m mm{mm5UD � 4j ri dw ohdvw i{ m <� 5 �> {WS +�,{ � �+�,j/ dqg wkh frqwuro lqsxw frqvwudlqwv/ Xp/

duh vdwlv�hg rq doo forvhg orrs wudmhfwrulhv zlwklq [p1

616 G|qdplf rxwsxw ihhgedfn

Wkh sureohp ri �qglqj d +olqhdu, g|qdplf rxwsxw ihhgedfn frqwuroohu fdq eh wudqviruphg lqwr wkh

sureohp ri �qglqj d vwdwlf rxwsxw ihhgedfn frqwuroohu e| d v|vwhp dxjphqwdwlrq whfkqltxh +vhh h1j1

+Ho Jkdrxl hw do1 4<<:,,1 Lq rxu fdvh/ zh zdqw d slhfhzlvh d!qh g|qdplf rxwsxw ihhgedfn frqwuroohu/

dqg wkh vdph v|vwhp dxjphqwdwlrq whfkqltxh fdq eh xvhg1

Sdudphwhul}h wkh g|qdplf rxwsxw ihhgedfn frqwuroohu lq ihhgedfn ydolglw| vhw \ O
m > m 5 LPO

dv

}n.4 @ aDm}n . aEm|n . afm

xn @ aFm}n . aGm|n . agm >

zkhuh }n 5 U
qf dqg aDm / aEm / = = = / agm duh pdwulfhv ri dssursuldwh glphqvlrqv +ri frxuvh/ afm dqg ag duh }hur

lq wkh �uvw P3
O ihhgedfn ydolglw| vhwv,1 Wkh frqwuroohu rughu lv ghqrwhg qf1 Qrwh wkdw zh fdq fkrrvh

;Dv qrwhg ehiruh/ zh frxog kdyh xvhg xqlrqv ri hoolsvrlgv1
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qf ? q/ wkxv wklv g|qdplf frqwuroohu ghvljq frxog eh fdoohg d uhgxfhg0 +ru �{hg0, rughu frqwuroohu

ghvljq1

Qrz/ gh�qh

aNm =@

5
97

aGm
aFm

aEm
aDm

6
:8 / anm =@

5
97

agm

afm

6
:8 =

Wkh g|qdplfv lq prgho ydolglw| vhw [O
l /

{n.4 @ Dl+�n,{n .El+�n,xn . fl+�n,

|n @ Fl+�n,{n . gl+�n,

fdq wkhq eh dxjphqwhg zlwk wkh frqwuroohu g|qdplfv lq ihhgedfn ydolglw| vhw \ O
m dv iroorzv=

5
97 {n.4

}n.4

6
:8 @

5
97 Dl+�n, 3

3 3

6
:8
5
97 {n

}n

6
:8.

5
97 El+�n, 3

3 L

6
:8 axn .

5
97 fl+�n,

3

6
:8 +69,

a|n @

5
97 Fl+�n, 3

3 L

6
:8
5
97 {n

}n

6
:8.

5
97 gl+�n,

3

6
:8 +6:,

zlwk wkh ihhgedfn

axn @ aNm a|n . anm = +6;,

Qrwh wkdw

axn @

5
97 xn

}n.4

6
:8 / a|n @

5
97 |n

}n

6
:8 =

Wklv forvhg orrs g|qdplfv ++69, dqg +6:, zlwk ihhgedfn +6;,, duh vhhq wr eh rq wkh vdph irup dv

+4, zlwk ihhgedfn +7, dqg +8,/ khqfh Wkhruhp 614 fdq dovr eh dssolhg iru g|qdplf rxwsxw ihhgedfn1

Dv ehiruh/ zh kdyh wr fryhu wkh gl�huhqw ydolglw| vhwv frpsulvlqj wkh vwdwh vsdfh zlwk hoolsvrlgv

dqg2ru sro|wrshv1 Iru wkh dxjphqwhg vwdwhv/ wklv lv prvw hdvlo| grqh e| qrw lpsrvlqj uhvwulfwlrqv rq

wkh frqwuroohu vwdwh }n/ lq zklfk fdvh wkh pdwulfhv gh�qlqj wkh hoolsvrlgv2sro|wrshv iurp wkh vwdwlf

rxwsxw ihhgedfn fdvh lv vlpso| dxjphqwhg zlwk surshuo| sodfhg eorfnv ri }hurv1

Wklv phwkrg suhyhqwv xv iurp kdqgolqj frqwuro lqsxw frqvwudlqwv dv lq wkh suhylrxv vhfwlrq1 Wklv

fdq eh vhhq iurp wkh frqwuroohu sdudphwul}dwlrq> li }n lv xqerxqghg/ wkhq dovr xn zloo eh xqerxqghg

+li aFm 9@ 3/ wkdw lv/ li wkh g|qdplf sduw ri wkh frqwuroohu lv lq h�hfw,1

Wkhuhiruh/ li zh zdqw wr lqfoxgh frqwuro lqsxw frqvwudlqwv lq wkh v|qwkhvlv/ zh zloo qhhg wr lpsrvh

erxqgv rq wkh frqwuroohu vwdwhv/ wkdw lv/ zh kdyh wr ghflgh rq d erxqghg ]p vxfk wkdw }n 5 ]p/ dqg

4:



fryhu ]p lq wkh vdph pdqqhu dv [p1 Lw lv qrw fohdu wr xv li vxfk d uhvwulfwlrq lq lwvhoi zloo lqwurgxfh

frqvhuydwlvp1

7 D Orfdo Vroxwlrq wr wkh V|qwkhvlv Sureohpv

Lq +Voxsskdxj dqg Irvv 4<<<, zh jdyh d joredo eudqfk0dqg0erxqg edvhg dojrulwkp edvhg rq +Wxdq

hw do1 5333, iru vroylqj wkh qrqfrqyh{ ihdvlelolw| sureohp dvvrfldwhg zlwk wkh frqwuroohu v|qwkhvlv1

Khuhlq/ zh suhvhqw d orfdo dssurdfk1

Wkh +qrqfrqyh{, ihdvlelolw| sureohpv dvvrfldwhg zlwk wkh v|qwkhvlv wkhruhpv fdq eh orfdoo| ds0

surdfkhg e| xvlqj wkh dojrulwkp iru udqn0plqlpl}dwlrq vxemhfw wr OPL frqvwudlqwv ghyhorshg lq

+Ho Jkdrxl hw do1 4<<:,1 Wr jhw lq d srvlwlrq wr dsso| wkdw dojrulwkp/ zh qrwh wkdw 3 ? S +�, � V�4

;� 5 �3 lv htxlydohqw wr

3 ? aS =@

5
99997

S +�4, 3

1 1 1

3 S +�5Q� ,

6
::::8 �

5
99997

V 3

1 1 1

3 V

6
::::8

�4

@= aV�4>

zkhuh �4> = = = > �5Q� ghqrwhv wkh fruqhuv +ru/ �3, ri wkh er{ �= Qrz/ fhuwdlqo| aS � aV�4> li aS @ +� aV,�4

dqg � A 4= Uhsodflqj wkh pdwul{ lqhtxdolw| aS � +� aV,�4 A 3 e| wkh OPL +Vfkxu,
5
97

aS L

L � aV

6
:8 � 3 +6<,

zkhuh � A 4 lv d jlyhq frqvwdqw/ zh pd| xvh Dojrulwkp 4 lq +Ho Jkdrxl hw do1 4<<:,1 Dojrulwkp 4 lv

ghylvhg dw vdwlvi|lqj wkh v|qwkhvlv OPLv/ zkloh vdwxudwlqj wkh frqvwudlqw +6<,1 Wklv jlyhv aS @ +� aV,�4

dqg khqfh d vroxwlrq wr rxu frqwuroohu v|qwkhvlv sureohp vlqfh � A 41 Lq wkh suhvhqw frqwh{w zkhuh

rqo| dq lqhtxdolw| qhhg wr eh vdwlv�hg lw lv vwudljkwiruzdug wr �qg dq h{lw frqglwlrq/ qdpho| aSo � aV�4o

+o ghqrwhv wkh lwhudwlrq lqgh{,1 Li htxdolw| zdv qhhghg dv lq +Ho Jkdrxl hw do1 4<<:, lw zrxog qrw eh dv

hdv| wr �qg dq h{lw frqglwlrq1 Krzhyhu/ iru wkh pruh vwuxfwxuhg sureohp lq +Ho Jkdrxl hw do1 4<<:,

wklv fdq eh grqh +Ho Jkdrxl hw do1 4<<:/ Wkhruhp 516,1

Ehiruh zh suhvhqw wkh dojrulwkp zh zloo vkrz wkdw wkhuh duh OPL ihdvlelolw| sureohpv surylglqj

qhfhvvdu| frqglwlrqv iru wkh qrqfrqyh{ v|qwkhvlv sureohpv1 Qrz/ li wkhuh duh ihdvleoh V� dqg S � wr wkh

v|qwkhvlv OPLv zlwk S �+�, � V��4 ;� 5 � +ru/ V� � S �+�,�4;� 5 �,> lw fdq eh vhhq wkdw V vdwlvi|lqj

V� � V @ plq�5� S�+�,�4 dovr vroyhv wkh sureohp1 Dovr/ plq�5� S �+�,�4 � ��4pd{�5�S �+�,�4 iru

vrph �qlwh � @ �pd{ A 4 gxh wr frpsdfwqhvv ri � dqg frqwlqxlw| ri �plq+S �+�,�4, dqg �pd{+S �+�,�4,

4;



vlqfh S �+�, A 3 ;� 5 �= Wklv phdqv wkdw d qhfhvvdu| frqglwlrq iru ihdvlelolw| lv wkh v|qwkhvlv OPLv

soxv wkh OPL htxlydohqw V � +�pd{S +�,,�4 ;� 5 � +ru/ aS � +�pd{ aV,
�4,= Zkhq Q� @ 3> dq| �pd{ � 4

zloo gr1 Zkhq Q� � 4> frpsxwlqj d orzhu erxqg wr plq�5� S �+�,�4 vkrxog eh srvvleoh yld OPL

rswlpl}dwlrq xvlqj dv yldeoh S �v wkh rqhv wkdw vdwlvi| wkh OPL sduw= Wkhvh/ ri frxuvh/ frqwdlq wkh S �v

ihdvleoh iru wkh wrwdo sureohp1 Wkh vdph jrhv iru dq xsshu erxqg wr pd{�5� S �+�,�4= Wklv lvvxh zloo

qrw eh frqvlghuhg ixuwkhu khuhlq/ dqg zh dvvxph wkdw d vx!flhqwo| odujh �qlwh �pd{ lv irxqg1 Wkxv/

lq rxu frqwh{w Dojrulwkp 4 lq +Ho Jkdrxl hw do1 4<<:, uhdgv=

Dojrulwkp 4*

Vwhs 3 Ohw � @ �pd{ A 4=

Vwhs 4 Ilqg ihdvleoh aS3 dqg aV3 iru wkh v|qwkhvlv OPLv dqg +6<,1 Li wkhuh duh qrqh/ wkh sureohp lv

jxdudqwhhg lqihdvleoh/ h{lw1 Li aS3 � aV�43 / h{lw1 Rwkhuzlvh/ vhw o @ 3=

Vwhs 5 Vroyh wkh OPL sureohp So

wo =@ plqWu+ aSo aV . aVo aS ,

vxemhfw wr doo wkh v|qwkhvlv OPLv lq dgglwlrq wr wkh OPL +6<, wr �qg aSo.4 dqg aVo.4=

Vwhs 6 Li aSo.4 � aV�4o.4> h{lw1 Rwkhuzlvh/ vhw o @ o . 4 dqg jr wr Vwhs 51

Wkhruhp 714

Wkh vhtxhqfh +wo,o�3 lv erxqghg ehorz e| 5q5Q�
�

dqg qrqlqfuhdvlqj1 Wkxv/ +wo,o�3 frqyhujhv wr vrph

ydoxh wrsw � 5q5Q�
�

= Htxdolw| krogv li dqg rqo| li aV aS @ 4
�
L=

Surri1 Vhh +Ho Jkdrxl hw do1 4<<:,1

Zh kdyh whvwhg Dojrulwkp 4* rq h{dpsohv xvlqj S +�, @ S3> dqg dowkrxjk zh �qg ihdvleoh vroxwlrqv

wr wkh frqwuroohu ghvljq sureohp iru d zlghu udqjh ri lqsxw gdwd +h1j1 iru pruh UD A 3, zkhq xvlqj

wkh joredo dssurdfk phqwlrqhg deryh/ frpsxwdwlrqv vkrz wkdw Dojrulwkp 4* �qgv d ihdvleoh vroxwlrq

wr wkh frqwuroohu ghvljq sureohp iru d frpsdudeoh udqjh ri lqsxw gdwd1 Wklv lv lq dffrugdqfh zlwk wkh

frpsxwdwlrqv uhsruwhg lq +Ho Jkdrxl hw do1 4<<:,1 Lq dgglwlrq/ d vroxwlrq lv/ li rqh lv irxqg/ w|slfdoo|

irxqg pxfk idvwhu wkdq lv wkh fdvh zkhq xvlqj wkh joredo dssurdfk1 Wkxv/ wklv orfdo dojrulwkp vhhpv

wr surylgh d jrrg dowhuqdwlyh iru sureohpv zlwk d *kljk* qxpehu ri vwdwhv +pruh wkdq/ vd|/ 6,1

Uhfhqwo|/ rwkhu dssurdfkhv wr wkh udqn0plqlpl}dwlrq sureohp wuhdwhg lq +Ho Jkdrxl hw do1 4<<:,

kdyh dsshduhg/ vhh h1j1 +Dsnduldq dqg Wxdq 5333e,/ +Iduhv hw do1 5333,1 Wkhvh dssurdfkhv zloo ri

4<



frxuvh dovr eh ri lqwhuhvw zkhq vroylqj wkh v|qwkhvlv sureohpv khuhlq1 Lq sduwlfxodu wkh dojrulwkpv

edvhg rq vhtxhqwldo vhplgh�qlwh surjudpplqj +VVGS, vhhp surplvlqj +Iduhv hw do1 5333,1

8 D vhw ri d!qh DSG prghov hqfdsvxodwlqj d idplo| ri qrq0

olqhdu v|vwhpv

Lq wklv vhfwlrq zh zloo surylgh d surfhgxuh iru rewdlqlqj wkh xqfhuwdlqw| prgho xvhg lq wkh ihhgedfn

v|qwkhvlv1 Zh dvvxph wkdw wkh xqfhuwdlqw| lv gxh wr sdudphwhu xqfhuwdlqw|/ dqg wkdw wkh qrqolqhdu

vwuxfwxuh lv nqrzq1 Wkh dssurdfk frqvlvwv ri d!qho| xsshu0 dqg orzhu erxqglqj hdfk ri wkh qrqolqhdu

xqfhuwdlq hohphqwv ri wkh yhfwru ixqfwlrqv gh�qlqj wkh vwdwh wudqvlwlrq pds dqg wkh rxwsxw pds1

Iluvw/ zh ghvfuleh krz wr frqvwuxfw wkh xqfhuwdlqw| prgho jlyhq wkhvh erxqgv1 Vhfrqg/ zh ghvfuleh

krz wr �qg wkh erxqgv> wklv lqyroyhv vroylqj d vhw ri frqwlqxrxv olqhdu vhpl0lq�qlwh surjudpplqj

sureohpv1

814 Frpsrvlqj wkh DSG prghov jlyhq d!qh erxqglqj ixqfwlrqv

Dvvxph wkdw

{n.4 5 I+{n> xn>�, � U
q

|n 5 F+{n>�, � U
u>

zkhuh

I+{> x>�, =@ ia{ma{ @ i+{> x> #, iru vrph # 5 �j

F+{>�, =@ i|m| @ k+{> #, iru vrph # 5 �j

dqg i> k> dqg � duh dvvxphg wr eh nqrzq1 Dovr/ dvvxph wkdw ;m 5 Lq> a� 5 Lu> l 5 LQO > +{> x> #, 5
[O
l � Xp ��

Dl
m{.El

mx. flm � im+{> x>#, � D
l

m{.E
l

mx. flm

Fl
a�{. gla� � ka�+{> #, � F

l

a�{. g
l

a�>

zkhuh Dl
m / E

l
m / D

l

m / E
l

m / F
l
a� dqg F

l

a� duh urz yhfwruv zlwk dssursuldwh glphqvlrqv/ zkloh wkh fruuhvsrqglqj

flmv/ f
l
mv/ g

l
a�v dqg g

l

a�v duh vfdoduv1 Vxshuvfulsw l lv lqwurgxfhg wr vhsdudwh wkh gl�huhqw orfdo prgho ydolglw|

vhwv1
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Wkxv/ iru doo { 5 [O
l > x 5 Xp> # 5 �

i+{> x> #, @

5
99997

�l4 3 � � �
3

1 1 1 3

111 3 �lq

6
::::8

3
EEEEC

5
99997

D
l

4

111

D
l

q

6
::::8{.

5
99997

E
l

4

111

E
l

q

6
::::8x.

5
99997

fl4
111

flq

6
::::8

4
FFFFD.

5
99997

4� �l4 3 � � �
3

1 1 1 3

111 3 4� �lq

6
::::8

3
EEEEC

5
99997

Dl
4

111

Dl
q

6
::::8{.

5
99997

El
4

111

El
q

6
::::8x.

5
99997

fl4
111

flq

6
::::8

4
FFFFD

dqg

k+{> #, @

5
99997

�lq.4 3 � � �
3

1 1 1 3

111 3 �lq.u

6
::::8

3
EEEEC

5
99997

F
l

4

111

F
l

u

6
::::8{.

5
99997

g
l

4

111

g
l

u

6
::::8

4
FFFFD.

5
99997

4� �lq.4 3 � � �
3

1 1 1 3

111 3 4� �lq.u

6
::::8

3
EEEEC

5
99997

Fl
4

111

Fl
u

6
::::8{.

5
99997

gl4
111

glu

6
::::8

4
FFFFD

iru vrph +�l4> = = = > �
l
q> �

l
q.4> = = = > �

l
q.u, 5 ^3> 4`q.u1 Froohfwlqj wkh whupv/ zh fdq zulwh wklv dv

i+{> x> #, @

3
CDl

3 .
q[
m@4

�lmD
l
m

4
D{.

3
CEl

3 .
q[
m@4

�lmE
l
m

4
Dx. fl3 .

q[
m@4

�lmf
l
m

k+{> #, @

3
CFl

3 .
u[

m@4

�lm.qF
l
m

4
D{. gl3 .

u[
m@4

�lm.qg
l
m >

zkhuh

Dl
3 @

5
99997

Dl
4

Dl
5

111

6
::::8 dqg Dl

m @

5
9999999999999999997

3

111

3

D
l

m �Dl
m

3

111

3

6
::::::::::::::::::8

> m 5 Lq

dqg vlplodu iru wkh El
mv/ f

l
mv/ F

l
a�v/ dqg gla�v/ m 5 i3> 4> = = = > qj> a� 5 i3> 4> = = = > uj1
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Qrz/ lw iroorzv wkdw

I+{> x>�, � ^
l5L+{,

Pl+{> x>�,> ;{ 5 [p> x 5 Xp

F+{>�, � ^
l5L+{,

Kl+{>�,> ;{ 5 [p>

zkhuh wkh Plv +Klv,/ vhh +5, dqg +6,/ duh gh�qhg e| wkh deryh jlyhq Dl
mv/ E

l
mv/ dqg flmv +Fl

mv dqg

glmv,/ dqg � @ ^3> 4`q.u1 Wklv phdqv wkdw wkh xqfhuwdlq v|vwhp dvvrfldwhg zlwk I lv frqwdlqhg lq wkh

xqfhuwdlq v|vwhp dvvrfldwhg zlwk wkh Plv/ dqg olnhzlvh iru wkh xqfhuwdlq rxwsxw pds1 Wkxv/ li zh

fdq vwdelol}h vrph srlqw {v ri wkh odwwhu xqfhuwdlq v|vwhp xvlqj ihhgedfn iurp wkh rxwsxw/ zh zloo dw

wkh vdph wlph vwdelol}h lw iru I +fi1 Vhfwlrq 6,1

Qh{w/ zh ghvfuleh rqh zd| wr �qg wkhvh d!qh erxqglqj ixqfwlrqv1

815 Ilqglqj wkh xsshu dqg orzhu erxqgv

Zh zloo qrz vkrz wkdw �qglqj wkh QO+q. u, xsshu erxqglqj dqg QO+q. u, orzhu erxqglqj vfdodu

d!qh ixqfwlrqv fdq eh irupxodwhg dv 5QO+q . u, frqwlqxrxv olqhdu vhpl0lq�qlwh surjudpv +Jrehuqd

dqg Oösh} 4<<;,1 Wkhvh duh sursrvhg vroyhg e| d vhulhv ri ruglqdu| +�qlwh, olqhdu surjudpv +OSv,1 Zh

rqo| vkrz wkh xsshu erxqglqj iru wkh hohphqwv ri i / dv wkh rwkhu erxqglqj sureohpv duh hvvhqwldoo|

htxdo1

Wkh d!qh xsshu erxqglqj ixqfwlrq iru vwdwh htxdwlrq m lq orfdo prgho ydolglw| vhw l vkrxog dssur0

{lpdwh dv forvho| dv srvvleoh wkh qrqolqhdu xqfhuwdlq ixqfwlrq iurp deryh1 Ohw ;m 5 i4> = = = > qj

jm+{> x, =@ pd{
�5�

im+{> x> �, ;+{> x, 5 [O
l � Xp>

wkhq wklv fdq eh wudqviruphg lqwr wkh iroorzlqj olqhdu vhpl0lq�qlwh rswlpl}dwlrq sureohp

Y � =@ plq
s=@+D

l

m >E
l

m >f
l
m
,

O+s, =@

]
� � �

]
[O
l
�Xp

D
l

m{.E
l

mx. flm � jm+{> x,g{gx +73,

vxemhfw wr ;} 5 ] =@ [O
l � Xp

k+s> }, =@ D
l

m{.E
l

mx. flm � jm+{> x, � 3>

zkhuh } @ +{> x,= Qrwh wkdw/ dvvxplqj wkh pxowlsoh lqwhjudo lq +73, h{lvwv/ wkh frvw ixqfwlrq O lv

lqghhg olqhdu lq wkh xqnqrzqv s1 Krzhyhu/ zh kdyh dq xqfrxqwdeoh qxpehu ri olqhdu frqvwudlqwv

sdudphwhul}hg lq }1

E| xvlqj d zhoo nqrzq idfw iurp fdofxoxv zh fdq frqvhuydwlyho| wudqvirup wklv xqfrxqwdeoh qxpehu

ri olqhdu frqvwudlqwv lqwr d �qlwh qxpehu ri olqhdu frqvwudlqwv1 Iurp fdofxoxv zh nqrz wkdw li �k 5 F5
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zkhuh ak = ] $ U dqg ] frqyh{/ wkhq iru doo z> } 5 ]

�k+z, @ �k+}, .u�k+},W +z � }, .
4

5
+z � },Wu5�k+} . w+z � },,+z � },

iru vrph w 5 +3> 4,1 Phdqlqj wkdw iru doo }> z 5 ]

����k+}, .u�k+},W +z � },� �k+z,
��� � q.p. 4

5
� nz � }n54 +74,

li
���u5�k+},

���
l4

� � iru doo } 5 ]= Wklv iroorzv iurp wkh Kùoghu lqhtxdolw|/ wkdw n}n5 �
s
q.p. 4 n}n4/

dqg wkdw nJnl4 =@ pd{{9@3
nJ{n

4

n{n
4

iru dq| pdwul{ J=

Qrz/ gh�qh d �qlwh vhw J+%, +dvvrfldwhg zlwk], ghqrwhg dq %0julg wkdw vdwlv�hv ;} 5 ] <iz4> = = = > zq.p.4j �
J+%, vxfk wkdw } 5 Fr iz4> = = = > zq.p.4j dqg nzl �zmn � % ;l> m 5 Lq.p.4= Lq wkh iroorzlqj zh zloo

iru vlpsolflw| dvvxph wkdw ] lv vxfk wkdw %0julgv h{lvw iru lw vdwlvi|lqj J+%, � ] iru doo % A 3 = Qrwh

wkdw h1j1 d vwdqgdug %0julg rq d er{ vdwlv�hv wklv zkhq wkh erughu +ru/ er{ vxuidfh, lv julgghg dv zhoo1

Ohppd 814

Dvvxph jm 5 F5> ] frqyh{/ dqg
��u5jm+},

��
l4

� � iru doo } 5 ]= Wkhq lw krogv wkdw/ li iru vrph

s 5 U
q.p.4

k+s> }, � q.p. 4

5
%�5 ;} 5 J+%,

wkhq

k+s> }, � 3 ;} 5 ]=

Surri1 Wdnh dq duelwudu| } 5 ]= E| wkh gh�qlwlrq ri dq %0julg/ } 5 Fr iz4> = = = > zq.p.4j iru

vrph q . p . 40wxsoh iz4> = = = > zq.p.4j lq J+%, vdwlvi|lqj nzl �zmn4 � % ;l> m 5 Lq.p.4= Qrz/

iurp +74, zh jhw

��jm+}, .ujm+},
W +z � },� jm+z,

�� � q.p. 4

5
�%5 ;z 5 Fr iz4> = = = > zq.p.4j =

Qrwh wkdw lq sduwlfxodu wklv krogv iru z 5 iz4> = = = > zq.p.4j = E| dvvxpswlrq

k+s>z, � q.p. 4

5
%�5 ;z 5 iz4> = = = > zq.p.4j =

Wkxv/

k+s>z, � jm+}, .ujm+},
W +z � },� jm+z, ;z 5 iz4> = = = > zq.p.4j >

ru
�

D
l

m E
l

m

�
z . flm � jm+}, .ujm+},

W +z � }, ;z 5 iz4> = = = > zq.p.4j = +75,
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E| d!qlw| +75, krogv iru dq| z 5 Fr iz4> = = = > zq.p.4j > dqg lq sduwlfxodu iru z @ }> jlylqj

k+s> }, @

�
D
l

m E
l

m

�
} . flm . jm+}, � 3

dqg wkh uhvxow iroorzv iurp wkh duelwudulqhvv ri }=

Edvhg rq wklv zh sursrvh wkh iroorzlqj dojrulwkp iru vroylqj wkh olqhdu vhpl0lq�qlwh rswlpl}dwlrq

sureohp +73,1

Dojrulwkp 814 +D!qh xsshu dssur{lpdwlrq,

Vwhs 4 Li � @ 3> jm lv d!qh�vwrs1 Slfn dq| %3> � A 3 dqg 3 ? �4 ? 4= Ohw o @ 3=

Vwhs 5 Ohw �o @ q.p.4
5 �%5o = Vroyh wkh dvvrfldwhg OS gh�qhg e| O+s,/ k+s>z, � �o> ;z 5 J+%o,=

Ohw YOS ghqrwh wkh rswlpxp ydoxh dqg s� wkh fruuhvsrqglqj rswlpxp srlqw1 Fkhfn vr0fdoohg

�0rswlpdolw| e|

a�o @

U � � � U
[O
l
�Xp

�og{gx

YOS
� �

li vr/ vwrs1 Li qrw/ jr wr Vwhs 61

Vwhs 6 Ohw o @ o . 4> dqg ohw 3 ? %o ? �4%o�4/ uhwxuq wr Vwhs 51

Li Dojrulwkp 814 kdowv zh kdyh d �0rswlpdo vroxwlrq1 Wklv phdqv wkdw wkh rswlpdo ydoxh Y � lv

juhdwhu wkdq ru htxdo wr YOS plqxv �YOS > l1h1 Y � � YOS +4� �, xsrq h{lw1

Dojrulwkp 814 whuplqdwhv lq �qlwh wlph dv suryhg qh{w1

Wkhruhp 814

Dvvxph jm 5 F5> ] frqyh{/ dqg
��u5jm+},

��
l4

� � iru doo } 5 ]1 Wkhq/ wkh deryh dojrulwkp whuplqdwhv

lq �qlwh wlph zlwk d �0rswlpdo vroxwlrq1

Surri1 Lw iroorzv iurp wkh dvvxpswlrqv/ Ohppd 814/ dqg wkh gh�qlwlrq ri J wkdw wkh dvvrfldwhg

OSv lqghhg kdyh d �qlwh qxpehu ri lqhtxdolwlhv dqg wkdw wkh| surylgh xsshu erxqgv �Y � @ YOS wr Y �1

D orzhu erxqg Y � dw lwhudwlrq o rq Y � fdq eh frpsxwhg e|

Y � @ YOS �
]

� � �
]

�o

[O
l
�Xp

g{gx=

Y � lv wkh rswlpxp wkdw zrxog eh rewdlqhg li wkh uljkw0kdqg vlgh ri wkh frqvwudlqwv lq wkh OS zhuh

orzhuhg e| �o jlylqj 3> wklv fdq eh vhhq iurp wkh Nduxvk0Nxkq0Wxfnhu frqglwlrqv iru wklv vshfldoo|

vwuxfwxuhg OS sureohp +wkh dvvrfldwhg rswlpxp srlqw zrxog eh wkh vdph dv s� dsduw iurp wkh odvw
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hohphqw fl�m wkdw zrxog eh orzhuhg e| �o,1 Vlqfh rqo| d �qlwh qxpehu ri frqvwudlqwv duh frqvlghuhg/ lw

surylghv d orzhu erxqg rq Y �1 Qrz/ �0rswlpdolw| zrxog iroorz li

�Y � � Y �

�Y �
� �=

Wklv lv h{dfwo| wkh �0rswlpdolw| fkhfn jlyhq lq wkh dojrulwkp/ dqg khqfh d �0rswlpdo vroxwlrq uhvxowv

li lw kdowv1 Zkhq lw frphv wr surylqj wkdw wkh dojrulwkp lqghhg zloo whuplqdwh lq �qlwh wlph/ zh qrwh

wkdw olpo$4 �o @ 31 Dovr YOS A �5 A 3 vlqfh jm lv qrw d!qh gxh wr wkdw vwhs 5 lv uhdfkhg/ wkxv wkh

�0rswlpdolw| fkhfn zloo krog wuxh dw vrph �qlwh lwhudwlrq1

Iurp d sudfwlfdo srlqw ri ylhz/ wkh vl}h ri wkh lqyroyhg OSv lv ri lpsruwdqfh/ dqg idluo| odujh vfdoh

sureohpv gr lqghhg uhvxow dv lv vkrzq lq wkh h{dpsoh ehorz1 Zh kdyh qrw orrnhg forvho| lqwr krz wr

doohyldwh wkhvh sureohpv/ exw julgglqj zlwk gl�huhqw ghqvlw|/ dffruglqj wr wkh Khvvldq lqirupdwlrq/ lq

gl�huhqw sduwv ri wkh orfdo prgho ydolglw| vhw lv rqh reylrxv srvvlelolw|1

Lw pxvw dovr eh phqwlrqhg/ wkdw wkh sureohp ri �qglqj jm pd| eh kdug1 Lq vrph vlpsoh uhdo zruog

uhodwhg h{dpsohv/ krzhyhu/ lw kdv ehhq vwudljkwiruzdug vlqfh wkh pd{lpl}lqj � kdv ehhq frqvwdqw ryhu

txdgudqwv1

Ilqdoo| zh uhpdun wkdw xwlol}lqj d erxqg rq wkh judglhqw lqvwhdg ri d erxqg rq wkh Khvvldq uhvxowv

lq w|slfdoo| txdgudwlfdoo| pruh julg srlqwv1 Lq dgglwlrq wkh dvvrfldwhg dojrulwkp zloo eh pruh frpsoh{

vlqfh wkh judglhqw ri k ghshqgv rq wkh rswlpl}dwlrq yduldeoh s=

Zh frqfoxgh wklv vhfwlrq zlwk dq dssolfdwlrq ri wkh sursrvhg dojrulwkp1

H{dpsoh 4 +Xsshu dssur{lpdwlrq,

Frqvlghu wkh d!qh xsshu dssur{lpdwlrq ri

j+{4> {5, @ {64 h{s+�{5, vlq+7�{5,

ryhu ^3 4`� ^3 4`= Lw fdq eh vkrzq wkdw iru doo +{4> {5, 5 ^3 4`� ^3 4`

��u5jm+{4> {5,
��
l4

� 49�5 � 4 . ;� . 6+4 . 7�, � 556=

Zh lqlwldol}hg zlwk %3 @ 4/ � @ 3=38 dqg �4 @ 3=</ dqg xvhg d vwdqgdug %0julg whfkqltxh wr jhqhudwh

J+%,= Zh ohw %o @ �4%o�4= Hdfk OS zdv lqlwldol}hg zlwk wkh vroxwlrq dw wkh suhylrxv lwhudwlrq1 Wklv

uhvxowhg lq wkh 3=40rswlpdo xsshu dssur{lpdwlrq vkrzq lq Iljxuh 41 Zh xvhg PDWODE dqg wkh OS

vroyhu h37pei1p iurp QDJ iru lpsohphqwdwlrq ri wkh dojrulwkp1 Rq d 783 PK} SF zlwk 589 PE

UDP lw wrrn derxw 5 vhfrqgv wr �qg d 3=40rswlpdo vroxwlrq1 Wkh uhwxuqhg vroxwlrq zdv s� @ +3=;;86

3=3333 3=36;;,> dqg wkh odvw xvhg % zdv %77 @ 3=343; zklfk uhvxowv lq derxw ;933 lqhtxdolwlhv lq wkh

dvvrfldwhg +odvw dqg odujhvw, OS1

58



Iljxuh 4= j+{4> {5, @ {64 h{s+�{5, vlq+7�{5, dqg d 3=40rswlpdo d!qh xsshu erxqglqj ixqfwlrq irxqg

xvlqj Dojrulwkp 8141

9 Urexvw Qrqolqhdu Prgho Suhglfwlyh Frqwuro

Zh zloo lq wklv vhfwlrq vkrz krz zh fdq xvh wkh suhfrpsxwhg pdwul{ ixqfwlrq S +�, @ S3.
SQ�

m@4 �mSm /

wkh pdwul{ P> dqg wkh ihhgedfn pdwulfhv iNmjPO

m@4/ inmjPO

m@Pr
O
.4 iurp wkh vwdwh0ihhgedfn yhuvlrq ri

Wkhruhp 615 lq dq PSF vfkhph wr jxdudqwhh urexvw vwdelolw|1 Wklv lv grqh e| dgglqj wkh kdug

frqvwudlqw wr wkh PSF rswlpl}dwlrq sureohp wkdw wkh O|dsxqry ixqfwlrq Y +{n> n, @ {Wn S +�n,{n

vkrxog ghfuhdvh dw hdfk wlph vwhs1 Wklv PSF sureohp lv ihdvleoh dw hdfk wlph0vwhs li {n lv lq wkh

uhjlrq ri dwwudfwlrq dvvrfldwhg zlwk Wkhruhp 615/ vlqfh dq lqsxw wudmhfwru| edvhg rq wkh ihhgedfn

pdwulfhv iNmjPO

m@4/ inmjPO

m@Pr
O
.4 wkhq surylghv d ihdvleoh lqlwldo srlqw lq wkh rswlpl}dwlrq1 Frqvxow

+Voxsskdxj dqg Irvv 4<<<, iru wkh vdph dssurdfk xvlqj d sdudphwhu lqghshqghqw O|dsxqry ixqfwlrq/

dqg iru pruh h{whqvlyh frpphqwv1
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Gh�qh dq PSF rswlpdolw| fulwhulrq rq wkh suhglfwlrq krul}rq Q =

!+�n> "n> n> {n> xn�4,

�n @ ixn> = = = > xn.Q�4j> "n @ i{n.4> = = = > {n.Qj/

! = U
p � � � � �U

p �U
q � � � � �U

q �Q�U
q �U

p $ U.

Edvhg rq wklv/ zh fdq vshfli| wkh iroorzlqj rswlpl}dwlrq sureohp/ ghqrwhg SPSF / wr eh irxqg ihdvleoh

ru vroyhg dw hdfk wlph vwhs n=

plq
�n5�

!+�n> "
qrp
n > n> {n> xn�4,

vxemhfw wr wkh kdug frqvwudlqwv

��Dl+�n,{n .El+�n,xn . fl+�n,
��5
S +�n.4,

� mm{nmm5S +�n, � � mm{nmm5P / ;�n> �n.4 5 �3> l 5 L+{n, +76,

dqg wkh vriw frqvwudlqwv

"qrpn � [ � � � � �[1

S +�, dqg P duh jlyhq iurp Wkhruhp 615/ dqg � @ Xp � � � � � Xp1 "qrpn ghqrwhv wkh suhglfwlrq

rq wkh Q vwhs dkhdg krul}rq/ xvlqj vrph +srvvleo| qrqolqhdu, qrplqdo prgho zklfk w|slfdoo|/ zkhq

uhvwulfwhg wr [p � Xp ��/ lv zlwklq wkh prgho xqfhuwdlqw| fodvv1 Wkh vr0fdoohg vriw frqvwudlqwv duh

gh�qhg e| [1 Wkhvh vkrxog eh fkrvhq vxfk wkdw [ � [p/ vlqfh wklv zloo �vriwo|� irufh wkh vwdwh wr eh

zlwklq wkh vwdwh frqvwudlqwv [p1 Li wkh qrplqdo prgho lv zlwklq wkh dvvxphg prgho xqfhuwdlqw| fodvv/

dqg wkh uhjlrq ri dwwudfwlrq i{m<�> {WS +�,{ � �+�,j lv frqwdlqhg lq [/ wkhq wkh vriw frqvwudlqwv fdq

eh vdwlv�hg iru hyhu| n � 3 li wkh lqlwldo srlqw {3 lv zlwklq wkh uhjlrq ri dwwudfwlrq1 Li wkh fkrlfh ri

[ ru wkh fkrlfh ri qrplqdo prgho pdnhv vrph ri wkh vriw frqvwudlqwv lqihdvleoh dw vrph n/ wkh| fdq

eh gursshg +wkhuhe| wkh qdph vriw frqvwudlqw, zkloh uhwdlqlqj wkh forvhg0orrs sodqw vwdwhv zlwklq [p

+lq idfw/ zlwklq i{m<�> {WS +�,{ � �+�,j,1 Wklv iroorzv iurp wkh kdug frqvwudlqwv1

Wkh vroxwlrq surfhgxuh iru wkh PSF lv gh�qhg dv iroorzv=

Vwhs 4 Dw wlph vwhs n/ wkh lqlwldo fkrlfh iru �n lq wkh dvvxphg ihdvleoh lwhudwlyh rswlpl}dwlrq dojrulwkp

lv frpsxwhg e| wkh suhfrpsxwhg vwdwh0ihhgedfn +7,/ +8,/ iNmjPO

m@4/ inmjPO

m@Pr
O
.4 ghulyhg iurp

Wkhruhp 615/ xvlqj wkh qrplqdo prgho iru suhglfwlrq1

Vwhs 5 Wkh lwhudwlyh rswlpl}dwlrq dojrulwkp iru vroylqj SPSF lv uxq xqwlo frqyhujhqfh ru/ dowhuqd0

wlyho|/ whuplqdwhg hduolhu1
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Zh duh qrz uhdg| wr vwdwh wkh iroorzlqj=

Wkhruhp 914 +Qrqolqhdu Urexvw PSF,

Dvvxph wkdw wkh v|vwhp wr eh frqwuroohg lv frqwdlqhg lq wkh dvvxphg prgho xqfhuwdlqw| fodvv/ wkdw

lv/ jlyhq d vwdwh {n 5 [p dqg dq lqsxw xn 5 Xp wkh qh{w vwdwh {n.4 5 ^
l5L+{n,

Pl+{n> xn>�,1 Wkhq

dq PSF edvhg rq wkh vroxwlrq surfhgxuh deryh uhqghuv wkh ruljlq ri wkh forvhg orrs v|vwhp d!qho|

txdgudwlfdoo| vwdeoh +fi1 gh�qlwlrq 614, zlwk d uhjlrq ri dwwudfwlrq dvvrfldwhg zlwk i{m{WUD{ � 4j ri

dw ohdvw i{m<� 5 �> {WS +�,{ � �+�,j � [p/ dqg wkh frqwuro lqsxw frqvwudlqwv/ Xp/ duh vdwlv�hg rq

doo forvhg orrs wudmhfwrulhv vwduwlqj zlwklq i{m<� 5 �> {WS +�,{ � �+�,j1

Surri1 Iluvw/ qrwh wkdw doo xn frpsxwhg iurp wkh ihdvleoh +vhh ehorz, PSF fdq eh zulwwhq dv

xn @ �Nn{n . �nn/ iru vrph wlph0ydu|lqj �Nn dqg �nn1 Wkh uhdvrq wkdw zh hpskdvl}h wklv reylrxv

uhodwlrq/ lv wr pdnh wkh PSF forvhg0orrs �w lqwr wkh vwdelolw| iudphzrun ri Vhfwlrq 61 Dovr/ zh qhhg

wkh dgglwlrqdo revhuydwlrq wkdw zh frxog kdyh dvvxphg wkh ihhgedfn pdwulfhv wr eh wlph0ydu|lqj lq doo

wudqvlwlrqv ri wkh surri ri Wkhruhp 6141 Wr vhh wkdw wkh kdug frqvwudlqwv +76,/ zklfk duh jxdudqwhhg wr

eh vdwlv�hg xsrq h{lw iurp Vwhs 5/ lpsolhv wkh frqglwlrq lq gh�qlwlrq 614/ dqg wkhuhe| d!qh txdgudwlf

vwdelolw|/ zh kdyh wr uhsodfh �3 zlwk � lq +76,1 Wklv fdq eh grqh e| xvlqj wkh vdph vwhsv dv lq wkh

surri ri Wkhruhp 6141 Htxdwlrq +76, fdq hvvhqwldoo| eh zulwwhq rq wkh vdph irup dv +55,2+56,1 E|

jrlqj iurp wkhvh htxdwlrqv wr wkh hqg ri wkh wkhruhp/ dqg edfn wr wkh rxwvhw/ uhdol}lqj wkdw doo wkh

qhhghg wudqvlwlrqv duh htxlydohqfhv +wkdw lv/ zh gr qrw qhhg wkh wudqvlwlrqv edvhg rq wkh V0surfhgxuh/
dqg ehfdxvh ri wkh vwdwh ihhgedfn/ diwhu Vfkxu frpsohphqwv doo htxdwlrqv duh d!qh lq wkh sdudphwhuv

dqg khqfh zh fdq uhsodfh �3 zlwk � zlwkrxw frqvhuydwlvp,/ zh duulyh dw wkh gh�qlwlrq ri d!qh

txdgudwlf vwdelolw|1

Ilqdoo|/ Vwhs 4 ri wkh vroxwlrq surfhgxuh zloo dozd|v surylgh d ihdvleoh �n 5 � vdwlvi|lqj wkh kdug

frqvwudlqwv zkhq {n 5 i{m<�> {WS +�,{ � �+�,j/ wklv iroorzv gluhfwo| iurp Wkhruhp 6151

Wkh vroxwlrq surfhgxuh xwlol}hv dq lwhudwlyh rswlpl}dwlrq dojrulwkp1 Zh kdyh dvvxphg wkdw wklv

lv d vr0fdoohg ihdvleoh dojrulwkp phdqlqj wkdw li wkh lqlwldo fkrlfh vdwlv�hv wkh kdug frqvwudlqwv/ wkh

frqvhfxwlyh lwhudwlrqv zloo dovr vdwlvi| wkhvh frqvwudlqwv1 Wkxv/ wkh lwhudwlyh vhdufk lpsuryhv wkh

qrplqdo shuirupdqfh zlwklq wkh iudph ri jxdudqwhhg urexvw vwdelolw|1 Dv d frqvhtxhqfh/ wkh lwhudwlyh

dojrulwkp pd| eh whuplqdwhg sulru wr frqyhujhqfh +iru h{dpsoh ehfdxvh ri olplwhg frpsxwdwlrq wlph,

zlwkrxw d�hfwlqj wkh vwdelolw|1 Ixuwkhu/ srvvleoh qrq0frqyh{lw| ri wkh rswlpl}dwlrq sureohp +zklfk h1j1

frxog eh fdxvhg e| d qrq0olqhdu qrplqdo suhglfwlrq prgho, grhv qrw d�hfw wkh vwdelolw| uhvxow hlwkhu1

Dovr/ dq| suhglfwlrq krul}rq Q fdq eh xvhg zlwkrxw d�hfwlqj vwdelolw|1 Ilqdoo|/ lw lv lpsruwdqw wr
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qrwlfh wkdw wkh plqlpxp uhtxluhg rq0olqh frpsxwdwlrqdo ordg lv yhu| orz1 Dq h{dpsoh ri dssolfdwlrq

ri wklv nlqg ri qrqolqhdu frqvwudlqhg urexvw PSF fdq eh irxqg lq +Voxsskdxj dqg Irvv 4<<;,1

: Frqfoxglqj uhpdunv

Zh kdyh ghyhorshg d uljrurxv phwkrg iru frpsxwlqj d urexvwo| vwdelol}lqj slhfhzlvh d!qh rxwsxw

ihhgedfn frqwuroohu iru frqvwudlqhg qrqolqhdu glvfuhwh0wlph v|vwhpv zlwk xqfhuwdlq/ srvvleo| wlph0

ydu|lqj/ sdudphwhuv1 Pruhryhu/ wkh phwkrg vxssruwv frqwuro lqsxw dqg vwdwh frqvwudlqwv1 Wkh phwkrg/

zklfk ghshqgv rq rewdlqlqj d ihdvleoh vroxwlrq wr d vhw ri OPLv vxemhfw wr rqh vshfwudo udglxv frqvwudlqw

rq wkh surgxfw ri wzr srvlwlyh gh�qlwh pdwulfhv/ h{whqgv hduolhu uhvxowv vlqfh wkh O|dsxqry pdwul{ lv

sdudphwhu ghshqghqw1 E| wklv lw lv srvvleoh wr h{sorlw lpsolflwo| jlyhq +yld wkh vdpsolqj udwh dqg wkh

sdudphwhuv* erxqgv, lqirupdwlrq rq wkh erxqgv ri wkh sdudphwhuv* udwh0ri0yduldwlrq1 Ixuwkhu/ rxwsxw

ihhgedfn/ dv rssrvhg wr hduolhu uhvxowv wuhdwlqj wkh vwdwh0ihhgedfn fdvh/ lv frqvlghuhg1

Wkh ghvljq phwkrg zloo lq lwv prvw jhqhudo irup rqo| eh vroydeoh iru yhu| orz0glphqvlrqdo v|vwhpv

gxh wr wkdw lw uhvxowv lq srvvleo| yhu| odujh vfdoh rswlpl}dwlrq sureohpv1 Krzhyhu/ li sduwv ri wkh

xqfhuwdlq v|vwhp lv olqhdu dqg nqrzq/ wklv fdq eh h{sorlwhg dqg pd| vljql�fdqwo| uhgxfh wkh vl}h ri

wkh dvvrfldwhg rswlpl}dwlrq sureohpv1 Wkh v|vwhp pd| iru h{dpsoh frqwdlq sxuh lqwhjudwruv/ ru wkh

rxwsxw pd| vlpso| eh d vxevhw ri wkh vwdwhv1

D orfdo vroxwlrq dojrulwkp iru vroylqj wkh v|qwkhvlv sureohp lv sursrvhg1 Dovr/ qhfhvvdu| frqglwlrqv

lq wkh irup ri OPLv duh ghvfulehg iru wkh v|qwkhvlv sureohpv1

Wkh xqfhuwdlqw| prgho wkdw lv frqvlghuhg lv d slhfhzlvh d!qh sdudphwhu ghshqghqw glvfuhwh vwdwh0

vsdfh prgho1 Lw lv vkrzq krz wkh prgho fodvv fdq eh frqvwuxfwhg iurp d qrqolqhdu sduwldoo| xqnqrzq

vwdwh0vsdfh v|vwhp1 Wkh frqvwuxfwlrq phwkrg lv edvhg rq wkh vroxwlrq ri d vhw ri frqwlqxrxv olqhdu

vhpl0lq�qlwh surjudpv xvlqj d julg glvfuhwl}dwlrq dssurdfk1

Ilqdoo|/ dq rq0olqh frpsxwdwlrqdoo| ihdvleoh qrqolqhdu PSF dojrulwkp zlwk urexvw vwdelolw| sur0

shuwlhv lv ghulyhg e| xvlqj wkh uhvxow lq Wkhruhp 6151 Wklv uhvxow lv olplwhg wr wkh vwdwh0ihhgedfn

fdvh1

Lpsruwdqw ixwxuh lvvxhv uhodwhg wr wklv zrun duh lpsuryhg phwkrgv iru ghyhorslqj wkh xqfhuwdlqw|

prghov/ ghyhorslqj wkh ghvljq phwkrg wr ixuwkhu uhgxfh frpsoh{lw|/ dqg dsso|lqj wkh phwkrgrorj|

wr h{dpsohv ri gl�huhqw frpsoh{lw|1 H{sorlwlqj h{solflwo| jlyhq erxqgv rq wkh sdudphwhuv* udwh0ri0

yduldwlrq dv zhoo dv lpsurylqj wkh orfdo vroxwlrq vwudwhj| duh dovr qdwxudo wrslfv wr lqyhvwljdwh ixuwkhu1

Ilqdoo|/ h{whqglqj wkh PSF uhvxow wr rxwsxw0ihhgedfn lv dovr d yhu| fkdoohqjlqj sureohp1
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Uhihuhqfhv

Dfnhupdqq/ M ujhq +4<<6,1 Urexvw Frqwuro= V|vwhpv zlwk Xqfhuwdlq Sdudphwhuv1 Vsulqjhu1

Doojùzhu/ I1/ W1 D1 Edgjzhoo/ M1 V1 Tlq/ M1 E1 Udzolqjv dqg V1 M1 Zuljkw +4<<<,1 Qrqolqhdu Suhglfwlyh

Frqwuro dqg Prylqj Krul}rq Hvwlpdwlrq�Dq Lqwurgxfwru| Ryhuylhz1 Lq= Dgydqfhv lq Frqwuro=

Kljkoljkwv ri HFF*<< +Sdxo P1 Iudqn/ Hg1,1 Vsulqjhu1

Dsnduldq/ S1 dqg K1 G1 Wxdq +5333d,1 Sdudphwhul}hg OPLv lq Frqwuro Wkhru|1 Wr dsshdu lq VLDP M1

rq Frqwuro dqg Rswlpl}dwlrq1

Dsnduldq/ S1/ J1 Ehfnhu/ S1 Jdklqhw dqg K1 Ndmlzdud +4<<9,1 OPL Whfkqltxhv lq Frqwuro Hqjlqhhulqj

iurp Wkhru| wr Sudfwlfh1 Zrunvkrs Qrwhv FGF 4<<9/ Nreh/ Mdsdq1 Frslhv fdq eh rewdlqhg rq

uhtxhvw wr wkh dxwkruv ri wkh suhvhqw sdshu1

Dsnduldq/ Slhuuh dqg Krdqj Gxrqj Wxdq +5333e,1 Urexvw Frqwuro yld Frqfdyh Plqlpl}dwlrq 0 Orfdo

dqg Joredo Dojrulwkpv1 Wr dsshdu lq LHHH Wudqvdfwlrqv rq Dxwrpdwlf Frqwuro1

Ehpsrudg/ Doehuwr dqg Pdqiuhg Prudul +4<<<,1 Urexvw Prgho Suhglfwlyh Frqwuro= D Vxuyh|1 Lq=

Urexvwqhvv lq Lghqwl�fdwlrq dqg Frqwuro +D1 Jduxool/ D1 Whvl dqg D1 Ylflqr/ Hgv1,1 Yro1 578 ri

Ohfwxuh Qrwhv lq Frqwuro dqg Lqirupdwlrq Vflhqfhv1 Vsulqjhu0Yhuodj1

Er|g/ Vwhskhq/ Odxuhqw Ho Jkdrxl/ Hulf Ihurq dqg Yhqndwdudpdqdq Edodnulvkqdq +4<<7,1 Olqhdu

Pdwul{ Lqhtxdolwlhv lq V|vwhp dqg Frqwuro Wkhru|1 qxpehu 48 Lq= VLDP Vwxglhv lq Dssolhg

Pdwkhpdwlfv1 VLDP1

Ho Jkdrxl/ O1/ I1 Rxvwu| dqg P1 DlwUdpl +4<<:,1 D Frqh Frpsohphqwdu| Olqhdul}dwlrq Dojrulwkp

iru Vwdwlf Rxwsxw0Ihhgedfn dqg Uhodwhg Sureohpv1 LHHH Wudqvdfwlrqv rq Dxwrpdwlf Frqwuro

75+;,/ 44:4�91

Iduhv/ Edvvhp/ Slhuuh Dsnduldq dqg Grplqlnxv Qroo +5333,1 Dq Dxjphqwhg Odjudqjldq Phwkrg iru

d fodvv ri OPL0Frqvwudlqhg Sureohpv lq Urexvw Frqwuro Wkhru|1 Vxeplwwhg wr Lqw1 Mrxuqdo ri

Frqwuro1

Jdklqhw/ Sdvfdo/ Slhuuh Dsnduldq dqg Pdkprxg Fklodol +4<<9,1 D!qh Sdudphwhu0Ghshqghqw O|d0

sxqry Ixqfwlrqv dqg Uhdo Sdudphwulf Xqfhuwdlqw|1 LHHH Wudqvdfwlrqv rq Dxwrpdwlf Frqwuro

74+6,/ 769�7751
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Jrehuqd/ P1 D1 dqg P1 D1 Oösh} +4<<;,1 Olqhdu Vhpl0Lq�qlwh Rswlpl}dwlrq1 qxpehu 5 Lq= Pdwkhpd0

wlfdo Phwkrgv lq Sudfwlfh1 Zloh|1

Jrk/ N1 F1/ P1 J1 Vdirqry dqg J1 S1 Sdsdydvvlorsrxorv +4<<7,1 D Joredo Rswlpl}dwlrq Dssurdfk iru

wkh EPL Sureohp1 Lq= Surfhhglqjv ri wkh 66ug FGF/ Odnh Exhqd Ylvwd/ IO/ XVD1 ss1 533<�471

Jrk/ N1 F1/ P1 J1 Vdirqry dqg M1 K1 O| +4<<9,1 Urexvw V|qwkhvlv yld Elolqhdu Pdwul{ Lqhtxdolwlhv1

Lqwhuqdwlrqdo Mrxuqdo ri Urexvw dqg Qrqolqhdu Frqwuro 9+<043,/ 43:<�<81

Kdvvlel/ Dudvk dqg Vwhskhq Er|g +4<<;,1 Txdgudwlf Vwdelol}dwlrq dqg Frqwuro ri Slhfhzlvh0Olqhdu

V|vwhpv1 Lq= Surfhhglqjv Dphulfdq Frqwuro Frqihuhqfh/ Sklodghoskld/ SD/ XVD1

Kruq/ Urjhu D1 dqg Fkduohv U1 Mrkqvrq +4<<5,1 Pdwul{ Dqdo|vlv1 Fdpeulgjh Xqlyhuvlw| Suhvv1 LVEQ

3085406;965051

Mrkdqvvrq/ Plndho +4<<<,1 Slhfhzlvh Olqhdu Frqwuro V|vwhpv1 SkG wkhvlv1 Oxqg Lqvwlwxwh ri Whfkqr0

orj|1

Prudul/ P1 dqg M1 K1 Ohh +4<<:,1 Prgho Suhglfwlyh Frqwuro= Sdvw/ Suhvhqw dqg Ixwxuh1 Lq= Sxeolvkhg

dw wkh Mrlqw 9wk Lqwhuq1 V|ps1 rq Surfhvv V|vwhpv Hqjlqhhulqj dqg 63wk Hxurshdq V|ps1 rq

Frpsxwhu Dlghg Surfhvv Hqjlqhhulqj +SVH*<:0HVFDSH0:,1 Yro1 541 Shujdprq1

Qhvwhury/ \1 dqg D1 Qhpluryvnll +4<<7,1 Lqwhulru0srlqw Sro|qrpldo Dojrulwkpv lq Frqyh{ Surjudp0

plqj1 yro1 46 ri Vwxglhv lq Dssolhg Pdwkhpdwlfv1 VLDP1 Sklodghoskld/ SD1

Tlq/ V1 M1 dqg W1 D1 Edgjzhoo +4<<:,1 Dq Ryhuylhz ri Lqgxvwuldo Prgho Suhglfwlyh Frqwuro Whfkqrorj|1

Lq= Iliwk Lqwhuqdwlrqdo Frqihuhqfh rq Fkhplfdo Surfhvv Frqwuro +M1 F1 Ndqwru/ F H1 Jdufld dqg

E1 Fduqdkdq/ Hgv1,1 DLFkH V|psrvlxp Vhulhv 6491 ss1 565�5891

Tlq/ V1 M1 dqg W1 D1 Edgjzhoo +4<<<,1 Dq ryhuylhz ri qrqolqhdu prgho suhglfwlyh frqwuro dssolfdwlrqv1

Lq= Qrqolqhdu Suhglfwlyh Frqwuro +I1 Doojùzhu dqg D1 ]khqj/ Hgv1,1 Elunkçxvhu1 Edvho1 Lq suhvv1

Vfkhuhu/ Fduvwhq dqg Vlhs Zhlodqg +4<<<,1 Ohfwxuh Qrwhv GLVF Frxuvh rq Olqhdu Pdwul{ Lqhtxdolwlhv

lq Frqwuro1 -kwws=22zzz1hu1hoh1wxh1qo2vzhlodqg2opl<<1kwp1

Vnrjhvwdg/ Vljxug dqg Ldq Srvwohwkzdlwh +4<<9,1 Pxowlyduldeoh ihhgedfn frqwuro1 Mrkq Zloh| ) Vrqv1

Fklfkhvwhu/ Hqjodqg1
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Voxsskdxj/ Rody dqg Emduqh D1 Irvv +4<<;,1 Elolqhdu Pdwul{ Lqhtxdolwlhv dqg Urexvw Vwdelolw| ri

Qrqolqhdu Pxowl0Prgho PSF1 Lq= Surfhhglqjv ri wkh Dphulfdq Frqwuro Frqihuhqfh1 Sklodghoskld/

SD/ XVD1

Voxsskdxj/ Rody dqg Emduqh D1 Irvv +4<<<,1 Frqvwudlqhg Txdgudwlf Vwdelol}dwlrq ri Glvfuhwh0Wlph Xq0

fhuwdlq Qrqolqhdu Pxowl0Prgho V|vwhpv xvlqj Slhfhzlvh D!qh Vwdwh0Ihhgedfn1 Lqw1 M1 ri Frqwuro

:5+:2;,/ 9;9�:341

Voxsskdxj/ Rody +4<<;,1 Rq Urexvw Frqvwudlqhg Qrqolqhdu Frqwuro dqg K|eulg Frqwuro= EPL0 dqg

PSF0edvhg Vwdwh0Ihhgedfn Vfkhphv1 SkG wkhvlv1 Qruzhjldq Xqlyhuvlw| ri Vflhqfh dqg Whfkqr0

orj|/ Ghsduwphqw ri Hqjlqhhulqj F|ehuqhwlfv1 -kwws=22zzz1lwn1qwqx1qr2gu1dykdqgolqjhu24<<;21

Wxdq/ K1 G1/ S1 Dsnduldq/ V1 Krvrh dqg K1 Wx| +5333,1 g1f1 rswlpl}dwlrq dssurdfk wr urexvw frqwuro=

ihdvlelolw| sureohpv1 Lqwhuqdwlrqdo Mrxuqdo ri Frqwuro :6+5,/ ;<�4371

Zronrzlf}/ Khqu|/ Vdljdo/ Urphvk dqg Ydqghqehujkh/ Olhyhq/ Hgv1, +5333,1 Kdqgerrn ri Vhplgh�qlwh

Surjudpplqj1 Yro1 5: ri Lqwhuqdwlrqdo vhulhv lq rshudwlrqv uhvhdufk dqg pdqdjdphqw vflhqfh1

Noxzhu1 Ervwrq/ PD1

65


