P XOWL0P RGHO EDVHG XQF HUWDLQW\ DQG UREXVWF RQWURO GHVLJ Q

Rody Voxs s kdxj^± Emduqh D1I r vv^±

± Ghsduwp hqwri Hqjlqhhulqj F| ehuqhwlfv Qruzhjldq Xqlyhuvlw| ri Vflhqfh dqg Whfkqrorj| h0p dlo=Emduqh1D1I rvvClwn1qwqx1qr

Devwudfw=Wklv sdshu vkrz v krz wr frqvwuxfwp xowl0p rghov wkdwuhsuhvhqwsduwldoo| xqnqrz q qrqolqhdu v| vwhp v dqg dovr krz wr shuirup d frqwuro ghvlj q edvhg rq vxfk d uhsuhvhqwdwlrq1Qhz uhvxowvuhodwhg wr d suhylrxvo| ghyhorshg OP L2EP L0edvhg frqwuroohu ghvlj q dssurdfk duh suhvhqwhg1Wkh frqwuroohu ghvlj q dssurdfk surylghv d slhfhz lvh d! qh vwdwh0ihhgedfn dqg doorz v iru lqfoxvlrq ri frqwuro lqsxw0 dqg vwdwh frqvwudlqwv1Wkh dssolfdelolw| ri wkh dssurdfk lv hydoxdwhg rq d vlp sol�hg p rghori d ydq ghu Yxvvh uhdfwru1Frs| uljkwf≍ 5333 LIDF

Nh| z rugv=Gl�huhqfh lqfoxvlrq/ t xdgudwlf vwdelolw| / orfdoEP Ldoj rulwkp / rxwhu dssur{lp dwlrq

41 LQWURGXFWLRQ

Z khq ghvlj qlqj frqwuroohuv lwlv dgydqwdj hrxv wr eh deoh wr wdnh h{solflwo| lqwr dffrxqwnqrz ohgj h ri wkh p rghoxqfhuwdlqw| 1P rghoxqfhuwdlqw| fdq eh irup xodwhg lq gl�huhqwz d| v> wkh p rvwfrp 0 p rq ehlqj iuht xhqf| 0edvhg p rghoxqfhuwdlqw| dqg sdudp hwhu0edvhg xqfhuwdlqw| 1I uht xhqf| 0edvhg p r0 ghoxqfhuwdlqw| lv xvhg wr ghvfuleh vhwv ri wudqvihu ixqfwlrqv1Wkhuhh{lvwsrz huixowhfkqlt xhvolnhK_△ ghvlj q dqg vwuxfwxuhg vlqj xodu ydoxhv iru urexvw frqwuro dqdo| vlv dqg ghvlj q edvhg rq wklv p rgho ghvfulswlrq1 Sdudp hwhu0edvhg xqfhuwdlqw| lv xvx0 doo| xvhg wr frqvwuxfwvhwvri vwdwh0vsdfh p rghovlq z klfk p rghosdudp hwhuvduhgh�qhg wr ehorqj wr d sdudp hwhuvhw1Lq wklvsdshuz hirfxvrq sdudp hwhu edvhg xqfhuwdlqw| 1

P xowl0p rghov duh xvxdoo| xvhg wr ghvlj q qrqolqhdu p rghov dv d frqyh{ frp elqdwlrq ri orfdop rghov1 Wkh orfdo p rghov duh w| slfdoo| ydolg lq gl�huhqw sduwv ri wkh uhj lrq ri lqwhuhvw1 Wkh froohfwlrq ri orfdo p rgho duh frp elqhg wr frqvwuxfwd p rgho wkdw lv ydolg lq wkh uhj lrq ri lqwhuhvw/ vhh h1j 1 +P xuud| 0Vp lwk dqg Mrkdqvhq/ 4<<: ,/ +Wdndj l dqg Vxj hqr/ 4<; 8,1

Dq dowhuqdwlyh xvh ri p xowl0p rghov lv wr ghvfuleh p rghoxqfhuwdlqw| 1Wklv z dv sursrvhg lq +Voxss0 kdxj dqg I rvv/ 4<<<,/ +Voxsskdxj / 4<<; ,1 Wkh p rwlydwlrq iru h{sorlwlqj wklv p rgho xqfhuwdlqw| fodvv lv wkh idfwwkdwlwfdq eh xvhg wr frqvwuxfw d! qh vwdwh0ihhgedfn frqwuroohuv z lwk urexvwvwd0 elolw| j xdudqwhhv/ fi1+Voxsskdxj dqg I rvv/ 4<<<,/ +Voxsskdxj / 4<<; ,1P ruhryhu/ wkh v| qwkhvlv p hw0 krg fdq lqfoxgh vwdwh0 dqg frqwuro lqsxw frq0 vwudlqwv1

Lq wklv sdshu z h suhvhqwqhz wkhruhwlfdo uhvxowv uhodwhg wr dssolfdwlrq ri wkh p hqwlrqhg v| qwkhvlv p hwkrg1 Wkhvh uhvxowv kdyh ehhq p rwlydwhg e| dssolfdwlrq ri wkh v| qwkhvlv p hwkrg wr ydulrxv h{dp sohv1 Khuhlq z h surylgh dq dssolfdwlrq wr d vlp sol�hg ydq ghu Yxvvh uhdfwru p rgho z lwk sdudp hwhu xqfhuwdlqw| 1 Wkh rxwolqh lv dv iroorz v= Z h �uvwirup dol}h wkh frqvwuxfwlrq ri wkh p xowl0 p rgho xqfhuwdlqw| fodvv j lyhq d qrqolqhdu p rgho ghvfulswlrq z lwk sdudp hwhu xqfhuwdlqw| 1 Vhfrqg/ z h suhvhqwd orfdo vroxwlrq dssurdfk wr wkh elol0 qhdu p dwul{ lqht xdolw| +EP L, ihdvlelolw| sureohp dvvrfldwhg z lwk wkh v| qwkhvlv p hwkrg1I lqdoo| / z h surylgh wkh ydq ghu Yxvvh h{dp soh iroorz hg e| d glvfxvvlrq rq wkh uhyhdohg vwuhqjwkv dqg z hdnqhv0 vhv ri wkh p hwkrgrorj | 1

51 P XOWL0P RGHO EDVHG XQFHUWDLQW\

Wkhurexvwfrqwuroghvlj q p hwkrg j lyhq lq +Voxss0 kdxj dqg I rvv/ 4<<<, dvvxp hv wkdwwkh xqfhuwdlq frqvwudlqhg qrqolqhduv| vwhp lv/ z khq ı_n ▽ ♭^F_l ≫ U^q / j lyhq e| ı_{n. 4} ▽ P_l+ı_{n>}x_n>n, ∅ x_n ▽ X_p >n ▽ Q/ z khuh X_p ≫ U^p dqg ♭_p =@ ∧_{l▽ ⟩ 4>///>Qf |} ♭^F_l ghqrwh wkh p rgho ydolglw| vhwv/ dqg ♭^F_l ghqrwhv d vr0fdoohg foxvwhu1Wkh foxvwhuvkdyh wkh surshuw| wkdwwkh| sduwlwlrq ♭_p /WkhP_lvduhj lyhq e| wkdw ∅ l ▽ ⟩4>///>Q_f | P_l+ı>x>n, =@⟩ aı⇕aı @D_nı . E_nx . f_n iru vrp h +D_n>E_n>f_n, ▽ Fr⟩+D_{l4} >E_{l4} >f_{l4} ,>///>+D_{lQ lp} >E_{lQ lp} >f_{lQ lp} ,| z khuh dool_m▽ Σ_l ≫ ⟩ 4>///>Q_p ||

dqg li 3 ▽ Forvxuh♭_F^l >wkh dvvrfldwhg f^lv p xvw eh }hur1 +Wklv odvw dvvxp swlrq p hdqv wkdwwkh ht xloleulxp frqwurolqsxwiru wkh vwdwh vhwsrlqwlv dvvxp hg wr eh nqrz q1, Z h dvvxp h wkdwwklvlvwkh fdvh iru wkh �uvwQ_r^f rxwri wkh Q^f foxvwhuv1Q_l^p ghqrwhv wkh qxp ehu ri orfdo p rghov gh�qlqj wkh g| qdp lfv +ru/ kdylqj vxssruw, lq foxvwhu l>z kloh

Q^p ghqrwhv wkh wrwdoqxp ehu ri orfdop rghov1

Qh{w/ z h ghvfuleh rqh z d| ri �qglqj wkh orfdo d! qh p rghov iru d fodvv ri qrqolqhdu v| vwhp v kdylqj xqfhuwdlq sdudp hwhuv1

514 D slhfhzlvh d! qh hqyhorsh ri d idp lo| ri qrqolqhdu v| vwhp v

Dvvxp h wkdw ı^{n. 4} ▽ I +ı^n>x^n>Π , z khuh I +ı>x>Π , =@⟩ aı⇕aı @i +ı>x>λ, iru vrp h λ ▽ Π | dqg i dqg Π duh dvvxp hg wr eh nqrz q1 Dovr/ dvvxp h wkdw∅ m ▽ ⟩ 4>///>q| >l ▽ ⟩ 4>///>Q^f | > +ı>x>λ, ▽ ♭_F^l ⋄ X^p ⋄ Π D_l^{3m}ı . E_l^{3m}x . f_l^{3m}⪰ i^m+ı>x>λ, +4,

⪰ D_l^{4m}ı . E_l^{4m}x . f_l^{4m}> z khuh 3 hqfrghv *orz hu*/ 4 hqfrghv *xsshu*/ dqg ∅ fi ▽ ⟩D>E|>o ▽ ⟩ 3>4|>l ▽ ⟩4>///>Q^f |>m ▽ ⟩ 4>///>q| fi_l^{om} duh urz yhfwruv z lwk dssursuldwh glp hqvlrqv/ dqg wkhf_l^{3m}vdqg f_l^{4m}vduhvfdoduv1Qh{w/ ohw Σ^l @⟩5_q +l ∗ 4, . 4>///>5_q l| dqg ∅ o▽ ⟩ 4>///>Q^f 5_q | fi^o @ fi_s^{E +o∗ 4>4,4} 1 1 fi_s^{E +o∗ 4>q,q} >∅ fi ▽ ⟩D>E>f| > +5, z khuh s lv j lyhq e| wkdwo ▽ Σ^s dqg E+o>t, lv wkh twk glj lwri wkh elqdu| uhsuhvhqwdwlrq ri wkh srvlwlyh lqwhj hu o +h1j 1 E+; >6, @ 3 vlqfh ;^{43} @

433^5,/Qrz / lwfdq ehvkrz q wkdw∅ l ▽ ⟩ 4>///>Q^f | / z khq ı ▽ ♭_F^l I +ı>x>Π , ≫ P^l+ı>x>n,>∅ x ▽ X^p >n ▽ Q/ Wklv p hdqv wkdwwkh xqfhuwdlq v| vwhp dvvrfldwhg z lwk I lv frqwdlqhg lq wkh xqfhuwdlq v| vwhp dv0 vrfldwhg z lwk wkh P^lv1Wkxv/ li z h fdq vwdelol}h vrp h srlqwı^v ri wkh odwwhu xqfhuwdlq v| vwhp / z h z loodwwkh vdp h wlp h vwdelol}h wkh vdp h srlqwiru I / Wr vxp p dul}h/ z h �qg q xsshu erxqglqj dqg q orz hu erxqglqj vfdodu d! qh ixqfwlrqv lq hdfk ri wkh Q^f foxvwhuv/ fi1 +4,1 Wkhq z h frp elqh wkhvh

dv ghvfulehg lq +5, wr rewdlq wkh 5_q gl�huhqwD*v/

E*v/ dqg f*vwkdwfrqvwlwxwh wkh xqfhuwdlqw| p rgho lq wklv foxvwhu1 Qrwh wkdwwkh qxp ehu ri d! qh erxqglqj p rghov j urz v h{srqhqwldoo| z lwk wkh vwdwh glp hqvlrq q/ dqg olqhduo| z lwk wkh qxp ehu ri foxvwhuv1

Z h z looqrz vkrz wkdw�qglqj wkh Q^f q xsshu er0 xqglqj dqg Q^f q orz hu erxqglqj vfdodu ixqfwlrqv fdq eh irup xodwhg dv 5Q^f q olqhdu surj udp v ru

5Q^f q vht xhqfhvri olqhdusurj udp v1Z h rqo| vkrz wkh xsshu erxqglqj / dv wkh orz hu erxqglqj lv vlp lodu1

Wkhd! qhxsshuerxqglqj ixqfwlrq iruvwdwhht xd0 wlrq mlq foxvwhu l vkrxog dssur{lp dwh dv forvho| dv srvvleoh wkh qrqolqhdu xqfhuwdlq ixqfwlrq iurp deryh1Ohw∅ m▽ ⟩ 4>///>q| j^m+ı>x, =@p d–^{λ▽ Π} i^m+ı>x>λ, ∅ +ı>x, ▽ ♭^p ⋄ X^p wkhq wklv fdq eh wudqvirup hg lqwr wkh iroorz lqj vhp l0lq�qlwh rswlp l}dwlrq sureohp p lq D_l^{4m}>E_l^{4m}>f_l^{4m} ⟩ ⊎ ÷÷÷ ⊎ ♭_F^l ⋄ X^p +D_l^{4m}ı . E_l^{4m}x . f_l^{4m} ∗ j^m+ı>x,,gıgx ⨆ ⟨ +6, vxemhfwwr ∅ ℘ ▽ ♯ =@♭_F^l ⋄ X^p k+℘, =@D_l^{4m}ı . E_l^{4m}x . f_l^{4m}∗ j^m+ı>x, ∼ 3 z khuh ℘ @ +ı>x,/ Qrz / dvvxp lqj wkh p xowlsoh lqwhj udo lq +6, h{lvwv/ wklv frvwixqfwlrq lv olqhdu lq wkh sdudp hwhuv1Krz hyhu/ z h kdyh dq xqfrxq0 wdeoh qxp ehu ri olqhdu frqvwudlqwv +sdudp hwhul}hg lq ℘,1 E| xvlqj wkh iroorz lqj z hoo nqrz q idfwv iurp fdofxoxvz hfdq frqvhuydwlyho| wudqvirup wklv xqfrxqwdeoh qxp ehu ri olqhdu frqvwudlqwv lqwr d

�qlwh qxp ehu ri olqhdu frqvwudlqwv1 Ohw�k ▽ F_5 dqg ♯ frqyh{/ wkhq iru dooy^4>z^4>y^5>z^5 ▽ ♯

�k+y^4, @�k+z^4, . ⊓ �k+z^4,_WΞ z^4 +7, . 4 5 Ξ z_W^4 ⊓_5�k+z^4 . w^4Ξ z^4,Ξ z^4

⊓ �k+y^5, @⊓ �k+z^5,. ⊎^4 3 ⊓_5�k+z^5 . χΞ z^5,Ξ z^5gχ+8, iru vrp h w^4 ▽ +3>4,1Ξ z^l =@y^l ∗ z^l iru l ▽ ⟩4>5|/

Lq sduwlfxodu wklv krogv li y^4 @℘>z^4 @z >y^5 @z >z^5 @s z khuh ℘>z >s ▽ ♯ /E| vxevwlwxwlqj +8, lqwr +7, z h j hwwkdwiru doo℘>z >s ▽ ♯

�k+z , . ⊓ �k+s,_W+℘ ∗ z , ∗ �k+℘, @ +℘ ∗ z ,_W ⊎^4 3 ⊓_5�k+z . χ+z ∗ s,,gχ+z ∗ s, ∗ 4 5 +℘ ∗ z ,_W⊓_5�k+z . �w^4+℘ ∗ z ,,+℘ ∗ z , z khuh w^4 @�w^4 uhqghuv +7, wuxh1P hdqlqj wkdwiru doo℘>z >s ▽ ♯

\ \�k+z , . ⊓ �k+s,^W+℘ ∗ z , ∗ �k+℘, \ \⪰ ζ+\℘ ∗ z \_△ \z ∗ s\_△ . 4 5 \℘ ∗ z \^5_△ , +9, li ( (⊓^5�k+℘, ( (_△ ⪰ ζ iru doo℘ ▽ ♯ /

Qrz / gh�qh d �qlwh vhw+j ulg, J +ϱ, wkdwvdwlv�hv ∅ ℘ ▽ ♯ ℜ�℘ ▽ J +ϱ, \℘ ∗ �℘\_△ ⪰^4_5 ϱdqg FrJ +ϱ, ⪯ ♯ / Qrwh wkdwh1j 1 d xqlirup ϱ0j ulg rq d k| shufxeh vdwlv�hv wklv1

Ohp p d 41 Dvvxp h j_m ▽ F^5/ ♯ erxqghg dqg frq0 yh{/ dqg ( ⊓^5j_m+℘, ( △ ⪰ ζ iru doo℘ ▽ ♯ /Dovr dv0 vxp h^4 wkdwirudooq . 40wxsohv⟩ z_4>///>z_{q. 4}| ≥ J +ϱ, z lwk glvwlqfwhohp hqwv wkdw∅ n ▽ ⟩ 4>///>q . 4|ℜs ▽ F r⟩z_4>///>z_{q. 4}| ∅ l ▽ ⟩ 4>///>q . 4| ⊓ j_m+s,^W+z_l ∗ z_n, @j_m+z_l, ∗ j_m+z_n,> +: , Wkhq lwkrogv wkdw k+℘, ∼ 8 ; ζϱ^5 ∅ ℘ ▽ J +ϱ, @⇔ k+℘, ∼ 3 ∅ ℘ ▽ ♯ / Sur r i1 Vlqfh ♯ lverxqghg d j ulg h{lvwv1Wdnh dq duelwudu| ℘ ▽ ♯ /Fohduo| / ℘ ▽ Fr⟩ z_4>///>z_{q. 4}| iruvrp hq. 40wxsohlq J +ϱ, z lwk glvwlqfwhohp hqwv1 Qrz / lq +9,/ ohwz @z_n lq J +ϱ, eh wkh j ulg srlqw forvhvwwr ℘ +p hdvxuhg lq △ 0qrup ,/ ohw�k @ j_m/ dqg ohws eh vxfk wkdwlwvdwlv�hv +: ,1Qrwh wkdw \℘ ∗ z_n\_△ ⪰^4_5 ϱz kloh \z_n ∗ s\_△ ⪰ ϱ/Wkxv/ \ j_m+z_n, . ⊓ j_m+s,^W+℘ ∗ z_n, ∗ j_m+℘, \ ⪰^8_; ζϱ^5 ru j_m+z_n, . ⊓ j_m+s,^W+℘∗ z_n, .^8_; ζϱ^5 ∗ j_m+℘, ∼ 31Gxh wr wkh dvvxp swlrq rq wkh o1k1v1ri wkh lp solfdwlrq lq wkh ohp p d dqg +: ,/ lwkrogv wkdwD̂^l_{4m}E^l_{4m}‘℘ . f^l_{4m} ∼ j_m+z_n, . ⊓ j_m+s,^W+℘ ∗ z_n, .^8_; ζϱ^5 dqg wkh uhvxowiroorz v1

Wklv uhvxowp d| eh xwlol}hg e| fkrrvlqj dq P @ 8∂; ζϱ^5 vroyh iru ϱdqg wkhq vroyh wkh dvvrfldwhg �qlwh OS1 Rqh p d| dovr lwhudwh rq ϱxqwlo vrp h vwrs fulwhulrq lv vdwlv�hg/ uhvxowlqj lq d vht xhqfh ri �qlwh OSv1

61 UREXVWFRQVWUDLQHG VWDELOL] DWLRQ

614 Slhfhz lvh D! qh Vwdwh0I hhgedfn

Z h �qlwho| sdudp hwhul}h wkh vwdwh0ihhgedfn/ x+ı,/ dvd slhfhz lvhd! qh vwdwh0ihhgedfn1Z lwk wkhfoxv0 whu frqwdlqlqj wkh rulj lq dqg wkh foxvwhuv z klfk forvxuh frqwdlqv wkh rulj lq/ z h dvvrfldwh d olqhdu vwdwh ihhgedfn

x+ı, @N_oı z khq ı ▽ ♭^F_o >o▽ L_Q r_f / +; , Z lwk doowkh rwkhu foxvwhuv z h dvvrfldwh dq d! qh vwdwh ihhgedfn/ l1h1iru o▽ ⟩Q^r_f . 4>///>Q_f | x+ı, @N_oı . n_o z khq ı ▽ ♭^F_o / +<,

� Z h eholhyh wkdw wklv dvvxp swlrq lv wuxh xqghu p log dvvxp swlrqv rq ℘_ρ1

Uhp hp ehu wkdwwkh foxvwhuv irup d sduwlwlrq ri ♭_p / vr wkh deryh gh�qhg slhfhz lvh d! qh vwdwh0 ihhgedfn lv lqghhg z hoogh�qhg1

Lwvkrxog eh qrwhg wkdwwkhuh lv/ lq sulqflsoh/ qr sureohp dvvrfldwlqj wkh slhfhz lvh vwdwh0ihhgedfn z lwk d gl�huhqwsduwlwlrqlqj ri ♭_p wkdq wkh rqh dvvrfldwhg z lwk wkh foxvwhuv1I ruuhdvrqvri fodulw| / krz hyhu/ z h uhvwulfw wkh slhfhz lvh d! qh vwdwh0 ihhgedfn wr eh dvvrfldwhg z lwk wkh foxvwhuv1

615 EP Liru UrexvwVwdelol}dwlrq

Lq wklv vxevhfwlrq z h suhvhqwwkh hvvhqwldouhvxowv iurp +Voxsskdxj dqg I rvv/ 4<<<, lq d yhu| frq0 ghqvhg irup +gxh wr sdj h frqvwudlqwv,1

Wkhruhp 4 +Voxsskdxj dqg I rvv/ 4<<<, vwdwhvvxi0 �flhqwt xdgudwlf vwdelolw| frqglwlrqviruwkh rulj lq lq whup v ri ihdvlelolw| ri dq OP L2EP L0sureohp 1 Wkh frqglwlrqvwkxvj xdudqwhh wkh ghfuhdvh/ lq wkh gl�huhqwfoxvwhuv/ ri d O| dsxqry ixqfwlrq ı ¬↔ ı^WSı + S @ S^W A 3, dorqj doosrvvleoh forvhg0 orrs wudmhfwrulhvz klfk fdq eh j hqhudwhg e| sodqwv lq P xqghu wkh vwdwh0ihhgedfn +; ,0+<,1 I xuwkhu/ wkh frqglwlrqv j xdudqwhh d uhj lrq ri dwwudfwlrq ⟩ı⇕ı^WSı @ δ> δ A 3| wkdwlv z lwklq ♭_p dqg rxwvlgh d suhvshfl�hg vp doohvwdffhswdeoh uhj lrq ri dwwudfwlrq ⟩ı⇕ı^WU_Dı ⪰ 4>U_D A 3| /Wkhruhp 5 +Voxsskdxj dqg I rvv/ 4<<<, h{whqgv Wkhruhp 4 wr lqfoxgh frqwurolqsxwfrqvwudlqwv dv OP Lv +dqg dovr/ ohvv frqvhuydwlyho| / dv yhu| orz frp soh{lw| EP Lv,1

616 Vroylqj wkh EP Lsureohp

Lq +Voxsskdxj dqg I rvv/ 4<<<, z h j dyh d j oredo eudqfk0dqg0erxqg edvhg doj rulwkp iruvroylqj wkh EP L ihdvlelolw| sureohp v lq Wkhruhp v 4 dqg 5 p hqwlrqhg deryh1 Khuhlq/ z h suhvhqwd orfdo ds0 surdfk1

Wkhihdvlelolw| sureohp +v, fdq ehh! flhqwo| orfdoo| dssurdfkhg e| xvlqj wkh doj rulwkp ghyhorshg lq +Ho J kdrxl hwdo1/ 4<<: ,1 Wr j hw lq d srvlwlrq wr dsso| wkdwdoj rulwkp / z h uhfdoo iurp +Voxss0 kdxj dqg I rvv/ 4<<<, wkdwwkh EP Lrulj lqv iurp wkh qrqolqhdu p dwul{ lqht xdolw| V ⪰ S^{∗ 4}/Qrz / fhuwdlqo| V ⪰ S^{∗ 4}>li V @+κS,^{∗ 4} dqg κ A 4/E| uhsodflqj wkh p dwul{ lqht xdolw| V ∼ +κS,^{∗ 4} z lwk wkh OP L ⌋ V L L κS ⌈ ∼ 3 +43,

z khuh κ A 4 lv d j lyhq frqvwdqw/ z h p d| xvh d yduldqwri Doj rulwkp 4 lq +HoJ kdrxl hwdo1/ 4<<: ,1 Doj rulwkp 4 lv ghylvhg wr dlp dwvdwxudwlqj wkh frqvwudlqw+43, j lylqj V @ +κS,^{∗ 4} dqg khqfh d vroxwlrq wr rxu frqwuroohu ghvlj q sureohp 1Krz h0 yhu/ lq wkh suhvhqwfrqwh{wz khuh rqo| dq lqht xd0 olw| qhhg wr eh vdwlv�hg +udwkhu wkdq wkh ht xdolw|

V @ S_{∗ 4} lq +Ho J kdrxl hwdo1/ 4<<: ,, z h p d|

�qg d vroxwlrq sulruwr frqyhuj hqfhri wkhlwhudwlyh doj rulwkp 1Fkhfnlqj V^n ⪰ S_{∗ 4}^n dwVwhsv4 dqg 6 lv z kdwgl�hu Doj rulwkp 4*ehorz iurp Doj rulwkp 41

Doj rulwkp 4*=

Vwhs 4 I lqg d ihdvleoh srlqwS^3>V^3 iru wkh OP Lv lq Wkhruhp 4 ru 5 +z lwk frqwuro frqvwudlqwv uhsuhvhqwhg e| OP Lv, dqg +43,1Li wkhuhduhqrqh wkh sureohp lv j xdudqwhhg lqihdvleoh_5 / h{lw1Li

V^3 ⪰ S_{∗ 4}^3 / grqh1Rwkhuz lvh/ vhwn @3/

Vwhs 5 Vroyh wkh OP Lsureohp S^n w^n =@p lqWu+S^nV. V^nS, vxemhfwwr doo wkh OP Lv lq Wkhruhp 4 ru 5 lq dgglwlrq wr wkh OP L+43, wr �qg S^{n. 4} dqg V^{n. 4}/

Vwhs 6 Li V^{n. 4} ⪰ S_{∗ 4}^{n. 4}> grqh1 Rwkhuz lvh/ vhw n @n . 4 dqg j r wr Vwhs 51

Wkhruhp 51 Wkh vht xhqfh +w^n,^{n∼ 3}>lverxqghg eh0 orz e| 5_q^κ dqg qrqlqfuhdvlqj 1Wkxv/ +w^n,^{n∼ 3} frq0 yhuj hv wr vrp h ydoxh w^{r s w} ∼ 5_q^κ /Ht xdolw| krogv li dqg rqo| li VS @_4^κ L/

Sur r i1 Vhh +HoJ kdrxl hwdo1/ 4<<: ,1

Dowkrxj k z h �qg ihdvleoh vroxwlrqvwr wkh frqwuro0 ohughvlj q sureohp irud z lghuudqj h ri lqsxwgdwd

+h1j 1 iru p ruh U^D A 3, z khq xvlqj wkh j oredo dssurdfk p hqwlrqhg deryh/ frp sxwdwlrqv vkrz wkdwDoj rulwkp 4*w| slfdoo| �qgvd ihdvleohvroxwlrq wr wkh frqwuroohu ghvlj q sureohp iru d frp sdudeoh udqj hri lqsxwgdwd1Wklvlvlq dffrugdqfhz lwk wkh frp sxwdwlrqvuhsruwhg lq +HoJ kdrxl hwdo1/ 4<<: ,1

Lq dgglwlrq/ d vroxwlrq lv/ li rqh lvirxqg/ w| slfdoo| irxqg p xvwidvwhu wkdq lv wkh fdvh z khq xvlqj wkh j oredodssurdfk1Wkxv/ wklv orfdodoj rulwkp vhhp v wr surylgh d j rrg dowhuqdwlyh iru sureohp v z lwk d

*klj k*qxp ehu ri vwdwhv +p ruh wkdq/ vd| / 6,1

71 DSSOLFDWLRQ WR D VLP SOLI LHG YDQ

GHU YXVVH P RGHO

Qh{w z h dsso| wkh urexvw frqwuroohu v| qwkhvlv p hwkrg ghvfulehg lq +Voxsskdxj dqg I rvv/ 4<<<,/

+Voxsskdxj / 4<<; , frp elqhg z lwk wkh orfdodoj r0 ulwkp ghvfulehg deryh dqg dq hduo| / dg0krf/ yhu0 vlrq ri wkh uhvxowlq Vhfwlrq 514 wr d ydq ghuYxvvh uhdfwru h{dp soh1 Wkh FVWU kdv wkh iroorz lqj uhdfwlrq vfkhp h= D_{n4}⇄ E_{n5}⇄ F 5D_{n6}⇄ G Vxevwdqfh D +lq wkh ihhg, uhdfwv wr vxevwdqfh

E +surgxfw, z klfk dj dlq uhdfwv wr vxevwdqfh F

2 Wklv iroorz v vlqfh lw fdq eh vkrz q wkdw li wkhuh lv d vroxwlrq wr wkh OP Lv lq Wkhruhp 4 ru 5 z lwk 7 ↔ σ_{∋ �} wkhq 7

’ σ^{∋ �} D Eϑσ ø^{∋ �} dovr vr oyhv wkh sur eohp 1

+xqz dqwhg,1Dovr vxevwdqfh D uhdfwvwr vxevwdqfh G +xqz dqwhg,1 D w| slfdo p rgho ri wkh uhdfwru g| qdp lfv lqfoxghv 7 vwdwhv=Wkh frqfhqwudwlrqv ri vxevwdqfhvD dqg E/ wkh uhdfwruwhp shudwxuh/ dqg wkh whp shudwxuh lq wkh uhdfwrufrrolqj mdfnhw1Wkh rulj lqdosureohp / ghvfulehg lq +Fkhq hwdo1/ 4<<8,/ lqfoxghverwk frqfhqwudwlrq dqg whp shudwxuh frq0 wurori wkh uhdfwru1

Qh{w/ z h ghyhors d v| vwhp p rgho1

714 V| vwhp p rgho

Z h vlp soli| wkh rulj lqdosureohp gh�qhg lq +Fkhq hwdo1/ 4<<8, e| dvvxp lqj shuihfw whp shudwxuh frqwuro1 Xvlqj iruz dug Hxohu glvfuhwl}dwlrq/ wkh glvfuhwh0wlp h qrqolqhdup rghori wkh v| vwhp ehfr0 p hv=

f^D_{n. 4} @f^D_n . k++x_n . x_V,+f_{D3} ∗ +f^D_n . f^D_V,, ∗ n_4+f^D_n . f^D_V, ∗ n_6+f^D_n . f^D_V,^5, f^E_{n. 4} @f^E_n . k+∗ +x_n . x_V,+f^E_n . f^E_V ,

. n_4+f^D_n . f^D_V, ∗ n_5+f^E_n . f^D_V,,

z khuh x_n ghqrwhvwkh lqyhuvh ri wkh ghwhqwlrq wlp h dqg k ghqrwhv wkh vdp solqj shulrg1 Wkh uhvwri wkh qrwdwlrq lv reylrxv nqrz lqj wkdwwkh vwdwhv dqg wkh lqsxwx_n duh ghyldwlrq yduldeohv iurp dq ht xloleulxp ghqrwhg +f^D_V>f^E_V >x_V, gh�qhg e| wkh qrp lqdo ydoxhv iru wkh uhdfwlrq udwhv +fi1 Wdeoh 4, dqg k @ 3/338 krxuv1 Wkh r�vhwydoxhv duh= f^D_V @5/47^o_{p r o}>f^E_V @4/3¡^o_{p r o} dqg x_V @47/4¡^4_{kr xu}/

Wkh v| vwhp lv qrwolqhdu lq wkh frqwuro yduldeoh1 Vlqfh wkh frqwuroohu ghvlj q p hwkrg wr eh xvhg kdqgohv qrqolqhdulwlhv lq wkh lqsxwfrqvhuydwlyho| / lwlv dgyrfdwhg lq +Voxsskdxj dqg I rvv/ 4<<<, wr lqwurgxfh wkh rqh0vwhs ghod| hg frqwurolqsxwdv d vwdwh wr doohyldwh wklv frqvhuydwlvp 1 Wkh vp doohu wkh vdp soh shulrg wkh p ruh h�hfwlyh wklv uhp hg| z loo eh iru uhp rylqj wkh frqvhuydwlvp 1 Ghqrwlqj wkh ghod| hg frqwurolqsxwx^g_n>z h j hw

f^D_{n. 4} @f^D_n . k++x^g_n . x_V,+f_{D3} ∗ +f^D_n . f^D_V,, ∗ n_4+f^D_n . f^D_V, ∗ n_6+f^D_n . f^D_V,^5, f^E_{n. 4} @f^E_n . k+∗ +x^g_n . x_V,+f^E_n . f^E_V , +44, . n_4+f^D_n . f^D_V, ∗ n_5+f^E_n . f^D_V,, x^g_{n. 4} @x_n

Qh{w/ wkh p rgho ydolglw| vhwv ♭_p dqg X_p duh fkrvhq dv iroorz v

♭_p =@^∗ 4/3>4/3‘⋄ ^∗ 3/5>3/5‘⋄ ^∗ 43>43‘ X_p =@^∗ 43>43‘

+44, lv wkh v| vwhp z h z looexlog wkh p xowlp rgho0 edvhg xqfhuwdlqw| fodvv iru1

ς^�d_�^{kr xu}o ς^2d_�^{kr xu}o ς^fid_�^{P r o kr xu}o

Xss hu �Dν2f2H �Dν2f2H 2νfiDfifi

Qrp lqdo �eν. eeD �eν. eeD 2ν2HDf

Orz hu �eν2HSfi �eν2HSfi 2ν2�SH

Wdeoh 41Uhdfwlrq udwhv1

Qrwhwkdwrqo| wkhqrp lqdov| vwhp / l1h1+n^4>n^5>n^6, @

+47/: 778>47/: 778>5/5; 83,_W/ kdv lwv ht xloleulxp srlqwdwwkh rulj lq1 Gxh wr sdudp hwhu yduldwlrqv z h gr qrwnqrz wkh vwhdg| 0vwdwh ydoxh iru wkh frqwuroyduldeoh1Wklv lv d ylrodwlrq ri rqh ri wkh dvvxp swlrqv lq wkh wkhru| iru wkh frqwuroghvlj q1

Lwz looeh frp p hqwhg rq odwhu1

715 P xowlp rgho0edvhg xqfhuwdlqw| fodvvghyhorsp hqw

Qh{w/ z h z looj hqhudwh d slhfhz lvh d! qh hqyhorsh ri wkh xqfhuwdlq v| vwhp j lyhq e| +44, dqg Wdeoh

41Wkh foxvwhuvduh fkrvhq wr eh er{hvdqg gh�qhg e| wkh iroorz lqj sduwlwlrqlqj ri wkh d{hv= f_D ▽ ^∗ 4 ∗ 3/3; ‘∧ ^∗ 3/3; 3‘∧ ^3 3/3; ‘

∧^3/3; 4‘ f_E ▽ ^∗ 3/5 ∗ 3/37‘∧ ^∗ 3/37 3‘∧ ^3 3/37‘

∧^3/37 3/5‘ x_g ▽ ^∗ 43 ∗ 3/5‘∧ ^∗ 3/5 3‘∧ ^3 3/5‘

∧^3/5 43‘

Khqfh/ wkh doorz deoh vhwiru hdfk vwdwh lv glylghg lqwr 7 vxevhwv Wklv j lyhv ulvh wr Q^f @ 7 ⋄

7 ⋄ 7 @ 97 foxvwhuv1 Wkh forvxuh ri ; foxvwhuv lqfoxghv wkh rulj lq +Q_r^f @ ;,1 Lq wkhvh foxvwhuv z h ghyhors olqhdu p rghov e| rxwhu dssur{lp dwlqj wkh qrp lqdo qrqolqhdu p rgho +z h qhhg wkh f*v wr eh }hur khuh,1Dowkrxj k wkh ht xloleulxp lqsxw lv ghshqghqwrq wkh sdudp hwhuv dqg khqfh wkh rxwhu dssur{lp dwlrq lv qrwydolg lq wkh foxvwhuv erughulqj wkh rulj lq/ z h qrwh wkdw wkh wkhru| j xdudqwhhv wkdwwkh vp doohvwO| dsxqry ohyho vhw frqwdlqlqj wkh foxvwhuv erughulqj wkh rulj lq lv j rlqj wr eh *forvh wr*dq lqyduldqwlq wkh vhqvh wkdw lq wkh olp lw/ dv wkh vdp solqj shulrg dssurdfkhv

}hur/ lwj hwvdq lqyduldqwiruwkh xqfhuwdlq v| vwhp 1

Dvvkrz q lq +5, lwlvj hqhudoo| qhfhvvdu| wr ghyhors

5_q @; d! qh p rghov z lwklq hdfk foxvwhu wr p dnh vxuh wkdw+44, lv lqfoxghg1Krz hyhu/ vlqfh wkh odvw vwdwh ht xdwlrq lv olqhdu dqg z lwkrxwxqfhuwdlqw| / z h fdq lq wklv fdvh gr z lwk 5_5 @7 d! qh p rghov z lwklq hdfk foxvwhu1I xuwkhup ruh/ vlqfhwkhfrqwuro lqsxwhqwhuv olqhduo| z lwkrxwxqfhuwdlqw| / z h p d| wdnh ♯ @ ♭_F^l dqg uhp ryh wkh E_l^{3m}v dqg E_l^{3m}v lq wkhdvvrfldwhg olqhdusurj udp p lqj sureohp v1+Wkh

E_l^{3m}v dqg E_l^{3m} duh nqrz q dqg khqfh wkh| qhhg qrw eh vhdufkhg iru/ rqh mxvwlqvhuwwkhp diwhuz dugvdv vkrz q lq +5,1, E| wklv wkh wrwdoqxp ehu ri d! qh p rghov iru wkh z kroh vwdwh vsdfh lv 97 ⋄ 7 @589 p rghov1 E�-�¥�

I lj 141

716 Frp sxwlqj wkh ihhgedfn frqwuroohu

Wkh dlp lv qrz wr frp sxwh d slhfhz lvh d! qh vwdwhihhgedfn frqwuroohuz lwk vwdelolw| j xdudqwhhv1

Z lwklq wkh sduwri wkh vwdwh0vsdfh wkdwfrqvlvwv ri wkh ; foxvwhuv wkdwfrqwdlq wkh rulj lq lq wkhlu forvxuh/ wkh frqwuroohulvslhfhz lvh olqhdu1Wklvlp 0 solhv wkdwwkh ghvlj q sureohp lqyroyhv frp sxwlqj

+97∗ ; , ⋄ 7. ; ⋄ 6 @57; frqwurosdudp hwhuv/ dqg

9 sdudp hwhuvwr gh�qh wkh O| dsxqry ixqfwlrq soxv d orwri V0surfhgxuh yduldeohv +Voxsskdxj / 4<<; , dgglqj xs wr d wrwdori 6:8 yduldeohv1

Hdfk foxvwhulvrxwhudssur{lp dwhg e| dq hoolsvrlg

+dsduwiurp wkh rqhv erughulqj wkh rulj lq z klfk duh dssur{lp dwhg e| wkhlu uhvshfwlyh ruwkdqwv,/ dqg wkh vwdwh frqvwudlqwv dqg frqwurolqsxwfrq0 vwudlqwv dv lqwhuvhfwlrqv ri hoolsvrlgv1

Wkh uhvxowlqj ghvlj q sureohp lqyroyhv 788 olqhdu p dwul{ lqht xdolwlhvdqg rqhelolqhdup dwul{ lqht xd0 olw| 1Wklv qrq0frqyh{ ihdvlelolw| sureohp lv vroyhg e| wkh xvh ri wkh orfdo dssurdfk dv ghvfulehg lq Vhfwlrq 6161 Wkh ghvlj q sureohp lv/ z khq d vroxwlrq lv irxqg/ w| slfdoo| vroyhg lq d frxsoh ri p lqxwhvrq d 783P K}Shqwlxp LL+589P e UDP ,1

717 Uhvxowv

Wkh rewdlqhg hvwlp dwh ri wkh uhj lrq ri dwwudfwlrq dv z hoodv wkh xvhg dssur{lp dwlrqv wr wkh foxvwhuv lv vkrz q lq I lj xuhv 4 dqg 5/ uhvshfwlyho| 1 Qrwh wkdwwkh foxvwhuv duh qrwfrp sohwho| fryhuhg e| wkh hoolsvrlgv p hdqlqj wkdwwkh uht xluhg ghfuhdvh lq wkh O| dsxqry ixqfwlrq p d| qrweh vdwlv�hg lq wkh z kroh foxvwhu1 Z khq z h wulhg wr fryhu p ruh ri wkh foxvwhuv z h glg qrw�qg d ihdvleoh vroxwlrq wr wkh dvvrfldwhg EP L sureohp 1 Krz hyhu/ vlp x0 odwlrqv vkrz wkdwwkh irxqg O| dsxqry ixqfwlrq lv ghfuhdvlqj dorqj wudmhfwrulhv dovr lq wkh qrq0 fryhuhg sduwv ri wkh foxvwhuv1

I lj 151

81 GLVFXVVLRQ DQG FRQFOXVLRQV

Lq wklv z run z h kdyh dssolhg hduolhu ghyhorshg wkhru| wrj hwkhu z lwk vrp h qhz uhvxowv wr d vlp 0 sol�hg ydq ghu Yxvvh uhdfwru h{dp soh1 Wklv kdv uhyhdohg vwuhqj wkvdqg z hdnqhvvhvri wkh sursrvhg p hwkrgrorj | 1

Wkh p dlq vwuhqj wk ri wkh p hwkrgrorj | lv wkh del0 olw| wr frp sxwh d urexvwo| vwdelol}lqj slhfhz lvh d! qh frqwuroodz irud qrqolqhduxqfhuwdlq v| vwhp z lwk frqwuro lqsxwdqg vwdwh frqvwudlqwv1 P ruh0 ryhu/ z h kdyh vkrz q wkdwwklv lv srvvleoh iru d v| vwhp z lwk d t xlwh frp soh{ xqfhuwdlqw| ghvfuls0 wlrq hyhq li wkh rulj lqdosureohp z dvvlp sol�hg e| dvvxp lqj lghdowhp shudwxuh frqwuro1

Wkh wkhru| kdqgohv qrqolqhdulwlhv lq wkh frqwuro lqsxwfrqvhuydwlyho| 1Wklv z dv vroyhg e| dgglqj d ghod| hg frqwurolqsxwdvdq h{wud vwdwh1Wklvlvqrw dq hqwluho| vdwlvidfwru| vroxwlrq vlqfh wkh frqwuro lqsxwlv xqqhfhvvdulo| ghod| hg1

Wkh rxwhu dssur{lp dwlrq ri wkh foxvwhu j lyhv ulvh wr frqvhuydwlyhqhvv lq wkh vhqvh wkdwz h uht xluh wkh ghfuhdvlqj O| dsxqry frqglwlrq wr eh vdwlv�hg z lwklq d oduj hu vhwwkdq uht xluhg e| wkh wkhru| 1 Lq wkh h{dp soh wklv uhvxowhg lq dq lqihdvleoh gh0 vlj q sureohp 1Wr rewdlq d ihdvleoh vroxwlrq lwz dv qhfhvvdu| wr uhgxfh wkh rxwhu dssur{lp dwlqj ho0 olsvrlgv/ fi I lj xuh 51Khqfh/ wkh hoolsvrlgv glg qrw frp sohwho| fryhu wkh uht xluhg vhw1Wr flufxp yhqw wklv sureohp wlj kwhu rxwhu dssur{lp dwlrqv e| h1j 1 xqlrqv ri hoolsvrlgv lv rqh srvvleoh h{whqvlrq wkdw kdv qrwehhq lp sohp hqwhg | hwexwlv ghvfulehg lq +Voxsskdxj / 4<<; ,1

Wkh edfnj urxqg wkhru| uht xluhv d nqrz q ht xlol0 eulxp srlqw1Wklvz dvqrwwkhfdvhiruwkhh{dp soh lq wklvvwxg| 1Wklvlp solhvwkdwwkhwkhru| grhvqrw krog iru wkh ; foxvwhuv wkdwfrqwdlq wkh rulj lq lq wkhlu forvxuh/ fi1I lj xuh 41Khqfh/ wkh lqfoxvlrq ri lqwhj udodfwlrq ri vrp h vruwlv dq reylrxvlvvxh iru ixwxuh z run1

Wkh t xlwh frp soh{ xqfhuwdlqw| ghvfulswlrq surgx0 fhg wkh qhhg irudq h! flhqwdoj rulwkp wr frp sxwh wkh erxqglqj d! qh p rghov vlqfh lwz dv qhfhvvdu| wr frp sxwh erxqglqj p rghov lq doo 97 foxvwhuv Wklv z dv grqh e| irup xodwlqj wklv p rghoghvlj q sureohp lqwr d olqhdu surj udp p lqj sureohp 1Wkh wkhruhwlfdoirxqgdwlrq iru wklv lv j lyhq lq Ohp p d 41 Frp sxwlqj wkh ihhgedfn frqwuroohu lqyroyhv wkh vroxwlrq ri d oduj h OP L2EP L sureohp 1 D orfdo vroxwlrq dssurdfk/ fi1Wkhruhp 5/ z dv vxj j hvwhg dqg wkhh! flhqf| ri wkhp hwkrg z dvghp rqvwudwhg rq wkh h{dp soh1

Dv iru rwkhu ixwxuh z run/ lwlv ri lqwhuhvwwr wu| wr dyrlg wkh h{srqhqwldoj urz wk lq wkh qxp ehu ri orfdo p rghov/ wklv p d| uhvxowlq d p ruh frqvhu0 ydwlyh hp eudflqj p xowl0p rgho edvhg xqfhuwdlqw| fodvv1Wr frxqwhudfwwklv lqfuhdvh lq frqvhuydwlvp dv z hoo dv wkh frqvhuydwlvp dvvrfldwhg z lwk do0 orz lqj xqerxqghg wlp h0yduldwlrq lq wkh p rgho/ rqh p d| orrn lqwr d ohvvfrqvhuydwlyh fodvvri O| d0 sxqry ixqfwlrqv/ h1j 1sdudp hwhuydu| lqj O| dsxqry ixqfwlrqv1

91 DFNQRZ OHGJ P HQWV

Wkh dxwkruv dfnqrz ohgj h P u1 Rggydu J ußqqlqj iruwkhvriwz duhlp sohp hqwdwlrq ri wkhxqfhuwdlqw| p rghoj hqhudwlrq/ dqg wkh xvhixofrp p hqwv iurp P u1 Oduv Lp vodqg gxulqj wkh suhsdudwlrq ri wklv sdshu1

UHI HUHQFHV

Fkhq/ K1/ D1 Nuhp olqj dqg I 1 Dooj øz hu +4<<8,1 QrqolqhduSuhglfwlyh Frqwurori d Ehqfkp dun FVWU1 Lq= Surfhhglqjv ri HFF*<8/ Urp h/ Lwdo| 1ss1657: �851 HoJ kdrxl/ O1/ I 1Rxvwu| dqg P 1DlwUdp l +4<<: ,1 D Frqh Frp sohp hqwdu| Olqhdul}dwlrq Doj r0 ulwkp iru Vwdwlf Rxwsxw0I hhgedfn dqg Uhod0 whg Sureohp v1 LHHH Wudqvdfwlrqv rq Dxwr0 p dwlf Frqwuro75+; ,/ 44: 4�91 P xuud| 0Vp lwk/ U1 dqg Mrkdqvhq/ W1 D1/ Hgv1, +4<<: ,1P xowlsoh P rghoDssurdfkhv wr P rgho0 olqj dqg Frqwuro1Wd| orudqg I udqflv1Orqgrq1 Voxsskdxj / Rody dqg Emduqh D1I rvv +4<<<,1Frq0 vwudlqhg Txdgudwlf Vwdelol}dwlrq ri Glvfuhwh0 Wlp h Xqfhuwdlq Qrqolqhdu P xowl0P rgho V| 0 vwhp v xvlqj Slhfhz lvh D! qh Vwdwh0I hhgedfn1 Lqw1M1ri Frqwuro: 5+: 2; ,/ 9; 9�: 341 Voxsskdxj / Rody +4<<; ,1Rq UrexvwFrqvwudlqhg Qrqolqhdu Frqwurodqg K| eulg Frqwuro=EP L0 dqg P SF0edvhg Vwdwh0I hhgedfn Vfkhp hv1 SkG wkhvlv1Qruz hj ldq Xqlyhuvlw| ri Vfl1dqg Whfk1/ Ghsduwp hqw ri Hqj qj 1 F| ehuqhwlfv1 -kwws=22z z z 1lwn1qwqx1qr2gu1dykdqgolqj hu24<<; 21 Wdndj l/ W1 dqg P 1 Vxj hqr +4<; 8,1 I x}}| lghqwl0 �fdwlrq ri v| vwhp v dqg lwv dssolfdwlrq wr p r0 gholqj dqg frqwuro1LHHH Wudqvdfwlrqvrq V| 0 vwhp v/ P dq dqg F| ehuqhwlfv 48+4,/ 449�4651